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Preface 


This is an introductory textbook of nuclear physics for upper undergraduate stu- 
dents. The book is based on lectures given at British, American and Indian Univer- 
sities over several years. 

The idea of writing a text book on this subject was born some forty years ago. 
It is attempted to survey the major developments in nuclear physics during the past 
100 years. In Rutherford’s time and early 1950’s, only a few Elementary particles 
were known and the existence of the neutrino was taken for granted. The develop- 
ment of the subject is so fascinating that we were inclined to present the historical 
facts in chronological order. 

The prerequisites for the use of this book are the elements of quantum me- 
chanics comprising Schrodinger’s equation and applications, Born’s approximation, 
the golden rule, differential equations and Vector Calculus. Basic concepts are ex- 
plained with line diagrams wherever required. An attempt is made to strike a balance 
between theory and experiment. Theoretical predictions are compared with latest 
observations to show agreement or discrepancies with the theory. 

The subject matter is developed in each chapter with the necessary mathemat- 
ical details. Feynman diagrams are used extensively to explain the fundamental 
interactions. The subjects of various chapters are so much intimately connected 
that the logical sequential presentation of various topics became a vexing prob- 
lem. For example, from the point of view of introducing quarks, the logical 
sequence would be strong, electromagnetic, weak and electroweak interactions, 
but from the point of view of introducing Feynman’s diagrams, the desirable 
sequence would be electromagnetic, weak, electroweak and strong interactions, 
which is why one finds some variance in sequences for particle physics in vari- 
ous textbooks. The only remedy is to make cross references to the chapters which 
were previously studied and to those in which the relevant material is antici- 
pated. 

The size of the book did not allow to also include applied nuclear physics and 
cosmic rays. At the end of each chapter, a set of questions is given. A large number 
of worked examples is additionally presented. A comparable number of unworked 
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problems with answers helps the student to test the understanding. The examples and 
problems are not necessarily of plug-in type but are given to explain the underlying 
physics. Useful appendices are provided at the end of the book. 


Murphy, TX, USA Anwar Kamal 


Note: These two volumes are the last books by my father Dr. Ahmad Kamal, the 
work he had conceived as his dream project and indeed his scientific masterpiece. 
Unfortunately, he passed away before he could see his manuscript in print. While 
we have tried our best to bring the publishing process to as satisfactory conclusion 
as possible, we regret any errors you may discover, in particular, that some of the 
references could not be as completely specifically cited as would otherwise be the 
case. We trust that these errors however do not compromise the quality or standard 
of the content of the text. 


Suraiya Kamal 
Daughter of Dr. Ahmad Kamal 
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Chapter 1 
Passage of Charged Particles Through Matter 


1.1 Various Types of Processes 


When charged particles pass through matter, the following processes may take 
place: 


(1) 


(2 


wa 


(3) 


(4) 
(5) 


Inelastic collisions with the bound electrons of the atoms of the medium, in 
which case the particle energy is spent in the excitation or ionization of atoms 
and molecules. The energy losses of this kind of collisions are called ioniza- 
tion losses (collision losses) to distinguish them from radiation losses that are 
concerned with the generation of bremsstrahlung. 

Inelastic collisions with nuclei, leading to the production of bremsstrahlung 
quanta, to the excitation of nuclear levels, or to the nuclear reactions. 

Elastic collisions with nuclei, in which part of the kinetic energy of the inci- 
dent particle is transferred to the recoil nuclei. However, the total kinetic en- 
ergy of the colliding particles remains unchanged. A particular type of elastic 
scattering is the Rutherford scattering which results from the interaction of a 
charged particle with the Coulomb field of the target nucleus in single encoun- 
ters. When thick materials are used, cumulative single scatterings give rise to 
the phenomenon of multiple scattering. 

Elastic collisions with bound electrons. 

Cerenkov effect, i.e. emission of light by charged particles passing through mat- 
ter with a velocity exceeding the velocity of light waves in the given medium. 


1.2 Kinematics 


1.2.1 Laboratory (Lab) System (LS) and Centre of Mass 


System (CM) 


In order to describe the motion of particles in the collision problem one must choose 
a definite frame of reference (co-ordinate system). Two frames of reference are im- 
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Fig. 1.1 The position vectors 
mı and my and their centre of 
mass is shown 


portant, one is the lab system (LS) and the other one is centre of mass system (CMS). 
In the lab system, the observer who is at rest in the lab views the collision process. 
In the CM system the centre of mass is at rest initially and always. Observations 
are usually made in the lab system but theoretical calculations are made in the CM 
system. It is of great interest to find out how various quantities like velocity, angle 
of scattering, etc. are related in these two systems. It is easier to perform calcula- 
tions in the CM system rather than in the lab system. For, the great merit of CM 
system is that the total linear momentum of particles is always zero so that in the 
two-body process particles move directly towards each other before the collision 
and they recede in the opposite direction after the collision. 

The collision process in the CM system may be visualized as the one in which 
a particle of reduced mass u = mym2/(m, + m2) moving with initial velocity u1 
collides with a fixed scattering centre. Here, u; is the initial velocity of mı moving 
towards the target particle of mass mz at rest. 


1.2.2 Total Linear Momentum in the CM System Is Zero 


In Fig. 1.1, the position of the centre of mass of two particles mı and mz is shown 
by C. The position of masses mı and m are indicated by the position vectors rj 
and rz and that of the centre of mass by R. By definition 


mr, + mr2 
M 
MR = miri + mr 


R= 


Differentiating with respect to time 


MR =mr+mor or 
Mvc = mu, + mu? 


where u; and u2 are the initial velocities of particles 1 and 2, respectively and ve is 

the CM velocity. Since m2 is initially at rest, u2 = 0, and the centre of mass which 

is located at M = mı + m2, must move in the lab system towards m2 with velocity 
miu) 


eee 1.1 
Ue a es (1.1) 
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Lab system Before collision CM system 
my m m M 
— — y c 
in us=0 uy uy 
m+ My 
CM =e" 


Fig. 1.2 Collision in the LS and CMS are shown 


In the lab system, let mı move from left to right with initial velocity u1, m2 being 
initially at rest as in Fig. 1.2. As mz is initially at rest, its initial velocity in the 
CMS must be just equal to ve in magnitude but oppositely directed. Denoting the 


velocities in the CMS by asterisk (*) we get 
muy 
u5 = Vve = ——__ 1.2 
2 my +m ma 


už = —ve (1.3) 
The initial velocity of mı in the CMS is reduced by an amount equal to ve 


Uj = u1 — ve 


muy m2uUy 


us = u1 — = 
my +m m +m 


where we have used (1.2). Total initial linear momentum of m, and m2 in the CMS is 


mımu mmu 


P* = Př + PŠ = muğ + muš = =0 (1.4) 


my +m m +m 


where we have used (1.2), (1.3) and (1.4). Thus total linear momentum of particles 
in the CMS is zero before the collision and by conservation of momentum, this must 
be so after the collision. 


1.2.3 Relation Between Velocities in the LS and CMS 


Lab system CM system 
‘ mu 
Mı : u], “uy = ————_ 1.5 
11u] TEET (1.5) 
muy 
m2:u2=0, u5 = ———_— 1.6 
2:u2 a (1.6) 


For elastic collisions, both momentum and kinetic energy must be conserved. This 
implies that the respective velocities of the particles before and after the collisions 
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in the CMS must be equal 


uj = v}; u3 = v3 (1.7) 


muy 


vis (1.8) 


my +m 
Observe that in both the LS and CMS, the relative velocity of the two particles is 


equal to u1. We know 
mu] muy 
u(rel) = uj +u5 = ——— + —— =u] 
my +m mı +m 


Using (1.2) and (1.8), 
U mı 
Z= — =y. (1.9) 
vi m2 


It is seen that if mı < m2, then ve < vj and if mı > m2, ve > Vj. 


1.2.4 Relation Between the Angles in LS and CMS 


Figure 1.3 shows the scattering and recoil angles in the LS and CMS. 
The lab velocity vı of mı after the collision is obtained by combining vectorially 
its velocity vj in the CMS and the CM velocity ve (Fig. 1.4) 


vj = vf + ve 


Let mı be scattered at an angle @ as seen in the LS, its corresponding angle in the 
CMS being 0*. In the velocity triangle (Fig. 1.4) resolving the velocities along the 
x-axis and y-axis, we get 


vı sind = vj sin 0* (1.10) 
vı Cos O = vj; cos 0* + ve (1.11) 

Dividing (1.10) by (1.11) 
eee vu; sin 0* sin 0* sin 0* (1.12) 


vj} cos 0* + ve ~ cosĝ* + Ue/V; ~ cos6* +m 1/m2 


where we have used (1.9). 


Special cases 


(i) mı & m2; 0 ~ O*. Here ve — 0 and the CMS is reduced to the LS. 
Example: a-gold nucleus scattering. 
(ii) my > m2;0~0°. 
Example: nucleus-electron scattering. 
(iii) mı = m3; tan = E = tan 50* so that 0 = 50”. 
Example: proton-proton scattering. 
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Lab system After collision CM system 
ma 
my 


Incident direction 


=e ee ee ee Se ee eee Se ee eS SS ĖŘ Ė =e ee ee 


1 m 


Fig. 1.3 Relation between the angles in LS and CMS 


Fig. 1.4 Velocity triangle for 
the scattered particle 


1.2.5 Recoil Angle 


Let mz recoil with velocity v2 at an angle ¢ with the incident direction in the LS. 
Let its velocity be vj at angle ¢* in the CMS. From the velocity triangle in Fig. 1.5, 
we get 


v2 sing = v5 sin ¢* (1.13) 
v2 cos @ = v5 cos ġ* + ve (1.14) 
Dividing (1.13) by (1.14) 
> sin p* 
tang = oe 


* 
Vz COS M* + ve 


but by (1.1), (1.6) and (1.7), vž = ve 


¢g=¢"/2 (regardless of the ratio mı /m2) (1.15) 
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Fig. 1.5 Velocity triangle for 
the recoil particle 


1.2.6 Limits on the Scattering Angle 0 


Case (i) m2 >mj, ory <1; i.e. vf > ve. 

In Fig. 1.6, the circle is drawn with O as the centre and radius O P = vj. A is 
a point within the circle such that AO = v,, and the line AOB represents the in- 
cident direction. As before, the lab velocity of mı is vı which is obtained by com- 
pounding vj and ve vectorially. The lab angle 6 = angle PAO and the CM angle 
0* = angle POB. As the point P moves counterclockwise on the circumference, 
0* increases and so does 6. When P approaches P’, 0* = 0 = x . Thus, 0 increases 
monotonically from 0 to z, and in this case there is no restriction on the scatter- 
ing angle in the LS. In other words, mı can be scattered in completely backward 
direction. 


Case (ii) m= m], or y = l; i.e. vt = ve. 

Here A lies on the circumference of the circle (Fig. 1.7). As 0* increases, 0 also 
increases. But when P approaches A, PA becomes tangential at A and so 6 > 5. 
0 varies from 0 to x. Thus, in this case m can be scattered up to a maximum an- 
gle of 2/2 but not beyond. In other words, backward scattering in the LS is not 


permissible. 


Case (iii) m2 < my), ory > 1, ie. v < ve. 

Here A lies outside the circle (Fig. 1.8). There are two positions P and P! for 
which the same scattering angle 0 is obtained for two different values of 6*. As P 
moves back on the circumference, 0 increases. The maximum angle m is reached 
when AP becomes tangent to the circle (Fig. 1.9). In that case 

OP Ui m2 


sin}, = —~ = — = — or 
AO v m 


Om = sin™ t (m2/m1) 


Thus, there is a limitation on the scattering angle when m2 < m1. 0 first increases 
from 0 to a maximum value sin~!(1/y) which is less than 7/2, as 6* increases from 
0 to cos~!(—1/y). @ then decreases to 0 as 6* further increases to 7. At a given 
angle 0 between 0 and sin~!(1/,), there will be two groups of particles associated 
with different velocities corresponding to the two values of 0*. 
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Fig. 1.6 Limits on the 
scattering angle for m2 > mı, 
0 max = 7 


Fig. 1.7 Limits on the 
scattering angle 0 for 
mı = m, 0 max = 1/2 


Fig. 1.8 Limits on the 
scattering angle 0. For 
mMm < M], 

6(max) = sin”! Car) 


Fig. 1.9 Omax is reached 
when AP is a tangent to the 
circle 


P 
E 


1.2.7 Limits on the Recoil Angle 


Since vž = ve (always), 6 = 5° by (1.15). Since the maximum angle of ¢* is z, 
the maximum angle ¢,,, is br. In other words, the target particle cannot recoil in the 
backward hemisphere. 


8 1 Passage of Charged Particles Through Matter 


Fig. 1.10 Azimuth angle £ is 
measured with respect to the 
positive axis in the xy plane 
L to the direction of 
incidence 


Fig. 1.11 Element of solid n 
angle dQ =ds/r? 


dA 


1.2.8 Scattering in Three Dimensions 


Since scattering is described under central forces, a particle which is incident on a 
target particle and initially moves in a certain plane would be necessarily confined 
to this plane after the scattering because of the conservation of angular momentum. 
Thus, a single scattering event is completely described in two dimensions. However, 
in practice one is concerned with a flux of particles incident say along the z-axis on 
a target material. Since various particles proceed in different planes, the scattering 
on the whole will be in three dimensions. In order to fix the orientation of the plane 
of scattering, we need to introduce the azimuth angle 6 which is measured with 
respect to the positive x-axis in the xy plane, Fig. 1.10. We must also consider the 
element of solid angle into which the particles are scattered. This is illustrated in 
Fig. 1.11. 

Let dA denote an element of surface area and connect all points on the boundary 
of dA to O so as to form a cone. Let ds be the area of that portion of a sphere 
with O as the centre and radius r which is cut out by this cone. The solid angle 
subtended by dA at O is defined as d = ds/r? and is numerically equal to the 
area cut out by a sphere with centre O and unit radius. From Fig. 1.12, it is seen that 
ds = r° sin6dédB so that d2 = sin Odd = 2r sin6d0, where we have integrated 
over dB. When the scattering is independent of the azimuth angle then the area 
subtended at O is due to the entire circular strip, ds = 27r sind as in Fig. 1.13, 
so that the element of solid angle d2 = 2m sind. Observe that the maximum 
solid angle is 47 since it is given by the entire surface area of a sphere (47r?) 
divided by r?. 
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Fig. 1.12 Elements of solid Z 


angle for a general case ENN 
rsin 8 Z| = Se 


Fig. 1.13 Element of solid 
angle for an azimuthal 
symmetry 


1.2.9 Scattering Cross-Section 


In order to describe the angular distribution of particles scattered by target particles 
which are initially stationary, the concept of cross-section is introduced. Let a uni- 
form parallel flux of No particles be incident per unit area normal to the direction 
per unit time on a group of n scattering centres. Let N particles be scattered per unit 
time into a small solid angle d2 centred towards a direction which has polar angle 
0 and azimuth angle 6 with respect to the incident direction as polar axis. N will 
be proportional to No, n and d2 provided the flux is small enough to ensure that 
the incident particles do not interfere with one another, that there is no appreciable 
decrease in the number of scattering centres on account of their being knocked out 
due to collisions and that the incident particles are far enough apart so that each 
collision is made only by one of them. 

The number of incident particles that emerge per unit time in d2 can be written 
as: 


N=nNoo (6, B)dQ (1.16) 


where the proportionality factor o (0, 6) is called the differential scattering cross- 
section. The quantity o (0, 8) is a measure of the probability of scattering in a given 
direction (6, 6), per unit solid angle from the given nucleus. 
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The integral of o (0, P) over the sphere is called the total scattering cross-section 
o= | 0. p)d2 (1.17) 


o has the dimension of area. The unit of o is a Barn (b). 1 b = 1074 cm?. The unit 
of o (0, 6) is Barn/Steradian, where Steradian (sr) is the unit of solid angle. o (0, B) 
is also written as do (0, B)/d&2. 

Compared to the scattering in two dimensions the only additional parameter 
which has been introduced to describe scattering in three dimensions is known as 
the azimuth angle £. 


1.2.10 Relation Between Differential Scattering Cross-Sections 


The relation between the differential cross-section in the laboratory and the centre- 
of-mass co-ordinate systems can be obtained from their definition which implies that 
the number of particles scattered into the element of solid angle d2 about 0, £ is the 
same as are scattered into d§2* about 0*, 6*. In polar co-ordinates d2 = sin 0d df 
and dQ2* = sin* do*dp* 


o (0, B) sin0dOdp = o (6*, B*) sind*de*dp* 


but 
b = p* 
sin* d0* 
0) = o (0* 1.18 
90) =9(6") agda oe 
Differentiating (1.12) 
1 0*|d0* 
e T a ES (1.19) 


(cos 6* + y)? 


Using (1.12) and the identity, sec? 0 = 1 + tan? 0 (1.19) is easily reduced to the 
form: 


d0* [1+2ycosé* + y?] 


= 1.20 
do |I + ycosé*| ( ) 
Also 
ind inĝ* 
E TER a E (1.12) 
cos cosé*+y 
whence 
sinĝ* _ cos@* +y (1.21) 


sin@ cos 
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Also 


1 
— = sech =y 1 + tan? 0 (1.22) 
C 


os 0 
Using (1.12) in (1.22) and re-arranging them we get 


cosé* + y sin 0* 
SS ee (1D * 2— 1.2 
cos 6 y Haa aae sin 0 (eea) 
Using (1.20) and (1.23) in (1.18) 
1 2 2 Q* 3/2 Q* 
o(6) =! + y* + 2y cos 6*)°/“a (0*) (1.24) 


|I + y cos 0*| 


It must be pointed out that the total cross-section is the same for both lab and CM 
systems, since the occurrence of total number of collisions is independent of the 
mode of description of the process. 


1.2.11 Kinematics of Elastic Collisions 


We have to obtain an expression for velocity vı as a function of scattering angle 0. 
From the velocity triangle (Fig. 1.14) 


i = v? —2vjvecosé +v? (1.25) 
Substituting for vc and vj from (1.1) and (1.8), (1.25) becomes 


2 2mıuı cos 0v1 2 (mı — m2) = 
vi — =0 


1 
mı +m mı +m 


This is a quadratic equation in vı whose solutions are found to be 


2 

qo cos 6 oy ie ae sin? | (1.26) 
2 
mı + m2 my 


For the special case, mı = m2, (1.26) simplifies to: 
vı = u cos 


so that the ratio of kinetic energy Tı and 7p of the scattered and incident particle 
becomes 


with the restriction, 0 < 90°, as pointed out earlier. 
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Fig. 1.14 Velocity triangle 
for the scattered particle 


Fig. 1.15 Velocity triangle 
for recoil particle 


V2 
V2 
en 
Ve 
1.2.12 To Derive an Expression for the Recoil Velocity vz 
as a Function of @ 
From the velocity triangle (Fig. 1.15) 
v3? = v2 + vs — 2vev cosh 

Since 

Vz = ve 

2m ut 
v2 = 2, cos 6 = ———— cos (1.27) 
mı +m 


where we have used (1.1). 
The ratio of kinetic energy of the recoil particle and original kinetic energy of the 
incident particle is: 


T: moves 4 
2 = 2 cos? o (1.28) 
To muy (mı + m2) 
For the special case mı = m2 
T: 
= = cos? ġ (1.29) 
To 


1.2.13 Available Energy in the Lab System and CM System 


Assuming that the target particle is at rest before the collision, total kinetic energy 
in the lab system is 


I 
T=T, with To = smitty (1.30) 
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In the CM system, mı has kinetic energy 


where we have used (1.4). 
In the CM system, mz has kinetic energy: 


where we have used (1.2). 
Total kinetic energy available in the CM system is: 


(1.31) 
2m, +m 2 


where y is the reduced mass. 

Formula (1.31) shows that the two-body problem is reduced to a one-body prob- 
lem by imagining that a particle of mass u =m m2/(m, + m2) is directed towards 
a scattering centre, with the velocity u1. Using (1.30) in (1.31) 
re To 

mı + m2 


where T* < Tọ. 

Thus less energy of motion is available in the CM system. It can easily be shown 
that the difference in energy in the lab and CM systems is associated with the motion 
of CM system 


1 1 mym 1 mu? 
AT =T- T*= -mu — = D2 W= O H Him Hm)? 
2 2m; +m 2 (mı +m2) 2 


(1.32) 
where we have used (1.1). 

Formula (1.32) shows that the difference of energy goes into the motion of CM 
of mass (mı + m2) with velocity ve. We conclude that in the CM system energy that 
is available is always less than that in the lab system, for some energy must go into 
the motion of CM system. 

For the special case mı = m2 


1 
T* = -mu = -T 
4 14, 7 0 
This fact has a bearing on production thresholds, i.e. minimum energy that is to 
be provided in order to produce particles. Consider, for example, the case of pion 
production in proton-proton collisions. The rest mass of pion is only 140 MeV/c’. 
However, this much energy must be available in the CM system. This means that in 
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the lab system, the incident proton must have double this energy viz, 280 MeV in 
order to produce a pion. Relativistic calculations actually give a value of 290 MeV. 

These considerations are also important in the invention of a new class of high 
energy accelerators in recent years, in which colliding beams of particles are used; 
i.e. one beam travels in one direction and is intercepted by another beam of similar 
or dissimilar particles of the same energy moving in the opposite direction. In this 
case, the CM system is realized in the laboratory itself and lot of energy is made 
available. 


Example 1.1 If a particle of mass m collides elastically with one of mass M at rest, 
and if the former is scattered at an angle 0 and the latter recoils at an angle @ with 
respect to the line of motion of the incident particle, then show that 

sin 2 


tan @ = ——____ 
ig — cos2¢ 


Hence, show that 
m _ sin(2¢+é@) 


M sind 


Solution 

= sin 0* 

~ cos6* +m/M 
sin ĝ* = sin(x — 2¢) = sin2¢ 
cos 6* = cos(x — 2¢) = —cos2¢ 
sin 0 = sin 2¢ 
cosO m/M —cos2@ 


tan@ but 0* = n —¢* = n — 26 


tan = 


Re-arranging the above we get 


Z sind = sin cos2¢ + cos 0 sin 2¢ = sin(@ + 2¢) 


_ sin(2¢ + 0) 
7 sind 


m/M 


Example 1.2 A particle makes an elastic collision with another particle of identical 
mass, initially at rest. Prove that after scattering, the lab angle between the outgoing 
particles is 90°. 


Solution 


First Method 
We use the lab system. Let the particle of mass m, momentum P and kinetic energy 
T move along the x-axis. After collision the particles have momenta Pı and Pz at 
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Fig. 1.16 Elastic collision in 
LS for mı = mMm? 


angles 0 and ¢ as in Fig. 1.16. Conservation of momentum along the direction of 
incidence (x-axis) gives 


P = Pi cos + P2 cosġ (1) 
Conservation of momentum along the perpendicular direction (y-axis) yields 


Posing — Pı sinf =0 or 
0 = Pı sin — Pz sino (2) 


Squaring and adding (1) and (2) and simplifying we get 
P? = P? + P? +2P; Pocos(6 +¢) (3) 


Energy conservation gives: 


Po Po Py 
—= L+ or (4) 
2m 2m 2m 
Pp? = P? + P? (5) 


Using (5) in (3): 
2Pı P2cos(@ +o) =0 


Since Pı 40; P2 Æ 0; cos(@ + ¢) =0 or 0 + ġ = 90°. 
Second Method (Vector Method) 
Momentum of conservation demands that (Fig. 1.17) 


Pı + P2=P 
Taking the scalar product 
P - P = (P1 + P2): (P1 + P2) 
P . P = P1 - P1 + P2- P2+ P1: P2+ P2- P1 


P? = P? + P} +2P1- P3 (6) 
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Fig. 1.17 Momentum 
triangle for the elastic 
collision 


since the scalar product of a vector by itself is the square of the magnitude of the 
vectors and the order of scalar product is immaterial. 
In view of energy conservation, i.e. with the aid of (5), we find 


2P)}P2=0 or 2P;P2cosa=0 
where g is the angle between the vectors Pı and Pz 
a = 90° 


Third Method 
Because of the conservation of momentum, P;, P2, and P form a closed triangle. 
Their magnitudes are indicated in Fig. 1.17. Because of energy conservation we 
further have the relation: 


P? + P? =P? 


i.e. the triangle must be a right angle triangle. Hence, œ = 90°. 
Fourth Method 
We use the following formula for transformation of angles between LS and the 
CMS. Set 47 = 1 in (1.12) 
sin 0* J 


tan? = —————_ = tan — 
1+ cos 0* 2 


0* 
m 


0 
But 0* = x — ¢* and ¢* = 2¢, always 
T 
o* =20=n —2ġ whence 0 + ¢ = J 
Example 1.3 Show that if a particle of mass m is scattered by a particle of mass 


M initially at rest, then the angle between the final directions of motion in the lab 
system is: 
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Hence, show that for particles of equal masses, the angle between final directions of 
motion is always 90°. 


Solution From Example 1.1 we get 


m _ sin(2¢ + 0) 


M sind 
™ sind =sin[x — (2 +0)] 
— sing = sin = 
M TT 


sin”! id sin = [x —(Q@+ 0) ] 
M 


a M 
The angle between the final directions of motion is 


1m. 
sin 0 


= 6 +0= p e sin 
a= =3 7 g Sun 


For m/M = 1, œ reduces to ir. 


Example 1.4 At low energies, neutron-proton scattering is isotropic in the C- 
system. If K is neutron lab energy and ø the total cross section, show that in the 
lab, the proton energy distribution is 


dop/dK p = const = o / Ko 


Solution In Fig. 1.18, ABC is the momentum triangle. Since the angle between 
the scattered neutron and recoil proton must be a right angle 


Pp = Pocos 
Kp = Pp/2mp and Ko = P/2mn 
but, mp ~ Mn =m 
Kp/Ko = Pp/ Ps = cos’? ġ or Kp = Kocos? ġ 
dK, =—2Kocos¢singddd = —Kosin2¢dd 


but, d = $* /2 and do = d¢* /2 
1 
dK, = -5 Ko sinġ*dġ* 


Isotropy requires that dop/dR* = 0/41 


dop _— dop dQ” o 2nsing*dg* o 


= — = = i ; = = const 
dK, dQ* dK, 4r +Kosing*dg* Ko 
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Fig. 1.18 Momentum 
triangle for n—p scattering 


Negative sign is introduced in the last equation because as ¢* increases K, de- 
creases. 


Example 1.5 A beam of particles of mass m is elastically scattered by target parti- 
cles of mass M initially at rest. If the angular distribution is spherically symmetrical 
in the centre of mass system, what is it for M in the lab system? 


Solution 
*\ — o — t 
o(ġ*)= Te cons 
_ sing*d¢* ” 
o(¢) = nego ) 
but 


og =2h6 and dd* =2do 


= sin2¢2d¢ o 0 
ol) = nade, AR == C0sġ 


It may be recalled that ¢ is limited to 90°, i.e. the target particles can recoil only in 
the forward hemisphere in the lab system. It is instructive to note that 


i 
J 6 (¢)d2 = / * © cos @2n sinddd 
0 Iv 


1 
= 20 | sin ġd (sing) =a (as it should) 
0 


Example 1.6 Small balls of negligible radii are projected against an infinitely heavy 
sphere of radius R. Assuming the balls are elastically scattered and bounce off in 
such a way that the angle of reflection (7) is equal to the angle of incidence (i). 
Prove that the scattering is isotropic, i.e. ø (@) is independent of 0 and that the total 
cross-section is equal to 7 RŽ. 


Solution Let b be the impact parameter (perpendicular distance of the line of flight 
from the central axis). The angle of incidence and reflection are measured with 
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Fig. 1.19 Scattering of a 
small ball off a heavy sphere 


respect to the normal at the point of scattering (Fig. 1.19) 
bdb 


= og n 
See Eq. (1.56). 
From the geometry of Fig. 1.19 
0 =x —(i+r)=m —2i (2) 
sin = sin(x — 2i) = sin 2i = 2 sin i cos i (3) 
since 
r=i, and d0 =-—2di (4) 
but 
b= Rsini (5) 
Hence 
db = Rcosidi (6) 


using (2), (4), (5) and (6) in (1) and cancelling various factors; we get o (0) = R? /4. 
The right hand side of o (0) is independent of 0, the scattering angle. Hence, the 
scattering is isotropic, i.e. equally in all directions. 
The total cross-section is given by 


m R? 
o= f o@aa= | -g 27 Sinodo =n R? 
0 


Observe that the total cross-section o has the dimension of area, and in the above 
example it is equal to the projected area of the sphere. It is, therefore, called geo- 
metrical cross-section. Formula (5) shows that if b = O (head-on collision), i = 0 
and from (2), 0 = 180°. Thus, in this case the ball bounces in the opposite direction. 
Again, when b = R, i = 90° and 0 = 0° (glancing collision). Thus, the ball having 
hit the edge of the sphere, does not suffer any deviation and continues its flight in 
the incident direction. Of course, if b > R, the ball goes undeviated and there is no 
scattering. The above example shows the concept of o (0) and o. 
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1.3 Rutherford Scattering 


1.3.1 Derivation of Scattering Formula 


Here we are concerned with the scattering (deflection) of point charged particles by 
a massive centre of electric force. The force is assumed to be central, i.e. directed 
along the line joining the centres of the colliding particles. Rutherford supposed that 
all the positive charge and hence practically all the mass of the atom is concentrated 
in a core or nucleus whose volume is very much less than that of the atom. Outside 
the nucleus is a relatively empty space only occupied by a few electrons. Suppose, 
an alpha particle is fired against the atom, then it is permitted to penetrate close to 
the nucleus and owing to the electrical interaction with the nucleus it may suffer a 
large angle deflection and recede from the nucleus and the effect of widely dispersed 
electrons can be neglected. 

A particle of charge +ze (for alpha particle, z = 2) at a distance r from the 
nucleus of charge + Ze (Z being the atomic number) experiences a repulsive force 
zZe*/r* (Coulomb’s inverse square law) and the corresponding potential energy 
will be zZe”/r. When the incident (incoming) particle is at a very large distance, 
the potential energy will be zero, and the energy is entirely kinetic due to the motion 
of the particle. 

Let the particle of charge +ze and mass m be incident from a very large dis- 
tance from the nucleus (for example at a point A, Fig. 1.20), with velocity vo. In 
the absence of forces between the nucleus (henceforth called target nucleus) at 
F and the incident particle, the particle would have continued to move along the 
straight line AOB. Let FQ be perpendicular on AOB. Then b = FQ is called 
impact parameter. Since the target nucleus is considered infinitely heavy, it does 
not move during the encounter. The analysis will therefore be made in the lab sys- 
tem. The force is repulsive and central. We shall prove that under the influence of 
Coulomb’s force, the trajectory is a hyperbola with the external focus F at the nu- 
cleus. 

It is convenient to introduce the polar co-ordinates r, 0. The radial distance r 
is measured from the focus F and the angle 6 with the x-axis, which is arbitrarily 
chosen. When the particle is near the nucleus, it will be deviated from the rectilinear 
trajectory under the action of electrical forces and its typical position at some instant 
would be at some point P with co-ordinates (r, @) and velocity v. Since the force 
is repulsive, v < vo. After the complete encounter, the particle is deflected through 
angle 6) and would recede to a remote distance beyond which it would continue 
along the straight path OD, and at a distant point like D. It would again have the 
original speed vg, as the potential energy again approaches zero. 

If the original path of the incident particle lies in a plane (here plane of paper) 
then because angular momentum is conserved, the particle would continue its path 
in the same plane throughout. 

The conservation of energy gives: 

1 4 


`m E Ze 1.33 
5 y= + zZe°/r (1.33) 
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Fig. 1.20 Geometry of Rutherford scattering 


In polar co-ordinates, the components of velocity along and perpendicular to r are 
r and r0, respectively, so that 


v? =(r)? + rô) (1.34) 


where dot means differentiation with respect to time. Eliminating v between (1.33) 
and (1.34) and re-arranging we get: 


2 
1= - + Tie? + (r6)"] (1.35) 
mvr v 
Also in the absence of external forces, angular momentum must be conserved. Take 
the angular momentum about an axis passing through the nucleus and perpendicular 
to the plane. Initially the momentum mvo is in the direction AB and the perpendic- 
ular distance FQ is b. Therefore, the initial angular momentum = (mvo)b. At the 
point P, the component of velocity perpendicular to FP is rÊ, and the distance 
FP =r. Hence, the angular momentum at P is m(r6)r. 
Conservation of angular momentum gives, 


mvob = mr’ or (1.36) 
6 = vob /r° (1.37a) 
Also 
dr.  vobdr 
-= — 0 = —— — 1.37b 
"= 40" 2 do Ee 
Using (1.37a) and (1.37b) in (1.35) and dividing by b?, we find: 
1 _ Ze | 1 (dr PE ae 
be mvgb?r r4 \ do r2 l 
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It is desirable to have a change of variable, 1.e. 


1 
u = — (1.39) 
r 
dr drdu _ 1 du (1.40) 
dð dudéd ~~ u2dé 
Also, it is convenient to call 
2zZe* zZe 
Ro = = (1.41) 
mvp To 


Here Tọ is the initial kinetic energy of the incident particle. Ro is the distance of 
closest approach for the head-on collision (b = 0). At the distance Ro, the particle 
momentarily comes to rest (v = 0) before it makes a sharp U-turn. Using (1.39), 
(1.40) and (1.41) in (1.38) and re-arranging, we get: 


(=) ap" =" (1.42) 


Above differential equation can be solved easily if it is differentiated once with 
respect to 6, and bearing in mind that b is a constant for a given encounter, 


d*u du _ dus Ro du 


d0? do "d0 D d0 


Cancelling the common factor du/d0 and re-arranging we get: 


d*u Ro 
This has the obvious solution 
u = Acos(@ — ô) — 5 (1.44) 
2b? 


where A and 6 are the constants of integration. We may choose ô = 0 to make the 
trajectory symmetrical about the x-axis. Call 


g= 2b? / Ro (1.45) 
with ô = 0, we find from (1.44) 
1 
Bopa $ (1.46) 
u gAcosé —1 


This may be compared with the equation for a conic 


_ a(e*—1) 


= — 1.47 
ecosdé — 1 ( ) 
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where € is the eccentricity and ‘a’ is the semi-major axis. We therefore, identify 


g=a(e*—1) (1.48) 
e=gA (1.49) 


Using (1.44) and (1.45) in (1.42) and simplifying 
(1.50) 


Eliminating A between (1.49) and (1.50) and using (1.48) we can find € 


é= J Llp + —— ; 
2 27204 
Ro Z e 


where we have used (1.41). 

It is seen from the above formula that € > 1 even if the charge is negative and the 
eccentricity is same in both the cases. The orbit is always a hyperbola and never an 
ellipse. For a repulsive Coulomb force (positively charged incident particle) the orbit 
is a hyperbola with the target nucleus at the external focus F, whereas for attractive 
Coulomb force (negatively charged incident particle) the orbit is a hyperbola with 
the target nucleus at the inner focus F’. 

As r — œ, the denominator of the right hand side of (1.47) becomes zero, and 
the limiting angle « is given by: 


1 
cosa=— or 
E 
(1.52) 
cota = 
e*— 1 
Observe that œ is very nearly equal to half of the angle subtended between the 
asymtotes, since the angle contained between the radius vector r and the x-axis is 
almost equal to a when r — oo. The scattering angle 6 is equal to angle BO D and 


: : = _ T O0 
is given by 6) = 7 — 2a or, a = 5 — 3. Hence 


Oo 1 Ro 
tan — = cota = ——— = — (1.53) 
2 e2—] 2b 
where we have used (1.52) and (1.51). 

Formula (1.53) can be derived by a shorter method by assuming that the trajec- 
tory is a hyperbola and by considering the velocity v at the point C which is at 
distance ‘a’ from the centre of the nucleus (Fig. 1.20); v being perpendicular to ‘a’. 
Energy conservation gives: 
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2 
(>) ajal (i) 
vo a 


Angular momentum conservation gives 


which yields 


mvob =mva or 


Ta (i) 
v a 
Using (ii) in (i), we find 
b? =a(a— Ro) (iii) 
From the properties of hyperbola, we know 
a ; 
a = bcot 2 (iv) 


Eliminating ‘a’ between (iii) and (iv) 


2a 
R cot = — 1 
a E =2cota 
b cot 5 
Oo Ro 
cota = tan — = — 
2 2b 


Equation (1.53) shows that smaller the impact parameter b, larger is the scattering 
angle 6o, and vice versa. Physically a larger value of b implies a weaker force and 
so a smaller deflection is to be expected. 

In particular, b = oo, implies 6) = 0 and b = 0 implies 6), = x. Figure 1.21 
shows three typical scattering events. They are: 


(a) with a large b, 
(b) with a moderate value of b, and 
(c) for a very small value of b. 


Eliminating g between (1.45) and (1.48) 


2b? Ro 


az Role? — D = 7 (1.54) 


where we have used (1.51). 
For a particular value of b, the closest distance of approach will be FC which is 
given by putting 0 = 0 in (1.47) 


l Ro 4b2 
r(min) =a(e+1)= =| 1+ 1+ = (1.55) 
2 R? 
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(a) (b) (c) 
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Fig. 1.21 Rutherford scattering for three different parameters b 


Considering various scattering events with different b, r(min) will take on the least 
value for b = 0, i.e. for the head-on collision and in this case r(min) = Ro. Thus 
the significance of Ro given by (1.41) is that it represents the least distance of the 
closest approach. It is also called Collision diameter. This result also follows from 
very simple considerations. As the positively charged particle approaches the target 
nucleus, due to the Coulomb’s repulsion, it loses kinetic energy and when it is clos- 
est to the nucleus in a head-on collision, it would lose all its kinetic energy. Putting 
v = 0 in (1.33) we get 
2 
222, ° = Ri 
Ug 


r(min) = 


We can find the numerical value of Ro in the scattering of 5 MeV alpha particles 
(typical alpha energy from the radioactive sources) from a gold foil 


To = 5 MeV =5 x 1.6 x 107” J= S x 107! J 
e = 1.6 x 107}? Coul 
z=2, Z=79 


For S.I. units, formula (1.41) becomes: Ro = ie. 


For numerical calculations, Ro (fm) = TiN) = eee = 45.5 fm. 


This value may be compared with the radius of gold nucleus which is 8 fm, 
a value which is smaller than the minimum distance of closest approach. This then 
ensures that the alpha particle of 5 MeV stays well outside the gold nucleus in any 
type of encounter including the head-on collision and that the inverse square law 
would be valid for all the orbits. For much greater energy, in close encounters, alpha 
particles may be able to penetrate the target nucleus itself in which case the inverse 
square law would no longer be valid, and other complications would be introduced 
into which we shall not enter at the moment. 

From (1.53) it is obvious that given the impact parameter b, the scattering angle 
6o can be determined. But, in practice, it is impossible to know the value of b. How- 
ever, we can compute the expected angular distribution from the entire range of b’s. 
Consider a uniform beam of particles fired against the target material. The beam in- 
tensity J is defined as the number of particles crossing unit area normal to the beam 
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Fig. 1.22 Particles passing 
through the ring of radii b and 
b + db are scattered in the 
angular interval 09 + d0o 

and 69 


direction per second. Near the centre of force a beam particle bends around and as 
it escapes from the field of force it once again describes a straight line. Because 
the force is central, one can expect an azimuthal symmetry in scattering about an 
axis along the beam direction. Assuming that the scattering is independent of £ the 
element of solid angle becomes d2 = 27 sin @9d0o. Consider a uniform beam of 
particles of same energy directed towards a force centre, with impact parameters b 
and b + db. Such particles are seen to pass through a ring of radii b and b + db, 
the ring being perpendicular to the beam direction and symmetrical about an axis 
passing through the nucleus, and has an area of 277bdb. Now, particles of given en- 
ergy and impact parameter have a unique angle of deflection determined by formula 
(1.53). Therefore, particles passing through this ring must be scattered into the solid 
angle lying between 69 and 69 + d@p (Fig. 1.22). Since the number of particles must 
be conserved 


2a bdbI = —2n sin odolo (00) or 


bdb 


io 
S= ida 


(1.56) 


The negative sign is introduced in (1.56) due to the fact that an increase in b implies 
a decrease in 69. Rewriting (1.53) 


R 8 
p= at (1.57) 
2 2 
Hence 
R 0 
db = =a cosec? zI% (1.58) 


Using (1.57) and (1.58) in (1.56) and noting that sin@) = 2 sin o - COS Lm we get 
after simplification: 


R2 1 [zZ]? 1 
E] | 


16 sinf % 16L To | sinf a 
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Fig. 1.23 Differential 
cross-section (in arbitrary 


units) as a function of v 
scattering angle 0 in the LS 5 
= 
g 
2 
wo 
g 
© 
0 45° 90° 6> 135° 180° 


WE 1 l 
o (0) = -— — (Rutherford’s scattering formula) (1.59) 

4 | s | sinf 
This is the famous Rutherford’s scattering formula. Henceforth, the suffix O is 
dropped off in 69. The expected differential cross-section as a function of scat- 
tering angle given by (1.59) is shown in Fig. 1.23. Observe that the differential 
cross-section falls off rapidly with increasing angle, the scattering thus being pre- 
dominantly in the forward direction. 

Formula (1.59) also shows that o (0) will be greater for targets and incident par- 
ticles of higher atomic number and that it will be more important for low energy 
particles. 

For the purpose of numerical calculations (1.59) can be written in the form: 


zZ\* 1 
o (8) = 1.295| — A Mb/sr (1.60) 
T / sin* 0/2 


where T is in MeV. 


1.3.2 Darwin’s Formula 


Rutherford’s formula which takes into account the recoil of the nucleus is due to 
Darwin (see Example 1.18) 


(1.61) 


(6) (25) 1 [cos@t(1— y? sin? 6)!/272 
oO = 
mv? ) sin*@ (1 — y? sin? 0)!/2 


where M is the mass of the target nucleus and m is the mass of the incident particle, 
and y = m/M. If y < 1, the positive sign should be used only before the square 
root. If y > 1 the expression should be calculated for positive and negative signs 
and the results are added to obtain y (0). For y = 1 


Ze? |" cos 
: =| = (1.62) 


0) = 
aP) | T sint 6 
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1.3.3 Mott’s Formula 


If the scattered and the scattering particles are identical (Indistinguishable particles), 
the quantum mechanical exchange effects must be taken into account. The scattering 
formula due to Mott is 


(6) z” Zet cosé 1 5 1 +2 1 cos y Ze" irea 
o(0)= n 
T? sint@ cos*6@| —1 || sin? 0 cos? 0 hv : 


(1.63) 


where h is Planck’s constant. +2 is put infront of the square brackets if the particles 


have zero spin, and —1, if their spin is 5. 


1.3.4 Cross-Section for Scattering in the Angular Interval 6’ 
and 6” 


The cross-section o (0’, 6’) per nucleus for scattering between angle 6’ and 6” is 
given by: 


g" g" 2 R2 go! 6d0 
o(6'.0")= | oda =2n | sino (0)d9 = — of = 
Q/ 


16 Jo sint@/2 
where (1.59) has been used. As sin@ = 2 sin g cos g 
x 8” 
o (0', 0") = zE J cosec? (8/2) cot(0 /2)d0 
(ld 
x o" 
= zro / cot(0 /2)d cot(6/2) (1.64) 
8" 


o(7',0")= Ear (cot? 6’/2 — cot? 0” /2) 


In particular, ø (90°, 180°) the cross-section for scattering for angles greater than 
90° is given by setting 6’ = 90° and 6” = 180° in (1.64) 


(90°, 180°) = 79 =F (= ) (1.65) 
0 


1.3.5 Probability of Scattering 


Consider a box of face area 1 cm? and length à cm, so that its volume becomes 
à cm3. Let a beam of particles be incident on its face. By definition À is such a 
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Fig. 1.24 A box of face area 


1 cm? and length A cm 1 
containing n atoms is exposed 1em 
to a beam of particles 

tem 


cm 


length that on an average the particle suffers the given type of scattering, i.e. A is the 
mean-free-path. If there are n number of atoms per cm?, the number of atoms inside 
the box of volume A cm? will then the equal to An. The cross-section arising from all 
these atoms will then be equal to Ano (6’, 0”). Imagine all the atoms inside the box 
to be pushed on the rear surface of the box (Fig. 1.24). The total area corresponding 
to the cross-section of all the atoms must be such as to completely fill up area of 
1 cm? since our assumption demands that on an average one scattering of the given 
type will occur when the incident particle passes through A cm 


Ano (0'9")=1 or 


1 

0’, A ee 

no (6',0"") 

If the foil is only t cm thick, then the probability of scattering between 6’ and 6” 
will be: 


P =t/\=nto (0,0) (1.66) 


1.3.6 Rutherford Scattering in the LS and CM System 


So far, we have considered the scattering of particles from massive target nuclei so 
that the recoil of the latter can be neglected altogether. However, if a light target 
be considered then the target nucleus would necessarily recoil due to the collision 
and the analysis of the collision is rendered fairly complicated when done in the 
lab system. Figure 1.25 shows for definiteness the elastic scattering of an œ-particle 
(mı = 4) with a carbon nucleus (m2 = 12) originally stationary seen in the lab sys- 
tem. The a particle moves with velocity u1, and makes an impact parameter b. Since 
mz is assumed to be stationary, the relative velocity of approach is also u1. 

The centre of mass (indicated by CM in the diagram) moves with constant ve- 
locity ve = miu; /(m;, + m2), before, during and after the collision, which is al- 
ways directed parallel to the incident direction of mı. In the chosen example, ve is 
one-fourth of the initial velocity of the a particle. We have seen that the analytical 
relationships which connect the scattering angle 6 and ¢@ with the impact parameter 
b and with the charges, masses and velocities of mı and m2 are too complicated 
to be of any general use. Observe that after the collision the initial direction of m2 
is away from that of mı. This is a simple consequence of Coulomb’s repulsion be- 
tween the two nuclei. It must be pointed out that the trajectories are no longer simple 
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Fig. 1.25 Scattering of a 
particles with a carbon 
nucleus in the LS 


Fig. 1.26 Scattering of a 
particles with a carbon 
nucleus in the CMS 


hyperbolas in the lab system. In the CM system, no distinction is made between the 
projectile and the target particles, see Fig. 1.26. The relative velocity of the particles 
is, v(rel) = uF + už = (u1 — Uc) + uc = u1, which is identical with that in the lab 
system. 

There is complete symmetry in the scattering of the particles in the CM sys- 
tem. Both the particles approach each other with equal and opposite momentum 
before the collision and recede with equal and opposite momentum after the colli- 
sion. In the event of elastic scattering, the respective speeds of the particles remain 
unaltered before and after the collision. Both are deflected through the same angle 
measured with their respective original direction. Their centre of mass remains at 
rest throughout the collision. Each of the particles describes a hyperbola. The colli- 
sion diameter, impact parameter and eccentricity of the orbit are the same for both 
the particles, Fig. 1.27. In our example, œ particle traverses its hyperbolic path rı 
about the centre of mass, while the carbon nucleus also traverses a similar path, 
r2 =rjm,/m2 = 1/3, on the other side of the centre of mass. The line joining the 
positions of the two particles passes through the centre of mass at all times. The 
angular momentum about the centre of mass evaluated in the CM system (Fig. 1.27) 
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Fig. 1.27 Angular 


momentum about the centre z 
of mass in the CMS fa m 
-TON b 


Mi uy, 
is 
rıb mvcr2b murb Ucb 
J = mı (u; — ve) = (mzr2 — mırı) 
ritr m+r2 ri +72 ri +72 

_ murb 

© r+ 
Since Miri = M2 

ri m2 


ritr m +m 


J= POE a = mub 

mı + m2 
where u is the reduced mass. The angular momentum J of this system of two par- 
ticles is a constant of their motion since no external torques act on the system. The 
angular momentum taken about the centre of their mass has the same value both in 
the lab system and CM system since these two systems differ only in regard to the 
translation velocity of the centre of mass (ve in the lab system and zero in the CM 
system). 


1.3.7 Validity of Classical Description of Scattering 


We must be able to form a wave packet which is narrower than the distance of the 
closest approach, otherwise there is no way to make sure that the particle expe- 
riences a definitely predictable force from which the deflection can be calculated 
classically. To obtain a rough estimate of the validity of the classical description, 
we can safely assume that the distance of closest approach is of the same order 
of magnitude as the impact parameter b. In order to form a wave packet that is 
smaller than b, it is of course necessary that one uses a range of wavelengths of 
the order of b or smaller. Thus the first requirement is that the momentum of the 
incident particles be considerably larger than p = h/b. Moreover, in defining the 
position of this packet will make the momentum of the particle uncertain by a quan- 
tity much greater than dp = h/b. This uncertainty will cause the angle of deflection 
to be made uncertain by a quantity much greater than 60 = dp/p. In order that the 
classical description be applicable, the above uncertainty ought to be a great deal 
smaller than the deflection itself; otherwise the entire calculation of the deflection 
by classical method will be meaningless. This requirement is, however, equivalent 
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to the requirement that the uncertainty in the momentum be much smaller than the 
net momentum, Ap, transferred during the collision, or that 


6p/Ap=h/bAp «1 (1.67) 
Now, for elastic scattering, for small angles 
Ap = 2p sin(0/2) > p9 (1.68) 
Also from (1.53) 
0 =zZe°/Tb (1.69) 
Combining (1.68) and (1.69) and noting that p/T = 2/v, the condition is, 
2zZe?/ħv®1 or 2zZ/137B>1 (1.70) 


For 5 MeV a and gold nucleus (Z = 79) as the target, 6 = 0.05, and the left hand 
side of (1.67) becomes 46, a value which is much greater than unity, so that classical 
description of scattering is fully valid. 


1.3.8 Coulomb Scattering with a Shielded Potential Under Born’s 
Approximation 


It is always an abstraction to assume that the Coulomb force continues to be un- 
modified out to arbitrarily large distance. Thus the Coulomb force resulting from 
distances of the order of a few atomic radii is screened or shielded by the atomic 
electrons. The resulting shape of the potential may be approximated by the shielded 
Coulomb potential of the form 


2 


zZe 
V = 
F 


exp(—r/ro) (1.71) 


The exponential factor causes the force to become negligible when the factor r/ro 
is much greater than unity. According to the Born approximation, the expression for 
the differential cross-section is given by 


Ded 


4a-m 2 
o(0) = 7 [Ve - po) (1.72) 
where the momentum transfer is 
|p — po| = 2p sin(0 /2) (1.73) 


and 


exp(—r/ro)dr = An zZe? 


= 2 (pp ; 
V(p — po) =zZe [ tio po)] rh — = (empyg 174 
ro 
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Fig. 1.28 Rutherford 
scattering with a shielded 
potential 0(8) 


me pe m 


Letting ro —> œ, and combining (1.72), (1.73) and (1.74), we get exactly the same 
expression as (1.59), i.e. Rutherford scattering law. Thus, classical mechanics and 
quantum mechanics give the same result for the Rutherford scattering. 

The general appearance of the cross-section for a shielded Coulomb force as a 
function of angle is shown in Fig. 1.28. The curve rises steeply with decreasing 0, 
as is characteristic of the Rutherford cross-section, until 


For angles smaller than 6, the rise of o (0) is comparatively small. Thus, 69, may be 
regarded as a sort of minimum angle, below which Rutherford scattering ceases, as 
a result of the shielding effects. With a shielded Coulomb potential, 69 will approach 
zero with increasing b much more rapidly, as soon as b goes beyond the shielding 
radius. In fact, shortly beyond the shielding radius, the entire scattering effect can 
be neglected. The minimum angle below which the cross-section ceases to increase 
is given by setting b = ro in Eq. (1.69) adapted for small angle approximation, 
(min) = zZe?/Tro. 


1.3.9 Discussion of Rutherford’s Formula 


The formula fails for indistinguishable particles and also for relativistic particles. 
The derivation ignores spin interaction. Formula (1.59) predicts pronounced scatter- 
ing in the forward direction, i.e. small angle scattering is favoured. Spin interaction, 
however, affects only the large angle scattering. Screening effect of electrons has 
been ignored which tends to reduce the effective charge of the nucleus. This effect 
is small for small impact parameters (large 9) and will clearly manifest itself in 
heavy atoms in which K electrons are very close to the nucleus. 

Rutherford’s formula is valid only for single scattering. It is, therefore, necessary 
to use thin foils; otherwise, multiple scattering will result from the superposition 
of successive single scatterings. Scattering due to orbital electrons may be ignored 
since maximum angle of scattering will be typically <10~4 radians. 

If the mass of the incident particle cannot be neglected in comparison with the 
mass of the target nucleus, then (1.59) is still valid provided the energy T now refers 
to the centre of mass system, and similarly the angle. 
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The total cross-section o is given by 
T 
a= 25 jl o (8) sin@dé (1.75) 
0 


By inserting (1.59) in (1.75), it is seen that ø — oo. This is the direct consequence 
of the long range character of Coulomb forces. But physically, at ranges (impact 
parameters) comparable with the atomic radii, the force field is effectively cut-off, 
leading to a finite cross-section. In other words, divergence in ø which results at 
0 = 0 does not occur in practice, since infinite impact parameters are not effective 
owing to the shielding of the nucleus by the orbital electrons. 


1.3.10 The Scattering of « Particles and the Nuclear Theory 
of Atom 


The experiments of Geiger and Marsden suggested that if alphas passed through thin 
foils of platinum then about 1 in 8000 suffered a deflection larger than 90°. From 
the then existing Thompson’s theory of atom (protons and electrons uniformly dis- 
tributed in the atom), it appeared that the electric fields are weak, much too weak to 
give rise to such deflections. It was conjectured that a cumulative effect of a large 
number of small angle scatters might result in a large deflection. But it was not possi- 
ble to explain deflections of this magnitude. To explain this result, Rutherford postu- 
lated that positive charge is concentrated in a very small volume called the nucleus. 
It was then shown that all the wide angle scatters could be explained due to the exis- 
tence of the nucleus alone, and that the screening effect due to the orbital electrons 
could be ignored. Rutherford used the scintillation method to count the scattered 
alphas, and an excellent agreement was made with the theory. The results were so 
satisfactory that Rutherford used his formula to verify the atomic numbers of some 
of the elements that were already known from Mosley’s work on X-ray spectra of el- 
ements, and an extraordinary agreement was obtained. The dependence of scattering 
on energy and angle left no doubt as to the validity of Coulomb law of force, the dis- 
tance of closest approach being 70 to 140 fm (1 fermi = 107! cm). For alpha scat- 
tering against gold foils, the scattering was well represented by the Coulomb law of 
force when the closest distance of approach was 32 fm. It was, therefore, concluded 
that the radius of gold nucleus is not greater than this value (actual value being 
about 8 fm). Thus, any departure from Rutherford’s law of scattering is an indica- 
tion that the incident particle is coming into contact with the target nucleus. Careful 
experiments can, therefore, give reasonably good estimates of nuclear sizes. For 
the range of energies considered (alphas from radioactive substances), no departure 
from Coulomb inverse square law of forces was observed, for very close distance 
of collision. The alpha scattering was found to be strictly governed by the Ruther- 
ford scattering law for targets ranging from copper to uranium. In the mean time, 
Blacket obtained an independent verification from Wilson chamber photographs by 
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determining the angular distribution at various energies. But experiments with light 
elements revealed serious departure from the Rutherford scattering law at large an- 
gles. Observe that Ro (minimum distance of approach) is proportional to Z (charge 


of the target nucleus) while the nuclear radii are roughly proportional to Z3 for 
light and medium elements. The latter, therefore, decreases much slower than the 
former. Consequently, alphas could penetrate the nuclei of light elements. It was 
also observed that when alphas of larger energies were employed, a more rapid de- 
parture from the Rutherford law of scattering was approached, the observed number 
being greater than the predicted number. These results confirmed the general result 
that when the particles approach close to the nucleus the simple Coulomb law is no 
longer obeyed and that no known law concerning the electrical forces could explain 
the observed scattering. Explanation in terms of magnetic interaction between the 
alpha particle and the nucleus was ruled out since it was already known that alpha 
particle has zero spin, and therefore does not have any magnetic moment. Further, 
the validity of the classical formula of Rutherford could not be questioned since 
quantum mechanics also gives precisely the same result. The only answer to the 
anamolous scattering was to postulate the existence of strong short range attractive 
nuclear forces. For large b the angle 6 will be given by pure Coulomb forces. As b 
decreases 0 would increase, but not so rapidly as in the pure Coulomb field. This 
has the consequence of more particles to be scattered at small angles and fewer at 
large angles. As b decreases further, the attractive nuclear forces may more than 
compensate for the repulsive Coulomb forces. The angle of scattering may there- 
fore decrease rather than increase, and in this case there will be a maximum angle 
of scattering. For very small values of b, the particles may get scattered at random 
and in some cases may get captured. 


Example 1.7 If og is the geometrical cross-section for uncharged particles for hit- 
ting a nucleus, show that for positively charged particles, the cross-section will de- 
crease by the factor (1 — Ro), where Ro = zZe*/4 ey KoR = radius of the nucleus, 
Og = r R? and Ko is the kinetic energy. 


Solution When the charged particle just grazes the nucleus 


Gin = R= ete pad ae (1.55) 
r(min) = R= — — . 
ae R? 


whence we obtain b? = R? — RRo. 
Denoting the cross-section by o = 7 b?, it follows that o [0g = zb? {mn R? =1— 
Ro/R. 


Example 1.8 Alphas of 8.3 MeV bombard an aluminum foil. The scattered alphas 
are observed at an angle of 60°. Calculate the minimum distance of approach in this 
case. 
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Solution Tọ =8.3 MeV; z=2, Z = 13 


AO de te ee (1) 
— = tan — = tan — = tan = 
2b j 2 V3 
re Pea ee (2) 
r(min) = — — 
2 R 
Using (1) in (2) 
r(min) = 3Ro/2 
1.44¢Z 144x213 
Re = = 4.51 fm 


T 8.3 
r(min) = 1.5 x 4.51 = 6.76 fm 
Example 1.9 Find the probability of scattering of alpha particles of energy 5 MeV 
through an angle greater than 90° in their passage through a foil of gold of thick- 
ness 4 x 1075 cm. Given, Avogadro’s number No = 6 x 1073; A = 196; Z = 79; 


electronic charge e = 1.6 x 10!9 C; 1/4re9 =9 x 109 Nm?/C?, density of gold = 
19.3 g/cm’. 


Solution 


N = Number of atoms/cm? = (number of atoms/g) (g/cm?) 


6x10" x 193 


=5.91 x 10° 
196 
oono Hf 1-442Z7° x[1.44x2 x797 
a(90°:180) = 5 Th = 3 


= 1625 fm? = 16.25 x 107” cm? 


If A is the mean-free-path, + = No = 5.91 x 10” x 16.25 x 107°% = 0.961 cm™!. 
Required probability p = t/A = 4 x 1077 x 0.961 = 3.84 x 107°. In other words, 
one alpha in 1/(3.84 x 1075) or 26000, gets scattered at an angle greater than 90°. 


Example 1.10 If the radius of gold nucleus (Z = 79), is 8 x 10715 m, what is the 
minimum energy that the a particle should have to just reach it? Give your answer 
in MeV. 


Solution Set 


R = Rọ = 8 fm 
T= 1.44zZ  1.44x2x79 
E Ro E 8 


= 28.44 MeV 
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Example 1.11 The following counting rates (in arbitrary units) were obtained when 
a particles were scattered through 180° from a thin gold (Z = 79) target. Deduce a 
value for the radius of a gold nucleus from these results. 


Energy of œ particle 8 12 18 22 26 27 30 34 
(MeV) 
Counting rate 30300 13400 6000 4000 2800 33 4 0.4 


Solution Since at a given angle, the counting rate is inversely proportional to the 
square of energy, we can calculate the expected counting rate for various energies, 
assuming that at 8 MeV (lowest energy) the counting rate Ng is in agreement with 
the expected value. In the table below are displayed the calculated counting rates 
with the aid of the formula, N = Ng(8/ T)?, where T is in MeV. 


TinMeV 8 12 18 22 26 27 30 34 


N (cal) 30300 13100 5990 4010 2867 2667 2157 1679 
N (obs) 30300 13400 6000 4000 2800 33 4 0.4 


Comparison between the calculated and observed counting rates indicates that de- 
parture from Rutherford scattering begins at 26 MeV. Since scattering angle is 
0 = 180°, we are concerned with head-on collisions. Hence 


P 1.44zZ  1.44x2x79 


= 8.75 fi 
To 26 a 


Hence, the radius of the gold nucleus is 8.75 fm. 


Example 1.12 (a) If a gold foil is bombarded by 5.4 MeV a particles, determine the 
distance of closest approach (b) what is the deflection of the alpha particle when the 
impact parameter is equal to this distance? 


Solution 


(a) Distance of closest approach 


1.44zZ 144x279 
Rae eee in 
To 5.4 


(b) 


2 2b 2Rọ 2 
6 = 53°8’ 
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Example 1.13 To what minimum distance will an alpha particle of energy 0.4 MeV 
approach a stationary Li’ nucleus in the case of a head-on collision? Take the nuclear 
recoil into account. 


Solution We work out in the CM system. Equating the potential energy at the 
closest distance of approach Ro to the initial K.E. 


1447Z 1 , 1 mımzv? Tom? 
———S SS SS BU SS => 
Ro af 2 (m; +m?) mı +m) 


k} 1.44zZ ipa 1.44x2x3 ie 33.9 fF 
= — z= i m 
: To m2 0.4 7 


or 


Example 1.14 A narrow beam of alpha particles with kinetic energy T = 600 keV 
falls normally on a golden foil incorporating n = 1.1 x 10!° nuclei/cm?. Find the 
fraction of alpha particles scattered through the angles 0 < 69 = 20°. 


Solution Given nt = 1.1 x 10!? nuclei/cm2 


a ES., n(144zZ\" 30 
AN/N =1——Rocot* —-nt=1—— cot” — -nt 
4 2 4 To 2 


oe o 


2 “£90 
— cot? — x 1.1 x 101? x 107” = 0.6 
4 0.6 2 


The factor 10~2° has been introduced to convert fm? into cmĉ. 


Example 1.15 A narrow beam of protons with kinetic energy T = 1.4 MeV falls 
normally on a brass foil whose mass thickness pt = 1.5 mg/cm?. The weight ratio 
of copper and zinc in the foil is equal to 7 : 3, respectively. Find the fraction of the 
protons scattered through the angles exceeding 0 = 30°. 


Solution 


= 2 2 
AN x10% P ae (271 4, 0325 


0 
= ptNo cot? — 
N 4 T? Mı M2 2 


where Zı and Z2 are the atomic numbers of copper and zinc, Mı and M3 are their 
molar masses, Nọ is the Avagadro’s number. The factor 10~2° is introduced to ex- 
press fm? as cm? 


AN _ (1.44)?[0.7 x 297 0.3 x 30? 
N (1.4)? | 63.55 65.38 


x (3.732)? x 10776 
= 1.4 x 107° 


|x 1.5 x 1073 x 6 x 107° 
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Example 1.16 Find the effective cross-section of a uranium nucleus corresponding 
to the scattering of alpha particles with kinetic energy T = 1.5 MeV through the 
angles exceeding 0 = 60°. 


Solution 


m(144eZ\?7 40 wf(144x2x92\* 4. 
o(0,7)=— cot“ = = cot 30 
4\ T A 1.5 


= 73480 fm? = 735 b 


Example 1.17 The effective cross-section of a gold nucleus corresponding to the 
scattering of monoergic alpha particles within angular interval from 90° to 180° 
is equal to Ao = 0.5 kb. Find (a) the energy of alpha particles (b) the differential 
cross-section of scattering o (0) (kb/sr) corresponding to the angle 0 = 60°. 


Solution 
(a) 
1.447Z\? 
a (90°, 180°) = 7 ( : ) 
4 T 
1.44zZ 1.44x2 x79 
ap T E LA a ANTEA LAO ONN 
2 x ~o (90°, 180°) 2x V5 x 104 
(b) 


ZO A 2x79\? 1 
Z = 1.295( =) =1.295{ =) 


= 0.638 x 10° mb/sr = 0.64 kb/sr 


Example 1.18 Derive Darwin’s formula for scattering (modified Rutherford’s for- 
mula which takes into account the recoil of the nucleus). 


Solution 


_ d+y2+42y cos6*)3 
K |1 +y cos0*| 


Now, Rutherford’s formula for CMS is 


o (6) o (0*) (1) 


1/zZe?\?_ 1 
e*)= - 2 
a (9°) (=) int = (2) 
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Also 
o* 1 in4 0* 
E A eee and (3) 
2 4(1+4+cos6*)2 
_ mM o m 4) 
P= nm+M lły 


where M and m are the target and incident particle masses respectively and y = 
m/M 


tan@ = ————_. (5) 

Squaring (5) and expressing it as a quadratic equation and solving it we get 
cos6* = y sin’ 0 + cos 04/ 1 — y? sin? 6 (6) 
combining (1), (2), (3), (4) and (6), and after some algebraic manipulations we get 


zZe2\2 1 [cos0 y1- y? sin? 0]? 
(0) =( 7) =i 
mu sin” 6 ,/1 — y? sin? 0 


This is Darwin’s formula. For m « M, y — 0 and (7) reduces to the usual Ruther- 
ford formula. 


(7) 


1.4 Multiple Scattering 


1.4.1 Mean Scattering Angle 


A charged particle in passing through a thick medium is scattered through an an- 
gle 0. The observed scattering may be the result of cumulative effect of a number of 
small deflections produced by different atomic nuclei in the matter traversed, or it 
may be a single deflection through an angle 0 produced by a single nucleus. The first 
type of scattering is called multiple or plural, according to the number of contribut- 
ing collisions is large or small. The second type is referred to as single scattering. 
Which process is mainly operative depends on the nature and velocity of the scat- 
tered particle, the matter traversed and the scattering angle. In the simple treatment, 
it is assumed that © is distributed about © = 0, according to the Gaussian law, i.e. 
the probability for scattering in the angular interval © and © + d@ is 


P(@)d© = const - exp(—K ©”) dO (1.76) 
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Fig. 1.29 Multiple scattering Mm — t ——_ > 
O; resulting from the ; : 
superposition of single 

scatterings, 01, 02,...,6; 


where K is a constant. The single scattering is governed by the Rutherford law of 
scattering, which for small angles has the form 


dé 
P(@)d@ = const - a (1.77) 


Let 0; be the deflection in the ith collision. Let there be q collisions in a traversal of 
t cm. Since small angles are vectors (Fig. 1.29) 


Take the dot product 


q q 
O=) 0 +) 00; 


i=l ixzj 


In averaging over many traversals, 6; is positive as many times as it is negative; and 
the second summation drops off. Thus 


q 
2 2 
(O3) = 2 oi 
i=1 
Since statistically, the individual events do not differ, 0? = 6? we can therefore write 


(07) =q(0°) (1.78) 


Now, Rutherford scattering for small angles can be written as 


(1.79) 


zZe\? 1 
o(0)=4 — 
pv ) 04 


The probability for the particle to be scattered into solid angle d2 = 27 sinĝd9, is 
given by o (6)276d6 for small 6. Let there be N atoms/cm? 


fares PfOd fofoa — Spits 2g 20 Nedb 
= = P 


Omin 


2\— = = 


Omin 
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zZe 
Mbv2 


since tan A = 


_ 4 Z et 


re (1.80) 


The denominator is nothing but q. We, therefore, find after substituting (1.79) 
in (1.80) 


(1.81) 


zZe2\"_ (max) 
In - 
pv 0 (min) 


(07) =q(e’) = se 


We have assumed that the particle is sufficiently energetic so that the velocity does 
not change over the considered traversal. We also ignore the scattering off the elec- 
trons, since it is unimportant. Observe that scattering off the nuclei is proportional 
to Z?, whilst for electrons, it is proportional to Z. In hydrogen, the scattering off 
electrons, however, will be important. We shall now consider the limits 6 (max) and 
0 (min). Nuclear scattering at large distance is reduced by the electrostatic shielding 
of the nucleus by its electrons. The electrostatic shielding reduces the scattering of 
distant particles but it does not reduce the energy loss. Thus, a primary particle trav- 
elling at a distance such that the fields of electrons and nuclei compensate each other 
almost completely is still capable of transferring energy to the atom. The physical 
reason why screening reduces scattering much more than the energy transfer is as 
follows. A fast particle passing near an atom transfers a certain amount of momen- 
tum to each electron and also to the nucleus. The angle of scattering is, however, 
determined by the transverse component of the total recoil. Due to the opposite sign 
of charge, the electrons recoil in the opposite direction to the nucleus and if the fast 
particle passes at a sufficient distance, the transverse components of the recoiling 
electrons cancel the transverse components of the nuclear recoil and thus no scatter- 
ing results. The total energy transfer is equal to 


Z 2 2 

; Pe. 
> Pi. 4 nue, (1.82) 
= 2Me 2Mhnuc 


The energy transfer to any of the electrons or to the nucleus is positive and is not 
affected by the presence of other particles except for the small effects of the binding 
forces. In other words, a particle passing near an atom suffers Z + 1 collisions with 
the constituents of the atom and loses energy to everyone of them. The Z + 1 angles 
of scattering, however, tend to compensate each other and therefore the scattering 
is reduced strongly by shielding. Now by (1.81), the root mean square multiple 
scattering angle is given by 


ae = 
(2) = 870 ba Z'z'e Nt a ee) = viz (1.83) 
b(min) pv 
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where 
b 
K= Jenze In — (1.84) 
is called the scattering constant. 
1.4.2 Choice of b(max) and b(min) 
We may choose 
ao 


where do is the Bohr radius. This is justified by Fermi-Thomas model of the atom, 
since the right hand side of (1.85) represents the radius of the atom. 

The limit on b(min) is dictated by the finite size of the nucleus. Thus, b(min) is 
greater than 1.3 x 10713 A! cm. An alternative criterion would be to avoid count- 
ing deflections with © > 1 radian. A rough criterion is provided by restricting the in- 
dividual single scatterings to 0 < 1. Now for small scattering angles, formula (1.53) 
reduces to 


2zZe? 
= ——__ 1.86 
mv2b ee 
Putting 0 = 1 radian and p = mv, we obtain the rough criterion 
2zZe? 
b(min) = ““* (1.87) 


Fortunately, the results are insensitive to the choice of b(max) and b(min) 


b(max) 7 Atomic dimension 1078 cm 


oy = = 104, and so In 10* ~ 10 
b(min) Nuclear dimension 107!2 cm 


Thus, \/(@)2 is very insensitive to the logarithmic term in (1.83) which is of the 
order of 10. The main dependence comes from the factors outside the logarithmic 
term. Further, in view of (1.87) the scattering constant K is a slow varying function 
of the particle velocity. Observe that y (@}? is directly proportional to the charge of 
the scattering nuclei, and the charge of the incident particles, inversely proportional 
to the energy of the incident particles and directly proportional to the square root of 
the thickness of the absorber. 
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1.4.3 Mean Square Projected Angle and the Mean Square 
Displacement 


Consider a charged particle traversing an absorber of thickness t. Assume that the 
collisions take place at depths X1, X2,..., resulting in deflections 6), 62,.... The 
azimuth of the deflection will change after each collision, the subsequent azimuths 
being ¢), ¢2,..., the projected angle of deflection is given by 


q 
Op= > 4 cos dj 


i=1 
We have to average over the parameters of the single collisions. Since the azimuths 
can be taken as independent, we have 


(cos gj cos $j) = 3y (1.88) 


where ô;;j is the Kronecker delta. Hence 


(0%) = 5416) = 310?) (1.89) 


Observe that the most probable value of © or Op is zero. However, (©) and (07) 
are necessarily positive, whereas (© p) is zero. 

Similarly the mean square projected displacement is equal to half the mean 
square unprojected displacement 


Now, y = aa Xið; cos dj 


y? = F naie cos dj cos bj 
ifj 


Since x and ¢ are independent, using relation (1.88) 
Now 


ra =e? (1.50) 
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Fig. 1.30 Angular distribution of electrons scattered from AU at 15.7 MeV. Solid lines indicate the 
distribution expected from the Moliere theory for small-and large-angle multiple scattering, with 
an extrapolation in the transition region: dashed lines, the distributions according to the Gaussian 
and single scattering theories. The ordinate scale gives the logarithm of the fraction of the beam 
scattered within 9.696 x 107°? sr (Birkhoff) 


Also 
12 

= za] (1.91) 
Expressions (1.90) and (1.91) are of great interest in the cosmic ray shower theory 
and experiments. Figure 1.30 shows the contribution from multiple scattering (Gaus- 
sian) at small angles and single scattering (Rutherford) at large angles. Kamal, Rao 
and Rao (Fig. 1.31) have compared the experimental distributions of D the average 
of ‘Second differences’ of 17.2 GeV/c beam tracks in photographic emulsions for 
cell lengths t = 4, 6, 8, 10, 20, and 30 mm and compared with Moliere’s theory. 
The quantity D is related to the projected angular deflection and is obtained from 
the y-coordinates of the track; Dj = yj+1 — 2y; + yi-1, where y; is the ith coordi- 
nate of the track at constant x-intervals called cell length rt. In order to avoid very 
large scattering angles, a 4D cut-off is usually employed, a procedure in which all 
deflections larger than four times the mean second difference are eliminated. This is 
also indicated in the figure. Moliere’s probability function (Gaussian function plus 
the single scattering tail) for the second differences was computed from the work of 
Scott. A good agreement was found between theory and observations. 

In conclusion, we may point out that Rutherford used extremely thin foils for 
his classical experiments on alpha scattering in order to avoid the contribution of 
multiple scattering. 

From (1.83) it is clear that the determination of root-mean-square angle permits 
one to estimate the energy of the particle. 

Protons and electrons of the same energy will have the same root-mean-square 
angle of scattering, but their ionization would be different since their velocities 
would be different. Thus joint measurements of multiple scattering and ionization 
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Fig. 1.31 Multiple scattering 
distribution for various cell 
lengths, (a) 4 mm; (b) 6 mm; 
(c) 8 mm; (d) 10 mm; 

(e) 20 mm; (f) 30 mm 
Moliere’s Gaussian function 
plus single scattering tail [2] 


Pt) 
0 4.0 8.0 12.0 16.0 0 4.0 8.0 12.0 16.0 


0 12.0 24.0 36.0 48.00 16.0 32.0 48.0 
d (um) 


permit us to estimate the mass of the particle and identify it. This method is partic- 
ularly suitable for particles which are not too energetic and at the same time are not 
brought to rest within the stack of emulsions. 

The existence of multiple scattering can create problems in the curvature mea- 
surements of tracks in a cloud chamber. In certain cases the multiple scattering may 
be so severe that spurious curvatures are observed even in the absence of magnetic 
fields. In the case of bubble chambers, curvature measurements under magentic 
fields are rendered difficult when a heavy liquid like xenon is used. It is also im- 
plied that curvature measurement in photographic emulsions under pulsed magnetic 
fields are limited owing to severe multiple scattering by the heavy nuclei of silver 
and bromine. 

The phenomenon of multiple scattering leads to an interesting observation in 
cosmic ray showers. Owing to multiple scattering in air, the electrons in the shower 
undergo lateral displacement from the original path through several meters as they 
traverse down the atmospheric depth (see expressions (1.90) and (1.91)). 


1.5 Theory of Ionization 


1.5.1 Bohr’s Formula 


Charged particles in their passage through a medium lose their energy mostly 
through excitation of atoms and ionization (collision) processes. The collision pro- 
cess is only one of several mechanisms by which charged particles may lose energy. 
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In the case of electrons it constitutes the most important source of energy loss only 
for relatively small energies. At energies of the order of 10 to 100 MeV, radiation 
losses overtake the collision losses, depending on the Z of the absorber. For muons, 
collision losses remain dominant up to energies of the order of 100 or 1000 MeV. 
For protons, radiation losses are never significant, but the occurrence of nuclear col- 
lisions overshadows the collision losses at energies of the order of 1000 MeV or 
greater. Energy loss by the emission of Cerenkov radiation is negligible except at 
very high energies. Thus, in general, collision losses represent the most important 
source of energy loss only for energies smaller than a certain value that depends on 
the nature of the particles. 

Most of the electrons ejected in ionization processes have energies very small 
compared with the energy of the primary particle. Nevertheless, they are able to 
produce several ion pairs before coming to rest. The total specific ionization con- 
sists of two parts (i) primary specific ionization which is defined as the average 
number of ion pairs produced per gcm~? (ii) secondary specific ionization which 
refers to the average number of ion pairs per gcm~ by all the secondary elec- 
trons and tertiary electrons and radiation. The total ionization implies the sum of (i) 
and (ii). The total ionization is roughly three times the primary ionization. When 
the primary particle is absorbed its energy is dissipated in exciting the atoms and 
in producing secondary electrons partly by collisions and partly by radiation. The 
secondary electrons radiation will excite more atoms and produce tertiary electrons 
and photons and so on. It is clear that an electron will continue to lose its energy in 
elastic collisions as long as its energy is in excess of the lowest excitation potential 
of the atoms and the photons will be absorbed as long as their energy is greater than 
the threshold energy for minimum ionization potential. In the event an atom gets 
into an excited state by an inelastic collision with an electron or by the absorption 
of a photon it immediately loses the excitation energy by the emission of photons 
or Auger electrons. The fraction of the initial energy that is used in producing ion- 
ization is not appreciably affected by the nature of the primary particle nor by its 
energy as most of the ionization and excitation processes are caused by electrons of 
low energy. The classical ionization formula is originally due to N. Bohr. The basic 
assumptions made in the derivation are (i) electrons are free (ii) the incident particle 
remains undeviated throughout its motion. 

The velocity acquired by the electron in an elastic collision is given by (1.27), 


2um | cos bo” 
v2 = 2ve cos 6 = —_ 
mı +m? 


where v = u1. Since mz < m1, v2 ~ 2v cos so”. 
The energy imparted to the electron is 


1 1 
T= zmo = 2mv? cos? r (1.92) 
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Fig. 1.32 Atoms lying 
within impact parameters b 
and b+ db 


Since 


go =n —0*, cos“ —¢* = 
2 1 + cot? 50* 


But scattering angle in the CMS is related to the impact parameter by cot 50* = 
2b/ Ro. Hence, 

7 22°" 

~ mv2[R3/4 + b?] 


(1.93) 


where we have used the fact that Ro = 2zZe”/jv and the Z = —1 for target elec- 
tron, and u = m, since the incident particle is considered much more massive than 
the electron. Let there be n electron/cm? of the medium consider a differential ele- 
ment of length dx along the path of the incident particle. The number of electrons 
situated between the impact parameters b and b + bd over a length dx is given by 
2mbdbndx (Fig. 1.32). The energy imparted to electrons for this range of b’s is 
given by multiplying this number of electrons by T give by (1.93); but this is equal 
to the energy lost by the primary particle by traversing the element of length dx. We 
can, therefore, write: 


bmx) Annzetbdb  4nnz?et m| =] (1.94) 


—dE/dx= ee, SS 
/ Í, mv?[b? + R2/4] mv? Ro 


The underlying assumption that electrons are free is only approximately correct. 
Actually they are bound to the atoms and can be considered free only if the colli- 
sion time is short compared with the period of revolution. On the other hand, if the 
collision time is long compared with the period of revolution, the electrons do not 
absorb any energy at all. Let b(max) represent the impact parameter for which the 
collision time t = 1/v, where v is the orbital frequency of the electron 


Impulse = J Fdt = momentum acquired by the electron (1.95) 
or 
zet 
—>—— = ,/2mT (max) = (42204 /020? (max) (1.96) 
b? (max) 
Hence 


b(max) = v/2v (1.97) 
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Annze 
mv? 


4 mv? 
—d E /dx = mf | (Bohr’s formula) (1.98) 


2v/ze? 


The negative sign implies that as x increases, E decreases. The quantity —d E /dx 
is called the linear stopping power and is defined as amount of energy lost per unit 
length in the absorber. When x is measured in g/cm?, then this quantity is called the 
mass stopping power. 

Bohr’s classical formula is valid provided the particle velocity is larger than the 
orbital electron velocity. The value of b(max) given in Bohr’s classical formula cor- 
responds to such low energy transfers that they are far less than the ionization poten- 
tial and are therefore incompatible with the acceptable theory of atomic structure. 
For this reason, the classical theory predicts too great energy loss by high velocity 
particles. 

A quantum mechanical formula which is more exact is due to H.A. Bethe: 


—dE/dx= 


2,4 2 
a l [ a ap e| (1.99) 
mv 

where B = T I = mean ionization potential of the atoms of the medium; I = KZ, 
K = 13.5 volts. The derivation assumes that the particle is a point charge, and that 
the spin and magnetic moment are disregarded. Observe that the quantity —d E /dx 
which represents ionization loss per unit length, is a function of velocity of the 
particle and its charge but is independent of its mass. Bohr’s formula (1.98) is 
not applicable for incident electrons for two reasons: (a) the derivation assumes 
that the incident particle is undeflected during the collision which is not correct 
for an electron; (b) for identical particles exchange phenomenon must be consid- 
ered. 

The last two terms in the bracket of (1.99) almost cancel out at low velocities 
(small £). Since the logarithmic term is quite a slow varying function of velocity, 
the main variation of —d E /dx comes from the factor 1/v?. At very low velocities, 
the energy loss must go down because of the capture of the electrons by the incident 
particle. This is not considered in the quantum mechanical formula which can be 
relied on up to 5 MeV a’s or 1.3 MeV protons. As the velocity of the incident 
particle decreases to very low values, various complicated effects enter the energy 
loss mechanism. When the incident velocity becomes comparable with the K-shell 
electron velocity, energy transfer to the K-shell electrons becomes difficult. The 
electrons effective for energy loss are those with velocities smaller than v = ./7/2m. 
At low energies, the charge transfer process becomes more important than ionization 
process. The atom or the ion formed by capturing an electron may lose the electron. 
When the particle velocity is significantly greater than Bohr’s orbital velocity for the 
K-shell electron, the electron loss dominates over electron capture. This corresponds 
to 25 keV proton energy or 400 keV «œ energy. 

At higher velocities, the terms Inv” and In(1 — 8°) in the square brackets of 
(1.99) become important. The ionization vs velocity curve (Fig. 1.33) passes through 
a broad minimum as f — 1. The origin of the rise of ionization is due to the Lorentz 
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Density Effect 


Energy for minimum 
ionization 


Lorentz Fermi's Plateau 
Contraction 


A C 
Mc? 10 Mc? 100 Mc? Energy 


Fig. 1.33 The curve BCD gives the 1/v? dependence. At relativistic energies v changes little 
and CD is asymptotic to v = c. At relativistic energies, the log term in v?/(1 — 8?) changes, and 
increases as v —> c, giving the rise at the curve from C to E. At very low energies (region AB) 
Eq. (1.99) breaks down because the particle has velocity comparable to that of the orbital electrons 
in the absorber, and the efficiency of energy exchange is much lower. The particle itself captures 
electrons and spends part of its time reduced change 


contraction of Coulomb field of the incident particle which makes possible the en- 
ergy transfer to the electrons at greater distance from the particle path. At exceed- 
ingly high velocities, however, the ‘density effect’ limits the energy transfer. This is 
also called the polarizability effect. In the derivation of (1.99), the atoms have been 
considered isolated. This is justifiable so long the medium is a gas. In a condensed 
medium, the atoms may still be considered as isolated in close collisions, but when 
the impact parameter is larger than the atomic distances, the screening of the elec- 
tric field due to the simultaneous movement of the electrons of the neighbouring 
atoms becomes important and this has the consequence of lessening the magnitude 
of —d E /dx. At ultra-relativistic velocities, the curve, therefore, gets saturated to a 
plateau value called the Fermi plateau (in Fig. 1.33). It may be pointed out that in 
a cloud chamber the plateau may be higher by 50 percent compared to the trough 
whilst in photographic emulsions it may be higher only by about 10 percent. This is 
because the density effect in the former is much less than in the latter. 


1.5.2 Range-Energy-Relation 


When other types of energy losses are negligible compared with the collision loss, 
fluctuation in the energy loss are small and in a given material all particles of a given 
energy have almost the same fixed range. The range is defined as the total distance 
traversed by the particle along its track till its velocity becomes zero. In principle it 
should be possible to integrate (1.99) and obtain a relation between the range and 
the energy of the particle. There are two difficulties with this procedure, first the 
integration is cumbersome, second at very low velocities the phenomenon of elec- 
tron capture and the uncertainties in the ionization potential render the calculations 
exceedingly doubtful. In practice, one uses an empirical relation of the form: 


E = Kz” M” R” (1.100) 
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where E is the kinetic energy of the particle corresponding to the range R. M is 
the mass of the particle in terms of proton mass. K and n are empirical constants 
that depend on the nature of the absorber. The form of (1.100) ensures that the 
quantity dE/dR = z? f (v) and # f(M), as desired. Since —dE/dx = z? f (v), 
dx = —dE/z f (v) = Mf'(v)dv/z, where f(v) and f’(v) are some functions of 
velocity of the particle. Therefore 


R M f, M , 
r= | ax= 5 | f Œdv= =; f (v) (1.101) 
0 z^ Jo z 


where f’(v) is still another function of velocity. 

Consider two particles of masses Mı and M32 having charges zı and z2. Let their 
initial velocities be the same, and their ranges R1, and Ro, respectively. It follows 
from (1.101) that the expected ratio of their ranges would be 


R, E M23 
Ro Mozy 


(1.102) 


In particular, if the ranges of two tracks of singly charged particles from the point 
of equal ionization (equal velocity) are known then 


Ri Mı 
i (1.103) 
Ry M 
This technique was employed for the mass determination of z meson in the his- 
torical experiment of Powell, Occhialini and Lattes, using photographic emulsions. 
Comparison was made with proton tracks having the same initial ionization. 


Example 1.19 The range of a low energy proton is 1500 um in nuclear emulsions. 
A second particle whose initial ionization is same as the initial ionization of proton 
has a range of 228 um. What is the mass of this particle? (The rate at which a 
singly ionized particle loses energy E by ionization along its range is given by 
dE/dR = K /(Bc)* MeV um™! where 6c is the velocity of the particle, and K is a 
constant depending only on emulsions; the mass of proton is 1837 mass of electron.) 


Solution Using (1.103) 


R> 228 x 1837 
M = = Mı = L = 279m, 
Ri 1500 


The particle is identified as 7 meson (pion). 
Example 1.20 œ particles and deuterons are accelerated in a cyclotron under identi- 


cal conditions. The extracted beam of particles is passed through an absorber. Show 
that the expected range of deuterons is twice that of œ particles. 
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Solution The condition for a circular orbit in a magnetic field (induction B) is 
Bzev = mv” [r 


Since B and r are same for both d and w 


Bzer 
Ud = and vg = 
md Ma 


Since My = 2m4, it follows that vg = vq. 
From (1.102) 


Example 1.21 a-particles have an initial energy of 8.5 MeV and a range in standard 
air of 8.3 cm. Find their energy loss per cm in standard air at a point 4 cm distant 
from a thin source. 


Solution The range-energy-relation is 


E = Kz” M!" R" (1) 
dE E 
2E L nK” M!" R"! = Z (2) 
dR R 


Let E1 = 8.5 MeV and R; = 8.3 cm. On moving away 4 cm from the source Rz = 
8.3—4.0 = 4.3 cm. Let the corresponding energy be E2 


dE/dR =nE2/R2 oe 
dE\/dR=nE\/R, ©) 
Therefore 
dE 2/dR _ FER, (5) 
dE\/dR ER 
Also 
dEx/dR _\ vy _ vt _ Ei 6) 
dEi/dR 1/2 v E 
From (5) and (6) 
E1 _ Ry _ 8.3 (7) 
E> Rə 4.3 
Using (1) 


Ez E Ro 
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Comparing (7) and (8), n = 7 From (8) or (7) 


43 
BaF ki = 8.5) 5 = 6.12 MeV 
dE? nE? _ 0.5 x 6.12 


dR R — 43 


= 0.71 Me V/cm 


1.5.2.1 Range in Air—Geiger’s Rule 


If we ignore the logarithmic term in the formula for —d E /dx, then dE/dx « 1/ v? 
or R œ v* for the low energy region. A better approximation is provided by the 
formula 


3 


R=const-v~ (Geiger’s rule) 


This formula is valid for 4-10 MeV a particles. At higher energy the exponent 
changes. A Formula which gives the range of @’s in air at 15 °C and atmospheric 
pressure is 


R=0.32 (MeV)?/ 2 cm (alphas in air) 


This formula is correct to about 10 per cent in the low energy region but breaks down 
for relativistic velocities. Figure 1.34 shows the range energy curves for protons and 
Fig. 1.35 for alpha particles in air at 15 °C and 760 mm pressure. 


1.5.2.2 The Bragg-Kleeman Rule 


This rule permits one to convert the range R1, in medium 1 of known density p1 
and atomic weight A; to range R2 in medium 2 of known density p2 and atomic 
weight A2 


R A2 
= vee (Bragg-Kleeman rule) (1.104) 


Ri m VJAl 
This rule is correct to within 15 per cent. As an example, for air VA; = 3.81 
and p1 = 1.226 x 1074 g/cm? at 15 °C, 76 cm of Hg. Then R3 = 3.2 x 1074 x 
„~ A2R(air)/2. For aluminum Az = 27 and p2 = 2.7, so that in aluminum the range 
of a-particles and protons (1-10 MeV) is about 1/1600 of the range in air. 


Example 1.22 Compare the stopping power of a 3 MeV proton and a 6 MeV 
deuteron in the same medium. 


Solution 


|2E 2x3 2x6 
Vp =; — = - =J/6, and w= * = /6 
m 1 2 
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Fig. 1.34 Range-energy Energy (MeV) - Curve Il 
relation for protons in air at 2 3 4 5 


15 °C, 760 mm pressure up to 
11.8 MeV 


Range (cm) — Curve | 
Range (cm) — Curve II 
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Since the velocities are same and also both proton and deuteron are singly charged 
particles, their stopping powers are the same. 


Example 1.23 Show that the specific ionization of a 320 MeV a particle is approx- 
imately equal to that of a 20 MeV proton. 


Solution 


dx v2 
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Fig. 1.35 Range-energy 
relation for alpha-particles in 4.0 
air at 15 °C, 760 mm pressure 
up to 15 MeV 
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for «’s, 


for p’s, 


Thus the specific ionization is same. 
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dE 4x2 1 
dx ~ 320 20 
dE 1x1? 1 
aie aA 0 
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Range (cm)—Curve Il 


Range (cm)—Curve lV 


Example 1.24 If the range is multiplied by density, equivalent thickness in g/cm? is 
obtained. Calculate the thickness of aluminum that is equivalent in stopping power 
of 1 cm of air. Given the relative stopping power for aluminum S = 1700 and its 


density = 2.7 g/em?. 
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Solution 


R(air) _ 1 


R(Al) = c 
S 1700 


2.7 
RAD = aw g/cm? = 1.59 x 107° g/cm? 


Example 1.25 Calculate the minimum energy an «œ particle can have and still be 


counted with a GM counter if the counter window is made of stainless steel (A ~ 56) 
with 2 mg/cm? thickness. 


Solution For steel 
Rs (cm) = Rs (g/cem”)/ps =2 x 107*/ps 
Equivalent range for air 


Be RspsJAg 2x107? x 14.5 
“pg As 1.226 x 10-3 x 56 


RV FoR 
ee ea —(——) =1.89Mev 
0.32 0.32 


a’s of energy greater than 1.89 MeV will be counted. 


= 0.83 cm 


Example 1.26 Calculate the range of 4 MeV a particles in air of 760 mm of Hg 
pressure and 15 °C temperature. 


Solution Use the formula 
R =0.32(E)? cm =0.32(4)? = 2.56 cm 


Example 1.27 Calculate the range in aluminum of a 5 MeV a particle if the relative 
stopping power of Aluminum is 1700. 


Solution Relative stopping power S = R(air)/R(AI). But, 


R(air) = 0.32(5)? = 3.578 cm 


Example 1.28 The range of 5 MeV a’s in air at NTP is 3.8 cm. Estimate the range 
of 10 MeV a’s using Geiger-Nuttal law. 
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Solution According to Geiger’s rule, R « v°, or R« E 3 


aean peta) (mene ete Paes 
Ri E] 5 
Ry = 2V2R, = (2V2)(3.8) = 10.75 cm 


Example 1.29 Mean ranges of a particles in air under standard conditions is defined 
by the formula R (cm) = 0.98 x 107o, where vo (cm/s) is the initial velocity of 
an alpha particle. Using this formula, find an a-particle with initial kinetic energy 
7.0 MeV (a) its mean range (b) the average number of ion pairs formed by the given 
a-particle over the whole path as well as over its first half, assuming the ion pair 
formation energy to be equal to 34 eV. 


Solution 


(a) 


2T 2T 2x7 
vo =,/ — =c,/ — =c,/ —— =0.06lc 
m mc? 3726 


R = 0.98 x 10-27 x (3 x 10!° x 0.061)? =6 cm 


(b) (i) Total number of ion pairs = ra = 2.06 x 10° 


(ii) For R =3 cm range, 3 = 0.98 x 1077 và, or vo = 1.45 x 10? cm/s. Corre- 
sponding energy at mid path is 


l 2 l 2 2 1 2 
E = 7M1? = 5Me"(v/c)” = 5 x 3726 x (0.048)? = 4.39 MeV 


Energy lost in the first half of the path, AE = 7.0-4.39 = 2.61 MeV. 
Number of ion pairs over the first half of the path = 261 x 10° = 7.67 x 104. 


Example 1.30 Assuming that '4C and '4N nuclei are both accelerated to an energy 
of 40 MeV and are then allowed to pass through a thin foil. If the !4C nuclei lose 
2 MeV, how much energy will the 14N nuclei lose? 


Solution 


-_dE z? 
eee. en eS ee 
dx v2 E 


AS M is the same for the nuclei 


Z 


Ñ 7x2 
(—dE/dx)n = | (—dE/dx)c = —— = 2.72 MeV 
ZC 


6 
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Example 1.31 Protons and deuterons have the same kinetic energy when they enter 
a thin sheet of material. How are their energy losses related? 


Solution 


as both P and d have the same z. Also both have same energy E. Therefore, 
CE) =E). 


Example 1.32 If protons and deuterons lose the same amount of energy when they 
enter a thin sheet of material, how are their energies related? 


Solution 


Mp _ Ma 
Ep Ea 

Ma 2 
“i Oe ee 


1.5.3 Energy Loss to Electrons and Nuclei 


For fast charged particles the energy loss results more from electron collisions than 
nuclear collisions. The latter affect stopping mainly for relatively low velocities and 
large charges of incident particles. For helium ions of energy larger than 0.5 MeV, 
even in heavy materials like silver and gold, the nuclear collisions do not account 
for more than 0.5 per cent of the total energy losses. For heavy ions with relatively 
low velocities, the contribution of nuclear collisions becomes increasingly important 
with charge. However, in this case too the collisions with electrons is the dominant 
process for the energy loss. Thus, for example, in the case of quadruply ionized 
carbon and oxygen ions in metals, nuclear collisions contribute only to the extent of 
a few per cent of the energy loss. 


1.5.4 Energy Loss of Heavy Fragments 


Heavy ions such as !*C, 160, 4°A, Kr are slowed down predominantly by ion- 
ization in much the same way as alpha particles. The only difference is that z is 
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replaced by zer¢ = f(B)z, where f() is an increasing function of velocity reach- 
ing its limiting value of 1 for 6 = 2z/137. At very low incident particle veloc- 
ities various complicated effects enter the energy loss mechanism. When the ve- 
locity approaches that of K-shell electron, energy transfer to K-electrons becomes 
difficult. The energy at which the energy loss attains maximum value is given 
by E(max) = 5M 2a J13? Z? 3. where M is the mass of the incident particle, 
Z being the atomic number of the target. At velocities (v) less than Bohr’s or- 
bital velocity (u) for K-electron, the incident particle tends to capture an electron 
(s) from the atom, resulting in the decrease of the effective charge of the incident 
particle. This is called ‘pick-up’ process. It may also lose the captured electron. 
The pick-up process becomes a highly probable process for velocity v © u, where 
u = zc/137 = 0.22 x 10? cm/s for protons (Ep = 25 keV) and = 0.44 x 10? cm/s 
for alphas (Ey = 400 keV). Towards the end of the range, as the velocity decreases, 
the stopping power increases reaching the maximum value for 6 = 0.037 for carbon 
and 0.059 for argon-40 ions, which correspond to 8 and 65 MeV energy respec- 
tively. At lower energy the stopping power decreases as the ions are further slowed 
down, since the decrease of nuclear charge overcompensates the opposing effect of 
diminishing velocity. This phenomenon is beautifully demonstrated by the thinning 
down of very heavy ion tracks just before they are arrested in photographic emul- 
sions. The extreme case is furnished by the fission fragments. Their effective charge 
is large reaching about 20e at the beginning of the range, and nuclear collisions 
are an important source of energy loss. If a fragment of atomic number z crosses a 
medium of atomic number Z and nuclear mass m2, the specific energy loss is 


-dE 2°Z* 
x (nuclear) (1.105) 
dx mv 
whereas the loss to electrons is 
dE Z . 
=a x zoff ET (electronic) (1.106) 


Equation (1.105) applies to close nuclear collisions where the entire charges of the 
fragments and the target are effective. In the case of electronic collisions, only the 
net charge Zeff of the fragment is effective, since it carries with it certain number of 
electrons, and further the target electrons have unit charge. The factor Z in (1.106) 
arises from the presence of Z electrons/nucleus. The two energy losses may be com- 
parable, but only a few nuclear collisions are responsible for the nuclear component 
of energy loss whilst in the electronic collisions, the loss is uniformly distributed 
along the path. The peculiar branches observed in the cloud chamber photographs 
of fission fragments have their origin in nuclear collisions. The concentration of 
nuclear energy loss in a limited number of events leads to the enormous spread of 
ranges of fission fragments of the same energy, a phenomenon called ‘straggling’. 
It is of interest to point out that heavy ions in passing through crystalline solids 
lose energy differently depending on the orientation of the trajectory with respect to 
the axes of a single crystal. For example, 40 keV ®°Kr ions are found to penetrate 
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the face centred cubic lattice of aluminum crystals for about 4000 A in the direction 
perpendicular to the (101) face but only 1500 A in the direction perpendicular to the 
(111) face. This is because the number of atoms encountered in these two cases is 
not same. 


1.5.5 Energy Loss of Electrons 


It was pointed out that in the case of heavy ions, ionization is the dominant mode of 
energy loss. However, for electrons, the energy loss is complicated due to an addi- 
tional mechanism of loss through radiation, a phenomenon called Bremsstrahlung. 
At low energies (E < 2mc?) the ionization loss dominates over that due to radia- 
tion. The problem of energy loss of electrons by ionization follows similar to that of 
heavy ions, but the treatment differs in two important respects. They are the identity 
of particles which participate in the collisions, and secondly their reduced mass. 
The formula for non-relativistic electrons is: 


—dE 4refn | mv? t A 1 (1.107) 
= n — n = à 
dx mv? 21 2 2 


Except for small differences in the terms within the square brackets, formula 

(1.107) bears a striking resemblance to (1.99). We, therefore, conclude that the non- 

relativistic electrons lose their energy by ionization at the same rate as the protons. 
The relativistic formula for electrons is 


dE 4refn| 2m? 3 1 
— = l l — 1.108 
dx mc? l I - T y A Á ) 
and that for protons 
dE 4nen| 2mc* 
— = In +2Iny —1 (1.109) 
dx mc? I 


where y = 1/y 1 — f? is the Lorentz factor. At equal velocities, formulae (1.108) 
and (1.109) agree within 10 per cent. 


1.6 Delta Rays 


1.6.1 Energy Spectrum 


In the collision of a charged particle with an atom, one or more electrons are ejected. 
The more energetic ones of these are called Delta rays and are responsible for the 
secondary ionization, i.e. the production of further ions due to the collision of delta 
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rays with the atoms of the medium. In what follows we shall be concerned with 
delta rays of energy larger than the ionization potential of the atoms of the medium. 
The binding energy of the electron is, therefore, ignored and the collision between 
the incident particle and the electrons is considered as approximately elastic. From 
(1.27) the kinetic energy of the ejected electron (m2 « m1) 


W =2mv* cos? o (1.110) 


where m = mz is the electron mass, ¢ is the angle of emission of electron, and v is 
the velocity of the incident particle. The maximum energy, W (max) = 2mv? (non- 
relativistically). Now, for the recoil particle (electron) ¢ = 5¢° and ġ* = m — 0*, 
and so 


1 

cos? ọ = sin? 56" (1.111) 
2a 21 * 

W = 2m? sin? 56 (1.112) 

dW = mv’? sin 0*d0* (1.113) 


But Rutherford’s formula for scattering in the CMS is 


d 1 2 4 
o(0*) = =i5 = sia - (1.114) 
peu" sin“ 50 
where we have put Z = —1. Since the electron mass is negligible compared to that of 


the incident particle, u =m. Also, the element of solid angle d{2* = 27 sin 0*d0*. 
Therefore, 


B 27 sinĝ*d0*z?e 


do = (1.115) 
4m? v4 sinf 50* 
Using (1.112) and (1.113) in (1.115) 
d 2 24 
ee (differential energy spectrum) (1.116) 


dW mv2W2 


This gives us the cross-section for finding the delta rays of energy W per unit of 
energy interval. 


1.6.2 Angular Distribution 


Using the relations (1.111) and (1.115) and the expression for the element of solid 
angle in the lab system d2 = 2 sin dọ, we obtain the differential cross-section 
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for the delta rays in the LS: 
(1.117) 


where we have used the relations ¢ = io” = 510 — 50”. It follows that most of the 
delta rays are emitted at large angles with correspondingly small energy. Note that 
ġ (max) = 90° for which W = 0. The fact that the delta rays can be emitted only in 
the forward hemisphere implies that one can find the direction of the primary. 


1.6.3 Delta Ray Density 


For a 5 MeV proton W(max) = 2mv? = 4Tm/M = 4 x 0.51 x 5/940 MeV = 
10.85 keV. From (1.116), it is evident that the number of delta rays per cm of path is 
inversely proportional to the primary energy; also it is greater for heavy primaries. 
The observation of delta ray per cm density is very useful in establishing the charge 
of heavy nuclei in cosmic radiation. The total number of 5-rays/cm with energy 
> Wy, is given by integrating (1.116) between the limits 2mv? corresponding to the 
maximum energy of delta rays and some arbitrarily lower value W1, and multiply- 
ing the result by N, the number of electrons per cm?. This follows from the fact that 
n(T, v), the number of ô-rays ejected in 1 cm = 1/A = X = No. We thus have: 


In Ne*z? ( 1 1 
n(T,v) = n T (1.118) 


Below the lower limit W1, the ô-rays are not recorded. Clearly, n(T, v) is an ar- 
bitrary quantity as it depends on the choice of Wj. It follows that for particles of 
identical velocities but of different charges, n(T, v) varies as z? and the distribu- 
tions of the values of n(T, v) along the tracks of the particles would, apart from 
statistical fluctuations, be similar in form. It is also seen that at a velocity less than 
Ue = /(w1/2m) the primary would not produce 5-rays with energy > w1. Above 
the critical value, the density would increase at a rate which depends on the variation 
of the velocity of the particle along the track. The maximum value is attained for 
v = J/(w1/m) which is simply obtained by maximizing n with respect to v. After 
this, it varies approximately as 1/v?, as the second term in the brackets becomes 
practically constant. The resulting distribution would thus increase to a maximum 
and then slowly decrease (Fig. 1.36). The maximum value n(max) for a given par- 
ticle of z2 may be compared with that obtained from similar observations on the 
tracks of particles of known charge z1. Thus, the unknown charge z2 may easily be 
obtained from the following condition: 


n/n = 24/23 (1.119) 


It may be pointed out that this condition is also fulfilled for relativistic particles. It is 
also possible to determine the mass of the primary particle by measuring the emis- 
sion angle and the energy of the delta ray caused by the particle whose momentum 
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Fig. 1.36 Variation of 5-ray Energy per nucleon 
density with range for nuclei 
of charges 2 to 26 


Delta ray density (per 100 um) 


p = Mv is known. We can rewrite (1.110) 


2mp* 
— 2 2 h— 
W =2mv* cos A 


cos? ġ (1.120) 


From the measurement of W, p and p, the mass M of the primary particle can 
be deduced. This method is specially suited when the conventional methods do not 
permit the particles to be identified. For example, in bubble chambers, this method 
is commonly employed for the estimation of contamination of pions or muons in 
kaon or antiproton beams. 


1.7 Straggling 


1.7.1 Theory 


Identical charged particles, having the same initial velocity, do not have exactly the 
same ranges. In other words, for a given energy loss the path length fluctuates. This 
phenomenon is called Range straggling. Also, for a given path length the ioniza- 
tion loss and therefore the energy loss fluctuate. This is called Energy straggling. 
There is an intimate relation between the two. The observed ranges of individual 
particles from any mono-energetic source will show a substantially normal distri- 
bution about the mean range. The standard deviation of this distribution is of the 
order of 1 per cent for a few MeV alphas in any absorber. The distribution is due to 
the statistical fluctuations in the individual collisions between the charged particle 
and atomic electrons, which are finite in number. The nuclear collisions, fewer in 
number, which may cause substantial loss of energy specially towards the end of 
the ranges, contribute to the short range tail of the distribution. For small energies, 
however, this will be a small contribution and the distribution may be taken as ap- 
proximately symmetrical. The harder collisions account for most of the straggling 
and because very hard collisions are few in number, the actual distribution is some 
what asymmetric, with a longer tail in the direction of short ranges and with a mean 
range slightly shorter than the modal range. 
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1.7.2 Energy Straggling 


The energy straggling is produced when an initially mono-energetic beam of parti- 
cles traverses a given thickness of the absorber. Let A, be the number of collisions 
per unit path length in which an energy between W, and W + dW is transfered. 
Then, from (1.116) we have 


_ Qn Nz*etW 


Ax = 1.121 


where N is the number of electrons/cm?. The energy transfer in a distance Ar is 
given by 
AE =~ A,W,Ar (1.122) 
x 


AE/Ar =) Ax Wy (1.123) 


x 


When the number of collisions is large, we may use integration rather than summa- 
tion 


(1.124) 


dE 2nNz7e4 i dW 
dr mu? Jwominy Wx 


The statistical fluctuations in energy loss AE arise from fluctuations about the av- 
erage number of collisions A, Ar. We assume that the collisions are randomly dis- 
tributed and that the S.D. is given by ./A, Ar. The S.D. of the energy loss is then 
W,/ Ax Ar. The variance for all types of collisions is then given by the summation 


of the individual variances 
In NzetAr_  W (max) 
a= Ar Was EA] aw 
p mv W (min) 
27 NZe* Ar . 
= ———.—|W (max) — W(min) | 
mv? 


where we have replaced the summation by integration. Since W (min) < W (max) = 
2mv? 


o? =4r Nze Ar (1.125) 


If it is assumed that the actual energy loss has a Gaussian distribution around the 
average value Eo, the use of expression (1.125) for the S.D. in energy loss leads to 


P(E)dE = 


ee; 
E =o) | (1.126) 


8r?z?etNt R E 


where f¢ is the absorber thickness. 
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Fig. 1.37 Energy distribution of an ‘unobstructed’ electron beam and the calculated and experi- 
mental distributions of electrons that have passed through 0.86 gcm~? of aluminum. (1) Landau 
theory without density correction; (2) Landau theory with Fermi density correction; (3) experi- 
ment; (4) incident beam [1] 


In the case of fission fragments large energy losses in individual nuclear colli- 
sions give rise to a tail on the side of higher energy losses of the distribution. The 
straggling effects are much more important for electrons than for heavy particles, 
because an electron may lose even half its energy in a single elastic collision, where 
as a heavy particle may lose only a fraction of its energy. Radiation losses add further 
to the electron straggling. Thus electron straggling reaches values of the order of 0.2 
of the total energy loss. Figure 1.37 shows the energy distribution of electrons before 
they have entered the absorber and after they have traversed 0.86 g/cm? thickness 
of aluminium. 


1.7.3 Range Straggling 


The fluctuations in range and energy loss are related. Denoting the S.D. of energy 
and range by og and op respectively, we can use the formula for the propagation of 
errors and write: 


on = (dR/dE)*o2 (1.127) 
Using (1.125), we get 
on = (dR/dE} 4n Nz°etdR (1.128) 
Writing dR = (dR/dE)dE, we get the result: 
oR = nN e" f (E) a (1.129) 
o \dR 


This relation is not applicable to heavy ions and fission fragments that undergo 
excessive straggling owing to the occurrence of single nuclear collisions. Assuming 
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Fig. 1.38 Measured ranges 558 Complete p's 
of muons from r-u decay in R =600.0+27.2 um 
emulsions of standard 6,7 4.5% 
composition 
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that the ranges of individual particles are distributed about the mean range in a 
Gaussian way, the probability that the individual range falls between R and R+dR 
is 


P(R)dR= exp—[(R — R)*/20R| (1.130) 


OR 20 
For g particles from Polonium, Eo = 5.3 MeV, R = 3.84 cm in air, the correspond- 
ing or = 0.036 cm and the ratio or/R = 0.9 %. Figure 1.38 shows the histogram of 
ranges of u mesons produced in the decay of + mesons at rest. Since the 7 mesons 
decay by a two-body process, jz is produced with unique energy (4.27 MeV). The 
mean range in photographic emulsions is found to be 600 um. The S.D. of the range 
distribution is found to be, og = 2.7 um; this gives or/R = 0.045, or 4.5 percent. 


1.7.3.1 The Range Straggling Parameter 


This is related to S.D. by 
ag = V2oR (1.131) 


Several common types of particle detectors measure the integrated number of parti- 
cles. The particles that are still present in the collimated beam having ranges equal 


or greater than R is given by 
R 
n =n — J dn 
—0o 


where dn/no is given by the normal distribution 


d 1 _ 
= exp[—(R — R)? /a?]dR (1.132) 
no QAN IT 


dn is the actual range between R and R + dR, no is the total number of particles 
initially present, and « is the half width of the range distribution at 1/e of the max- 
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Fig. 1.39 The extrapolated 
number-distance range R, 
exceeds the mean range R by 
0.886a@, where a is the 
range-straggling parameter 


Number-Distance Curve 


o aly Oo 


imum. Although the normal distribution is non-integrable, its value can be found 
from standard tables. 

The number-distance curve, n/no against R, is indicated in Fig. 1.39. Its slope 
(dn/no)/dR at the mean range R = R is 1/a,/z. As the central portion of the 
number-distance curve is approximately linear, it can be extrapolated to cut the 
range axis at R = Rn. This is called extrapolated range. From Fig. 1.39, we find 
the relation between R„ and R 


xy _ 1 
Ra — R AT 


whence the mean range, in term of the measured extrapolated range R, and strag- 
gling parameter a, is 


(1.133) 


= 1 
R=R,— 5VTa = Ry — 0.8860 (1.134) 


1.7.3.2 Deduction of Ranges Parameter 


For particles of charge ze and mass M but the same initial velocity vg as alpha- 


particles 
Eo / JEN? 1/2 
OR = [ienee f (=) ar | 


E 2 FON, si dE 2rzeéeN vm” dw 
— =z“ f(vo)N, since = — 
dR ? dR mv? wain W 


JM 
dE =d(Mv’)=Mvdv and or= aaen 
Z 


Mf’) 
Se (1.135) 
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fil) (1.136) 
R JM i l 
where f, f’, f” are complicated functions of the initial velocity vo, mean excitation 
and ionization potential 7. The function f” and hence or/R are independent of N 
and of z but is found to decrease slowly with increasing /. 
For particles of mass M having the same initial velocity vo as the a particles, 


(@o/R)m a uaan 
(a0/R)a particle M 


It follows that protons will have about twice the range straggling parameter of a- 
particles which have the same initial velocity and hence about the same range. 


1.8 Cerenkov Radiation 


Electromagnetic radiation is emitted when a charged particle passes through a 
medium in which its velocity v = Bc exceeds the phase velocity c/u, where u is the 
refractive index of the medium. This observation was discovered by Cerenkov and 
was explained theoretically by Frank and Tamm. The effect was first observed in the 
experiments of Cerenkov who was investigating the glow in pure liquids caused by 
y rays from radium. Vavilov and Cerenkov showed that the radiation is not due to 
luminescence (emission from excited atoms and molecules of the medium) but due 
to the passage of knock-on electrons produced in Compton scattering of y rays. The 
radiation is instantaneous and possesses a sharply pronounced spatial symmetry. 

When relativistic charged particles are incident on a transparent dielectric, the 
velocity of the particle is substantially unchanged except for the ionization and ra- 
diation losses. On the other hand, the electric field due to the charge of the particle 
and the magnetic field produced by the moving charge are propagated through the 
medium with velocity of only c/u. The resulting electromagnetic radiation is can- 
celled in all directions if pu < 1; however, if Bu > 1, constructive interference can 
take place in one direction defined by angle 6 (Fig. 1.40). When Bc > c/u, i.e. the 
particle velocity exceeds the velocity of light in the medium it is as if the particle 
runs away from its own slower electromagnetic field, resulting in the emission of 
all frequencies for which By > 1. The resulting radiation called Cerenkov radia- 
tion is emitted on a conical surface BDA of half angle ao. Figure 1.40 gives the 
Huyghens’ construction for the electromagnetic waves emitted by the particle along 
its path. The particle is at A at t = 0; and at a later time it moves on to D such that 
AD = Bct. The front of the electromagnetic wave lies on the surface of the cone of 
half angle æ. Consequently the corresponding rays of light make an angle 0 with the 
path of the particle. The axis of the cone coincides with the direction of the incident 
particle and the half angle of the cone is determined by: 


(c/myt _ 1 
pct pu 


sina = cos = (1.138) 
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Fig. 1.40 Huyghens’ 
construction for 
electromagnetic waves 
emitted by a moving charged 
particle 


This follows from the condition that the optical difference in the path of the waves 
emitted by the moving particle at various points of its trajectory is equal to zero. 
The light is polarized with its electric vector in the plane of the conical surface 
and radially directed along DB. The conical distribution of the Cerenkov radiation 
has a natural half width of the order of a few degrees. This is attributed to the oc- 
currence of successive changes in particle velocity when photons are emitted. The 
phenomenon is analogous to the V-shaped shock wave observed in acoustics when 
a projectile or an aeroplane travels with supersonic velocity. Apart from (1.138), 
there are two other conditions that must be fulfilled to achieve coherence. These 
are (i) pathlength of the particle in the medium must be large compared with the 
wavelength of the radiation, otherwise diffraction effects become dominant and (ii) 
velocity of the particle must remain constant during its passage through the medium. 

For a medium of a given refractive index m, there is a threshold velocity 
(min) = 1/u, below which no radiation is emitted. At this critical velocity, the 
direction of radiation coincides with that of the particle. For glass (u = 1.5), 
B(min) = 0.667, corresponding to 200 keV electrons or 320 MeV protons. As the 
refractive index decreases, the threshold velocity increases. For an ultra-relativistic 
particle, for which 6 ~ 1, there is a maximum angle of emission given by 6 (max) = 
cos! (1/p). 

Fermi showed that Cerenkov radiation results from small energy transfers to dis- 
tant atoms due to the fast moving charged particles which is subsequently emitted as 
a coherent radiation. Thus the emission of Cerenkov radiation is a particular form of 
energy loss in extremely soft collisions. The classical theory of Cerenkov effect is 
originally due to Frank and Tamm and is justified by the quantum theory. Since the 
radiation in question is believed to be the result of the interaction with the medium 
as a whole and not due to the interaction of particles with individual atoms, the 
medium is considered as continuous and is characterized by the macroscopic pa- 
rameter, the dielectric constant or by the refractive index. It is shown that the rate of 
energy loss per unit path length is given by: 


dE _ Antze? / ee ae (1.139) 
== = — ——7 |vav erges/cm i 
dx g? Bu>l pau 


where ze is the charge of the particle and v is the frequency of the emitted radi- 
ation. The integration is to be carried over all frequencies for which By > 1. For 
glass or Lucite, the energy loss by Cerenkov radiation is of the order of 1 keV/cm, 
a value which is much less than that incurred in ionization or radiation. Nonetheless 
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the radiation is readily detected as a large number of photons are produced in the 
visible region. Formula (1.139) shows that the Cerenkov radiation is independent 
of the rest mass of the moving particle and depends only on the particle’s charge 
and velocity, apart from the refractive index of the medium. The mean number of 
photons of frequency v and v + dv in the visible region per cm is calculated in Ex- 
ample 1.35, under the assumption that jz is independent of v in the considered range 
of frequencies. Hence 


N(v)dv = (1.140) 


An? ze 1 2nz7dv sin? 0 
—— [| 1- ——; ]dv = ——_ 

hc? ( ) 137c 
The radiation has continuous spectrum, with components of all frequencies for 
which the refractive indices are higher than 1/8. Equation (1.139) shows via the 
term vdv which is proportional to dà /à? that the energy per wavelength interval dÀ. 
is proportional to 1/43. Also, (1.140) shows through the term dv that the number 
of quanta per cm per wavelength interval is proportional to 1/4”. It follows that 
shorter wavelengths are preferred and the Cerenkov radiation appears visually as 
bluish white. 

The density effect is closely connected with the phenomenon of Cerenkov effect. 
It was first pointed out by Bohr that the intricate relationship between the density 
effect and the Cerenkov effect is such that the entire contribution to the most prob- 
able energy loss from the minimum out to the beginning of the Fermi plateau in the 
ionization curve is due to Cerenkov effect. 


Example 1.33 Pions and muons each of 160 MeV/c momentum pass through a 
transparent material. Find the range of the index of refraction of this material over 
which the muons alone give Cerenkov light. Assume myc? = 140 MeV, m ue = 
106 MeV. 


Solution Momentum, p = myc. Therefore, TS = ee: 
s cp 160 8 B 
ions: = =i 
myc? 140 7 1-8 
1 1 
m ; 
Muons z aN E 
uons: = ae L 7 
1 1 


= 0.8336; 2 =12 
Pu Mu B, 0.8336 


Therefore, the range of the index of refraction of the material over which the muons 
alone give Cerenkov light is 1.2—1.33. 
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Example 1.34 A beam of protons moves through a material whose refractive index 
is 1.6. Cerenkov light is emitted at an angle of 15° to the beam. Find the kinetic 
energy of the proton in MeV. 


Solution 
1 
~ jcos@  1.6cos15° 
1 1 
f= fe ~ 1 — (0.6472 (0. 6472 
= (y — 1)mc? = (1.31 — 1) x 938 = 292 MeV 


= 0.647 


= 


Example 1.35 The rate of loss of energy by production of Cerenkov radiation is 
given by the relation 


zer 


1 
—dW/dl = 1- — Jod a 
/ zZ ( x3) w ergcm 


where fc is the velocity of the of charge ze, u is the refractive index of the medium 
and w/2z is the frequency of radiation. Estimate the number of photons emitted 
in the visible region, per cm of track, by a particle having 6 = 0.8 passing through 
glass (u = 1.5). The fine structure constant œ = e° /hic = 1/137. 


Solution For electron, z = —1 and since w = 2x v, the given expression becomes 
upon integration between the frequencies vı and v2 


Ane? 1 (v5 = v?) 
—dW/dl = 1— =i 
( c? ( zz) 2 


where we have assumed that u is independent of v. 
Calling the average photon energy as hv = sh(vy + v2), the average number of 
quanta emitted per cm is 


—dvc _ Ane? 1 1 ) 

= — — vy-—v 

~ Av\ dl he Te te 
Qn 1 1 1 
S G E Dih ea Eo 
3 wa) (55 =) 


where à = c/v is the vacuum wavelength and u is the average refractive index 


over the wavelength interval from 42 = 4000 A to 41 = 8000 A and Bu=0.8 x 
1.5 = 1.2. 


20 1 1 1 
N= 1— — = 175 photons 
137 1.27 J \ 4000 x 10-8 8000 x 10-8 
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1.9 Identification of Charged Particles 


In numerous investigations in nuclear physics and particle physics it is necessary 
to determine the nature and energy of charged particles. In order to identify a par- 
ticle, its charge and mass must be determined. The charge may be determined by 
d-ray density or width measurements in photographic emulsions or pulse height in 
scintillation counters or proportional counters or solid state detectors. 

Assuming that the charge is known, the mass of the particle can be determined 
from the simultaneous measurements of at least two dynamical quantities such 
as momentum and velocity, momentum times velocity and —dE/dX, —d E /d X 
and E. 


1.9.1 (a) Momentum and Velocity 


Momentum can be determined from curvature measurement in a cloud chamber or 
in a bubble chamber with low Z liquid with known magnetic field or in photographic 
emulsions with pulsed magnetic field. 

Velocity may be estimated by the estimation of ionization through drop density 
in a cloud chamber, bubble density in a bubble chamber, grain density, blob density 
or mean gap length in photographic emulsions or by Cerenkov counters or time-of- 
flight method. 


1.9.2 (b) Momentum Times Velocity (pf) and Velocity 


The product pf is determined from the mean scattering angle in emulsions for en- 
ergetic particles. The velocity is measured as in Sect. 1.9.1. 


1.9.3 Energy and Velocity 


Energy may be determined from range measurements for low energy particles and 
velocity as in Sect. 1.9.1. 


1.9.4 Simultaneous Measurement of dE/dx and E 


This method is widely used in the study of nuclear reactions using solid state de- 
tectors, since for non-relativistic particles the product EdE/dx is proportional to 
z’M. A simultaneous measurement of E and dE/dx and their product permits the 
separation of the particles according to their masses in a wide range of energy vari- 
ations. 
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1.9.5 Energy and Emission Angle 


Energy and emission angle measurement of knock-on electron (5-ray) together with 
the momentum measurement of the beam particles. 

This method is very useful in case the conventional methods are not available. 
The method is explained in Sect. 1.6.3. 


1.10 Bremsstrahlung 


In their passage through matter, electrons lose energy in two ways (i) ionization 
(which was referred to in Sect. 1.5.1) and (ii) radiation or Bremsstrahlung. The elec- 
trons undergo radiative collisions mainly with the atomic nuclei of the medium. In 
the vicinity of the nucleus of charge Ze, the incident particle of charge ze and mass 
m undergoes acceleration which is proportional to zZ/m. According to electro- 
dynamics, a charged particle undergoing acceleration emits radiation. This is called 
Bremsstrahlung or braking radiation whose spectrum has the form dE/E where E 
is the photon energy. The photon energy spectrum extends from low energy to the 
maximum value equal to the particle energy, with the low energy photons being 
preferably emitted (see Fig. 1.41 for typical energy spectrum). The radiation inten- 
sity is proportional to z*Z*/m*. This then means that under identical conditions, 
radiation losses are 3 x 10° times as much for electron as for a proton. The total 
average energy loss per path length dx integrated over all frequencies is given by 


183 
NEr? In ais (1.141) 


4Z(Z +1) 


ae 
( Jrad 137 


where N is the number of nuclei per cm?, E is the energy of electron and rẹ = 
e*/mc? is the classical electron radius. 

Since an electron may lose appreciable energy in a single collision, the actual 
energy loss may vary significantly from the average value given by (1.141). This also 
implies that the range straggling of electrons would be so great that the definition of 
mean range would hardly be meaningful. If we define the radiation length Xo by 


1 4Z(Z+1) 5 183 


X 37 Ning (1.142) 
we can write from (1.141) 
ss (1.143) 
dx Xo ` 


Integrating (1.143), we find the average energy of a beam of electrons of initial 
energy Eo after traversing a thickness x of medium by the expression 


(E) = Eoexp(—x/ Xo) (1.144) 
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Fig. 1.41 Energy distribution of the radiation emitted by an electron. Ordinate intensity of radi- 
ation (quantum energy times number of quanta) per unit frequency interval. Abscissa, energy of 
emitted quantum as a fraction of the energy of the emitting electron. The numbers on the curves 
indicate the energy of the electron in units of mc*. Solid curves for lead, including effect of screen- 
ing. Dotted curves are without screening, valid for all Z [3] 


For x = Xo, (E) = Eo/e, where e is the exponential. This suggests that the radiation 
length Xo may be simply defined as that thickness of the medium which reduces the 
beam energy by a factor of e. Since the thickness x can be measured in cm or g/cm? 
(which is obtained by multiplying the thickness in cm by the density of the medium) 
Xo, is expressed in corresponding units. At low electron energies (E < mc), the 
electrons lose their energy predominantly through excitation and ionization, and 
radiation loss is unimportant. The energy loss by ionization and excitation is pro- 
portional to Z and is practically constant at high energies as it increases only loga- 
rithmically with energy. On the other hand, radiation losses are proportional to Z? 
and increase linearly with energy. Thus, the radiation loss predominates at high en- 
ergies. It is apparent that at some energy Ec, called the critical energy, E-ad = Eion- 
It can be shown that roughly 


(dE/dx)raa _ EX 


= 1.145 
(dE/dXx)ion 600 


so that Ee (in MeV) = 600/x. The radiation lengths Xo and the critical energy Ee, 
for some of the materials are shown in Table 1.1. Observe that Xo, decreases rapidly 
with increasing Z. 


1.11 Questions 


1.1 Why in Rutherford scattering the presence of orbital electrons in the target 
atom is ignored? 


1.2 The total cross-section for Rutherford scattering is infinite. What is the physical 
reason? 
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Table 1.1 Radiation lengths 


—2 

and critical energy in Element Z Xo (gcm 4) Ec (MeV) 
different elements 

Hydrogen 1 58 340 

Carbon 6 42.5 103 

Air 7.2 36.5 83 

Aluminium 11 23.9 47 

Iron 26 13.8 24 

Lead 82 5.8 6.9 


1.3 Why in the famous a-scattering experiment thin foils were used for the target? 


1.4 Ifthe incident electron enters the nucleus, would the Coulomb’s inverse square 
law between the charges be still valid? If not, how would it be modified for a nucleus 
in which the charge is uniformly distributed? 


1.5 Why does the ionization fall off for very low particle velocity? 


1.6 The inverse square velocity law for ionization would suggest that the rate of 
energy loss is greater at low speeds, since the time spent by the incident particle in 
the vicinity of the electron is longer. Is this reasonable? In the same manner would 
a slow moving heavenly object raise larger tides on approaching close to the earth 
compared to a fast moving one? 


1.7 What is the physical origin of the rise in the —d E /dx curve beyond the mini- 
mum? 


1.8 At relativistic velocities, the —d E /dx curve saturates to a plateau. What is the 
origin of the plateau? 


1.9 In the cloud chamber studies of ionization, the plateau-to-trough ratio for the 
—d E /dx curve might be as large as 1.5, but in photographic emulsions it is no more 
than 1.1. Explain. 


1.10 How does the percentage straggling compare for 3H and *He nuclei of the 
same initial velocity? 


1.11 A cloud chamber photograph shows an alpha track which after certain dis- 
tance gets thinned down and then disappears. It again re-appears before it stops. 
What is happening? 


1.12 The range of a proton of few MeV is a measure of its initial energy. The energy 
thus estimated would be close to the actual value within few per cent. However, in 
the case of electrons of similar energy, the energy thus estimated can hardly be 
reliable. Explain. 
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1.13 The tracks of fission fragments often leave peculiar branches before coming 
to a rest. Explain. 


1.14 A water cooled nuclear reactor appears bluish. What could be the origin of 
this colour? 


1.15 A charged particle moves swiftly with uniform velocity in a vacuum. Would 
it radiate? 


1.16 What is the dominant mechanism for energy loss for electrons of energy 
(a) <1 MeV, (b) 200-500 MeV? 


1.12 Problems 


1.1 Show that in an elastic collision, the ratio of the kinetic energy K’/K can be 
expressed through a = M/m and y =cos6@ as 


K’ 
p (d +a)?’ [2y +a? — 1+2y a? +y? 1] 


1.2 A body of mass M rests on a smooth table. Another of mass m moving with 
a velocity u collides with it. Both are perfectly elastic and smooth and no rotations 
are set up by the collision. The body M is driven in a direction at an angle ¢ to the 
previous line of motion of the body m. Show that its velocity is 


1.3 A nucleus A of mass 2m moving with velocity u collides inelastically with 
the nucleus B of mass 10m. After the collision, the nucleus A travels at 90° with 
the incident direction, while B proceeds at an angle 37° with the incident direction. 
(a) Find the speeds of A and B after the collision. (b) What fraction of the initial 
kinetic energy is gained or lost due to the collision? 

[Ans. (a) va = 3u/4; vg = 4; (b) 1/8] 


1.4 A beam of alphas gets scattered from a hydrogen target. What is the maximum 
angle of scattering? 
[Ans. approximately 15°] 


1.5 An alpha particle fired into a cloud chamber undergoes an elastic collision with 
a nucleus of the gas used to fill the chamber. The collision is recorded photograph- 
ically as a forked track. Measurements from the photograph show that the collision 
deviated the alpha-particle at 60° and that the struck nucleus recoiled at an angle of 
30° with the direction of motion of the incident alpha-particle. Assuming that the 
struck nucleus is initially at rest, calculate: 
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(a) The mass number of the gas used to fill the chamber. 
(b) The ratio of the velocity of projection of the struck nucleus to the velocity of 
the incident alpha particle. 


[Ans. (a) 4; (b) V3] 


1.6 A particle of mass m makes an elastic collision with a proton, initially at rest. 
The proton is projected at an angle 22.1° whilst the incident particle is scattered 
through an angle 5.6° with the incident direction. Estimate m in atomic mass units. 
[Ans. 7.8] 


1.7 Consider an elastic collision between an incident particle having mass m and a 
target particle of mass M such that m > M. Show that the largest possible scattering 
angle 0 (max) in the lab system is given by: sin@(max) = M/m; and that this cor- 
responds to C-system angle cos @*(max) = —M/m. Also show that the maximum 
recoil angle (max) is given by sin (max) = ./(m — M)/2m. Calculate the angle 
0 (max) + @(max) for elastic collisions between the incident deuterons and the target 
protons. 

[Ans. 60°] 


1.8 A billiard ball moving at a speed of 2.5 m/s makes a glancing collision with 
another identical ball initially at rest. After the collision, one ball is observed to 
move with a speed 2 m/s at an angle 37° with the original direction of motion. Find 
the speed of the other ball and the angle at which it moves. What is the nature of the 
collision? 

[Ans. 1.5 m/s, 53°, elastic] 


1.9 Ifa particle of mass m moving with kinetic energy Kg makes elastic collision 
with a target particle of mass M initially at rest, such that the scattered particle is 
deflected at an angle 8 in the lab system and has 6* in the centre of mass system and 
has a kinetic energy K in the lab system, show that: 


K z 1 
Ko (M+m) 


2 


[mcos@ + M cos(6* — 0) | 


1.10 A particle of mass m and initially of velocity u makes an elastic collision with 
a particle of mass M initially at rest. After the collision m is deflected through lab 
angle 90° with speed u//3. The particle M recoils with speed v at a lab angle 
with the incident direction. Find (a) M/m, (b) v/u, (c) ¢, (d) 0*, (e) d”. 

[Ans. (a) 2, (b) 1//3, (c) 30°, (d) 120°, (e) 60°] 


1.11 A deuteron of velocity u strikes another deuteron (twice the mass of pro- 
ton) initially at rest. As a result of the collision, a proton is produced which moves 
off at 45° with respect to the direction of incidence. The other product of this re- 
arrangement collision is triton (three times the mass of proton). Assuming that this 
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collision may be approximated to an elastic collision, calculate the speed and direc- 
tion of triton in the lab and CM system. 
[Ans. 0.48 u, 34° in the lab system and u/2/3, 111° in the CM system] 


1.12 An a-particle from a radioactive source collides with a stationary proton and 
continues with a deflection of 13.9°. Find the direction in which the proton moves. 
[Ans. 30°] 


1.13 When a-particles of kinetic energy 30 MeV pass through a gas, they are 
found to be elastically scattered at angles up to 30° but not beyond. Explain this, 
and identify the gas. In what way, if any, does the limiting angle vary with energy? 
[Ans. Deuterium, does not vary] 


1.14 A perfectly smooth sphere of mass m, moving with velocity v collides elas- 
tically with a similar but initially stationary sphere of mass m2 (mı > m2) and is 
deflected through an angle 0z. Describe how this collision would appear in the cen- 
tre of mass frame of reference and show that the relation between 6; and the angle 
of deflection 0m, in the centre of mass frame is 


sin Oy 


tan 6, = ———___—__ 
a [M,/M>2 + cos 0m] 


Also show that 0z cannot be greater than about 19.5° if M1 /M2 =3. 


1.15 Show that the maximum velocity that can be imparted to a proton at rest by a 
non-relativistic alpha particles is 1.6 times the velocity of the incident alpha particle. 


1.16 Show that for low energy p-p scattering o (0) = 40 (6*) where the differen- 
tial cross-sections o (0) and o (6*) refer to the Lab and CMS, respectively. 


1.17 (a) Compute the distance of closest approach in collisions between a-particles 

of energy 8.9 MeV and nuclei of ao Pb: 

(b) How is this distance related to the radius of lead nucleus? 

(c) What is the deflection of the a-particle when the impact parameter is equal to 
this distance? 

[Ans. (a) 26.5 fm, (b) 7.7 fm, (c) 53°] 


1.18 A beam of -particles of kinetic energy 4.5 MeV passes through a thin foil 
of 2Be. The number of alphas scattered between 60° and 90° and between 90° and 
120° is measured. What would be the ratio of these numbers? 

[Ans. 3] 


1.19 If the probability of w-particles of energy 8 MeV to be scattered through an 
angle greater than @ on passing through a thin foil is 107° what is it for 4 MeV 
protons passing through the same foil? 

[Ans. 107°] 
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1.20 What a-particle energy would be necessary in order to explore the field of 
force within a radius of 107!? cm of the centre of nucleus of atomic number 80, 
assuming classical mechanics to be adequate? 

[Ans. 30 MeV] 


1.21 In an elastic collision with a heavy nucleus, when the impact parameter b is 
just equal to the collision radius 5 Ro, what is the value of the scattering angle 0* in 
the CMS? 
[Ans. 90°] 


1.22 In the elastic scattering of deuterons of 5.9 MeV from ae PO, the differential 
cross-section is observed to deviate from Rutherford’s classical prediction at 52°. 
Use the simplest classical model to calculate the closest distance of approach d 
to which this angle of scattering corresponds. You are given that for an angle of 
scattering 0, d is given by 5do(1 + cosec 59), where dọ is the value of d in a head- 
on collision. 

[Ans. 32.8 fm] 


1.23 20000,1 MeV a-particles are incident normally on a 0.004 mm thick copper 
plate. Using the small angle approximation, calculate the number of w-particles scat- 
tered in the angular range 5°—10°. Assume the copper nuclei to act as point charges 
and neglect nuclear forces. Density of TRET = 8.9 gem~*; Avagadro’s number 


= 6 x 10” (g molecule), e = 1.6 x 107!9 C; 1 eV = 1.6 x 10719 J. 
[Ans. 7894] 


1.24 Given that the angle of scattering is 2tan~!(a/2b), where ‘a’ is the least 
possible distance of approach, and b is the impact parameter. Calculate what fraction 
of a beam of 1.0 MeV deuterons will be scattered through more than 90° by a foil 
of thickness 10~° cm of a metal of density 5 g cm7? atomic weight 100 and atomic 
number 50. 

[Ans. 1.22 x 1075] 


1.25 Show that the differential cross-section for the recoil nucleus in the lab system 
is given by 


2 
o(¢) = (zZe?/2T) Ta 


1.26 An electron of energy 10 keV approaches a bare nucleus (Z = 20) with an 
impact parameter corresponding to an orbital angular momentum h. Sketch the form 
of the potential energy curve for the electron trajectory and calculate the distance 
from the nucleus at which this has a minimum (take h = 10734 Js, e = 1.6 x 107}? C 
and m = 107% kg). 

[Ans. 0.19 Å] 
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1.27 A beam of protons of 5 MeV kinetic energy traverses a gold foil. One particle 
in 5 x 10° is scattered so as to hit a surface 0.5 cm? in area at a distance 10 cm from 
the foil and in a direction making an angle of 60° with the initial direction of the 
beam. What is the thickness of the foil? 

[Ans. 0.0066 um] 


1.28 A narrow beam of protons with velocity v = 6 x 10° m/s falls normally on a 
silver foil of thickness t = 1.0 um. Find the probability of the protons to be scattered 
into the backward hemisphere (0 > 90°). 

[Ans. 0.006] 


1.29 A narrow beam of alpha particles with K.E. 0.5 MeV falls normally on a 
golden foil whose thickness is 1.5 mg/cm”. The beam intensity is 5 x 10° particles 
per sec. Find the number of alpha particles scattered by the foil during the time 
interval of 30 minutes into angular interval 59-61°. 

[Ans. 1.6 x 10°] 


1.30 A narrow beam of alpha particles falls normally on a silver foil behind which 
a counter is set to register the scattered particles. On substitution of platinum foil of 
the same mass thickness for the silver foil, the number of alpha particles registered 
per unit time increases 1.52 times. Find the atomic number of platinum, assuming 
the atomic number of silver and the atomic masses of both platinum and silver to be 
known. 

[Ans. 78] 


1.31 A narrow beam of alpha particles with kinetic energy 1.0 MeV falls normally 
on a platinum foil which is 1.0 um thick. The scattered particles are observed at an 
angle of 60° to the incident beam direction by means of a counter with a circular 
sensitive area 1.0 cm? located at a distance 10 cm from the scattering section of 
the foil. What fraction of scattered alpha particles enters the counter? Assume the 
density of platinum as 21.5 g/cm’. 

[Ans. 3.33 x 107] 


1.32 Singly charged particles of masses mı and m2 enter a medium with the same 
velocity. Show that the ratio of their ranges Rı /R2 = mı /m2. 


1.33 Show that a deuteron of energy E has twice the range of a protons of energy 
E/2. 


1.34 If the mean range of 8 MeV proton in a medium in 0.30 mm, calculate the 
mean range of 16 MeV deuterons and 32 MeV a-particles. 


1.35 An alpha particle moving with velocity 2 x 10? cm/sec, loses energy 
0.066 MeV/mm by ionization in air and has range 7.86 cm in air. (a) Find the rate of 
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loss of energy per mm in air for proton and deuteron moving with the same initial 
velocity as alpha particle. (b) Find the range of proton and deuteron. 
[Ans. (a) 0.0165 MeV/mm for both, (b) 7.86 cm, 15.72 cm] 


1.36 Estimate by the Bragg-Kleeman rule the mean range of 12 MeV deuterons in 
cobalt, if their mean range in air at 15 °C, 760 mm Hg is 93 cm. Assume the density 
of cobalt to be 8.6 g/cm?. 

[Ans. 0.0266 cm] 


1.37 Show that the range of a-particles and protons of energy 1 to 10 MeV in 
aluminium is 1/1600 of the range in air at 15 °C, 760 mm of Hg. 


1.38 Show that the straggling of a beam of *He is smaller than that of *He of equal 
range. 


1.39 Compute the energy loss and the approximate number of quanta of visible 
light (A = 4000 to 7000 A) as Cerenkov radiation by a 20 MeV electron in traversing 
1 cm of Lucite. Assume the chemical composition of Lucite to be (C5HgOz), and 
the refractive index u = 1.5. 

[Ans. 660 eV/cm, 270 quanta/cm] 


1.40 Show that the order of magnitude of the ratio of the rate of loss of kinetic 
energy by radiation for a 10 MeV deuteron and a 10 MeV electron passing through 
lead is 107°. 


1.41 Compute the energy loss and the approximate number of quanta of visible 
light (A = 4000 to 7000 A) as Cerenkov radiation by a 20 MeV electron in traversing 
1 cm of Lucite. Assume the chemical composition of Lucite to be (CsHgOz2), and 
the refractive index u = 1.5. 


1.42 Extensive air showers in cosmic rays consist of a ‘soft’ component of elec- 
trons and photons, and a ‘hard’ component of muons. Suppose at the sea level the 
central core of a shower consists of a narrow vertical beam of muons of energy 
100 GeV which penetrate the interior of the earth. Assuming that the ionization loss 
in rock is constant at 2 MeV g7! cm?, and the rock density is 3.0 gcm~°, find the 
depth of the rock through which the muons can penetrate. 

[Ans. 160 m] 
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Chapter 2 
Passage of Radiation Through Matter 


2.1 Kinds of Interaction 


Electromagnetic radiation, in its passage through matter, interacts in a variety of 
ways. The type of interaction depends on (1) photon energy, (2) Z of the material 
and (3) particle or field with which the photon interacts. 

There is a basic difference between the energy loss of photons and that of charged 
particles. The charged particles lose their energy mainly due to ionization, leaving 
constant range at a given energy. However, photons lose their energy by a one shot 
process. This leads to a truly exponential attenuation. 

There are a number of processes through which photon can interact with matter. 
Fano has classified them systematically. 


Kinds of interaction Effects of interaction 

(a) Interaction with atomic electrons (x) Complete absorption 

(b) Interaction with nucleus (y) Elastic scattering (coherent) 

(c) Interaction with the electric field (z) Inelastic scattering (incoherent) 
surrounding nuclei or electrons surrounding nuclei or electrons 


(d) Interaction with the nuclear field 


There are 12 ways in which the two columns can be combined. Thus, in principle 
there are 12 different processes by which photons can be absorbed or scattered. Of 
these, three major processes are found to be important. They are the Compton effect 
(az), Photo electric effect (ax) and Pair production (cx). The minor effects are as 
follows: 


Rayleigh scattering (ay) 
It occurs with tightly bound electrons. It is coherent and follows the 1/A* law. 
For large hv and small z, Rayleigh scattering is negligible in comparison to the 
Compton scattering. 

Thomson scattering by the nucleus (by) 
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Nuclear resonance scattering (bz) 
It involves the absorption of incident photon by a nucleus and its re-emission. Un- 
like the atomic case the resonant absorption and scattering are difficult to achieve. 
The details are given in Sect. 2.5. The breakthrough came with the discovery of 
Mossbauer effect. 

Del Bruck scattering (cy) 
This is a minor effect which involves nuclear potential scattering through virtual 
electron pair formation in the field of the nucleus. 

Photodisintegration of nuclei (bx) 
Examples are the reactions of °Be(y, n)’Be and *H(y, n) p. The cross-sections are 
small in comparison to the Compton effect. 

Meson production (dx) 


y+pontat 


The threshold for photomesic production is 150 MeV. The cross-sections, how- 
ever, are less by two orders of magnitude compared to meson production in NN 
collisions, and lesser still in comparison with the pair production. 


2.2 The Compton Effect 


The process of photon scattering by a free electron with reduced frequency is known 
as Compton scattering, named after Compton [2]. The effect can be explained by the 
quantum theory. 

Here, the incident photon of energy hvo and momentum /hvo/c collides elasti- 
cally with an electron assumed to be stationary. As a result of the collision, the 
photon is scattered at some angle 0 with reduced energy hv and momentum hv/c 
and the electron recoils at an angle ø with kinetic energy T and momentum p. The 
incident photon, the scattered photon and the recoil electron are coplanar in order to 
conserve momentum. 


2.2.1 Shift in Wavelength 


Energy conservation gives 
T = hvo — hv (2.1) 


Taking x-axis as the incident direction, momentum conservation along x- and y-axis 
gives (Fig. 2.1) 


hv hv 
— = — cos 0 + pecosd (2.2) 
c c 


hv, 
0 = — sinf — pesing (2.3) 
c 
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Fig. 2.1 The Compton effect 


Incident photon 


Also, momentum and kinetic energy of an electron are relativistically related 
cp? =T? +2Tmc? (2.4) 


where mc? = 511 keV is the rest mass energy of electron. The angle ¢ can be 
eliminated between (2.2) and (2.3). Using (2.1) and (2.4) in the resulting equation 
after some simplification we obtain the change in wavelength 


h 2h . 48 
Aà = à — Ao = — (1 — cos 0) = — sin* = (2.5) 
mc mc 2 


Formula (2.5) shows that the shift in wavelength in Compton scattering in a given 
direction is independent of the incident energy 
The quantity 


h —12 
àc = — =2.43 x 107" m (2.6) 
mC 


is known as the Compton wavelength. Maximum shift in wavelength occurs for 
0 = 180°, that is, when the photon is scattered completely in the backward direction 


2h 
(AA) max =—=2h, (2.7) 
mc 


2.2.2 Shift in Frequency 


Using the relations 


do = is and A= E 
vo v 
In (2.5) the frequency of the scattered photon with a = hvo/mc? can be calculated. 
The parameter œ measures the photon energy in terms of electron’s rest mass energy. 
vo 
P = 
1+ a(1 — cos) 


(2.8) 
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and the change in frequency 


voa(1 — cos 0) 


Av = v9 — v = — 
1+a(1 —cos@) 


(2.9) 
Formula (2.9) shows that the shift in frequency (or energy) of the photon in a given 
direction is strongly dependent on the incident energy. From (2.9) we find that the 
energy imparted to the electron is 

ahvo(1 — cos 0) 


K = hvo — hv = (2.10) 
1+a(1 — cos 0) 


Maximum fractional loss of energy is obtained for 0 = 180° in (2.10) 


A Emax = 2a 
Eo 1+2a 


(2.11) 


When the incident energy is small (a < 1), the photon energy is not appreciably 
changed in the scattering process whereas for high energies (œ > 1), the photon 
can lose nearly all its energy to the electron. In the high energy limit, the energy of 
the photon which is scattered completely backward (0 = 180°), approaches a value 
of (1/ 2)mc? = 0.25 MeV. In this case, the electron recoils in the extreme forward 
direction (@ = 0°), and receives the maximum kinetic energy which is given by 


2ahvo 
1+2a 


(2.12) 


K max = 


When photons of fixed energy are used, the electrons have a continuous energy 
spectrum ranging from zero to the maximum given by (2.12). 


2.2.3 Angular Relation 


The scattering angle 6 and the recoil angle ¢ are related to each other. Eliminating 
Pe in (2.2) and (2.3) using (2.8), we get, 


cot = (1 + o) tan 5 (2.13) 


A small 0 implies large @ and vice versa. The photon can be scattered at all angles 
(0 < 6 < 180°). But the electron can recoil only in the forward hemisphere (0° < 
$ < 90°). 


2.2.4 Differential Cross-Section 


Applying Dirac’s relativistic theory of the electron, Klein and Nishina [9] obtained 
a formula for the differential cross-section for Compton scattering. The differential 
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scattering cross-section per electron for unpolarized radiation is given by 


d 2 2 
ee) (a ane (2.14) 
d2 2 \ vo v vo 


where v is given by (2.8), ro = e? /A4meomc?, is the classical electron radius and 
dQ = 2x sin@dé is the solid angle in which photons of energy hvo are scattered. 
Figure 2.2 is a polar plot of (2.14). Observe the tremendous increase m the fraction 
of backward scattered photons as œ increases. 


2.2.5 Spectrum of Scattered Radiation 


Figure 2.3 shows the spectrum of radiation scattered at 90° from a carbon target, 
when irradiated by monochromatic X-rays of wavelength Ao = 0.707 A. The spec- 
trum of scattered X-rays shows the unmodified line p and the modified or shifted 
line s, as observed by Compton. 

The presence of the unmodified line in Fig. 2.3 can be explained as follows: in 
deriving formula (2.5) for the wavelength shift, it was assumed that the incident 
photon collides with a free electron. However, it is possible that at energy not much 
greater than the binding energy of the electron, the electron may appear bound in 
some of the scattering events. In such cases, the target mass m will not be that of the 
electron but that of the atom as a whole. If we substitute the mass of the atom which 
is much larger than that of the electron as m in (2.5), we find Ad to be negligibly 
small. This is analogous to the scattering of a gas molecule against a rigid wall in 
which there is no loss of energy. 

At very low frequencies, the scattered photon has the same frequency as that of 
the incident radiation. This corresponds to scattering from bound electron, known as 
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Fig. 2.3 Spectrum of 
scattered radiation 
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Thompson scattering, and is explained by classical electrodynamics. At frequencies 
corresponding to energies higher than the binding energy of the electron, Compton 
scattering starts showing up (scattering from free electron), but scattered radiation 
of the same wavelength as that of the incident radiation is also present. At higher 
frequencies (hvo >> B), Compton scattering dominates and is readily observed. We 
can thus understand why Compton scattering does not take place with visible light 
from ordinary materials. It may be pointed out that the Compton shift in wavelength 
does not depend on the Z of the material. 

In deriving various formulae, we have assumed that initially the electron is at 
rest. However, it will be in motion. Depending on the component of its velocity in 
the incident direction of the photon, the wavelength shift of the scattered photon will 
vary. This will, therefore, result in the broadening of the maximum as in Fig. 2.3. 
This effect will be more important at smaller frequencies. As vo increases further, 
Compton line tends to become narrower, specially at large angles. Eventually, in 
any direction of scattering other than that of the incident direction, the unmodified 
line becomes weaker and the modified line becomes fairly sharp as one would get 
for scattering off a free electron. 


Total Cross-Section The total collision cross-section is obtained by integrating 
(2.14) over all permissible values of 0. Tables and graphs of the differential and 


average cross-sections for Compton collisions have been given by Davisson and 
Evans [4]. 


2.2.6 Compton Attenuation Coefficients 


If we have a thin absorbing foil with N atoms/cm?°, each with Z electrons/atom then 


u= N Zoe (2.15) 
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Fig. 2.4 (a) Photon mass attenuation coefficients equal to the linear attenuation. (b) Coefficients 
divided by the density (to suppress effects simply due to the number of electrons in the material 
for the three processes in Al and Pb) 


The quantity u, which has the unit of cm! is called the linear scattering coefficient. 

Observe that u is identical to the macroscopic cross-section X. If u be divided by 

the density of the absorber, then u/p is called mass-attenuation coefficient (um). 
In their passage through a medium, the law of attenuation is 


n = nge “* (2.16) 


where no is the initial number of photons and n is the number of surviving photons 
after traversing a distance x. If x is expressed in cm, then the linear attenuation 
coefficient u is in cm™!. If the distance x is in g/cm?, then we are concerned with 
Um, the mass attenuation coefficient. 

The electronic cross-section will be independent of Z as it is assumed that hvo 
is much in excess of the binding energy of the electrons. The Compton scattering 
cross-section per electron as calculated by Klein and Nishina is given as 


2(a +1 1 4 1 
=al = =O | nou De per =| (2.17) 


As before, rọ is electron radius and œ = hvg/ mc?. 

The total cross-section for an atom is found by multiplying oc by Z. The contri- 
bution to the total y-ray absorption coefficient from the Compton effect, as calcu- 
lated from (2.17) is given in Fig. 2.4. It is seen that oc decreases monotonically as 
hvo increases. 
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Values of the o may be obtained for any other elementary material, of density p, 
atomic weight A, and atomic number Z from the value for either lead or aluminium, 
by using the simple relation 


02 = 01 _——_— (2.18) 


where the subscripts 1 refer to the element whose ø is known and subscripts 2 refer 
to the element whose ø is to be determined. 

In Compton scattering, a part of the energy of the interacting photons appears as 
scattered radiation. In many cases it is convenient to divide the total Klein-Nishina 
cross-section into two parts. The first part takes into consideration the energy ab- 
sorbed by the recoil electrons and is thus a true absorption cross-section, while 
the second part takes into consideration the energy contained in the scattered pho- 
tons. The cross-sections so defined are called Klein-Nishina absorption and Klein- 
Nishina scattering. Since pair production and photoelectric effect are true processes, 
by subtracting the cross-section for Klein-Nishina scattering from the total macro- 
scopic cross-section for a material, we obtain a cross-section based only on the 
energy removal from the gamma beam. 


Energy Distribution of Compton Electrons and Photons In certain situations, 
the energy spectrum of Compton electrons is important. It can be shown that 


a one: 2 
do do 2x | (1+a)* — a4 cosl p | (2.19) 


dT dR me | (1 +a) — al +a) cos? 


where do /d 2 is given by Eq. (2.14), and a = hvo/mc?. 

Figure 2.5 shows the number-energy spectrum of Compton electrons by incident 
photons of energy hvo = 0.51, 1.2, and 2.76 MeV. The number-energy spectrum of 
scattered photons can be deduced from Fig. 2.5 because hv = hvo — T. 


2.3 Photoelectric Effect 


At energies below 0.1 MeV, the predominant mode of photon interaction in medium 
and high-Z elements is known as the photoelectric effect. It can be shown that the 
photoelectric effect cannot take place with a free electron (see Example 2.10) be- 
cause energy and momentum cannot be conserved simultaneously. However, total 
absorption of photon can take place if the electron is bound to an atom or a metal. 
In that case the momentum can be balanced by the residual atom. The more tightly 
the electron is bound, the larger is the absorption cross-section. About 80 % of the 
photoelectric absorption processes occur in the K-shell, provided the incident pho- 
ton energy hv exceeds the K-shell binding energy. In this process a photon interacts 
with an atom in such a way that its total energy is absorbed and concentrated on 


2.3. Photoelectric Effect 91 


Fig. 2.5 Energy spectrum of 
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Compton scattering for 
various energies of the 
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maximum electron recoil 
energy is known as the 
Compton edge [10] 
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one electron which is thereby expelled. The kinetic energy of the emitted electron 
equals the photon energy minus the binding energy 


T=hv- B; (2.20) 


where B, is the binding energy of the ejected electron. The remaining energy ap- 
pears as X-rays and Auger electrons in the process of filling of the vacancy in the 
inner shell. The photoelectric interaction is illustrated in Fig. 2.6. 

The theoretical treatment of photoelectric effect is complicated by the fact that 
Dirac’s relativistic equation must be applied to a bound electron which does not 
yield exact solutions. 

Whenever the energy of the photon is high enough, the probability of expelling 
a K-electron is higher than it is for any of the other electrons. At a photon energy 
equal to the K-electron binding energy, there is a sharp step in the cross-section for 
photoelectric emission. Similar jumps occur for L- and M-shells, Fig. 2.7. 

For example, the binding energy of a K-shell electron in Pb is 88 keV. Incident 
photons of energy less than 88 keV cannot liberate K-shell photo-electron although 
they can liberate higher shell electrons that are less tightly bound. When the photon 
energy increases just above 88 keV, the probability for photo-electron emission sud- 
denly increases. This process is known as absorption edge or K-edge. For energies 
above the K-absorption edge [6], gives the following cross-section formula for the 
K-electron emission 


Oph(K) = (2.21) 


322 -/2Z> (mc? 7/2 
3(137)4 hv 
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Fig. 2.6 Photoelectric 
interaction 
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Fig. 2.7 Photoelectric 
cross-section in Pb. The 
discrete jumps correspond to 
the binding energies of 
various electron shells; the 
K-electron binding energy, in 
Pb for example, is 88 keV. To 
convert the cross-section to 
the linear absorption 
coefficient u in cm7!, 
multiply by 0.033 


Photoelectric cross-section (barns/atom ) 


0.001 0.01 0.1 1.0 
E, (MeV) 


The above formula applies for photon energy much smaller than the rest energy 
of an electron (hv « mc”). Because of Z> dependence, photoelectric absorption 
becomes significant for heavy elements like tungsten or lead. For fixed values of 
hv, the cross-section is empirically given by 


Oph ~ const - Z” (2.22) 


The exponent n is found to increase from about 4.0 to 4.6 as hv increases from 0.1 
to 3 MeV, as in Fig. 2.8. 

Formula (2.21) shows a dependence of (hv)~//* for low energy photons. How- 
ever, at high energies, the dependence on hv is not so drastic. With the increasing 
energy, the exponent of 7/2 in formula (2.21) decreases until it reaches unity at very 
high energies. 

The linear attenuation coefficient u py for the photoelectric effect is given by 
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where N is the number of atoms per cm? and Opn is the atomic cross-section in cm? 


per atom. The mass absorption is obtained by dividing u by density p. 
Assuming Opp for one element, the corresponding value for the other element 
can be found out by the relation 


p2 Ai (Z2\" 
Oph(2) =0 net (3) (2.24) 
j Á pı A2\ Zi 
where p is density, A is atomic weight, Z is atomic number and n is obtained from 
Fig. 2.8. 


Angular Distribution of Photoelectrons At low photon energies, the photoelec- 
trons tend to be emitted in the direction of the electric vector of the incident radi- 
ation, and hence are at right angles to the direction of incidence. As the energy is 
increased, the angular distribution is pushed forward. Figure 2.9 shows theoretical 
curves for the number/unit solid angle at various photon energies. 


Forward Momentum of Recoil Atom For hv much in excess of binding energy 
of the electron, the photo-electron will have nearly the same energy as the incident 
photon. However, because of the finite mass of the electron, its momentum will be 
much greater than the momentum of the incident photon. This increased momentum 
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coupled with the predominantly forward angular distribution of the photoelectrons 
implies that the residual atom must recoil on an average in the backward hemisphere. 


2.3.1 Measurement of Photon Energy 


The sharpness of the absorption edges lends to the determination of the estimation 
wavelength of y-rays of low energy. The K-edges vary for different elements. The 
approximate energy is given by Moseley’s law 


(Zaa) 
E = 13.6—,— eV (2.25) 
n 

where n = 1 for the K-series and n = 2 for the L-series etc. The screening constant 
o has an approximate value of 3 for the K-shell and 5 for the L-shell. The X-ray 
wavelengths can be bracketed in small intervals by measuring the absorption in 
elements with adjacent values of Z and determining between which two K-edges 
or L-edges, the unknown photon energy lies. This is accomplished by observing the 
sudden change in absorption with change of K-edge location. 


2.4 Pair-Production 


At incident photon energies greater than 2mc? (1.02 MeV), the pair-production pro- 
cess becomes increasingly important. In this process the proton is completely ab- 
sorbed and a positron-electron is produced, the total energy being equal to hv. 


hv = (T- + mc’) + (T4 + mc’) (2.26) 


where T_ and T, are the kinetic energy of the electron and the positron, respectively, 
and mc? = 0.511 MeV is the rest energy of the electron or the positron. The process 
can occur only in the field of a nucleus and to some degree in the field of an electron. 
The presence of a particle is necessary for the conservation of momentum. The 
process is schematically depicted in Fig. 2.10. 

Figure 2.11 gives the energy level diagram of the electron as derived from Dirac’s 
relativistic theory. Dirac’s equations also give negative energies for the electron, 
and he further assumed that all these negative energy states are filled and so are 
not observable. They are not observable because this would imply a possibility of 
changing their state of motion. This is not possible because of Pauli’s principle, the 
sea of negative states is already filled. The only possibility for the change of state is 
to cross the barrier of width 2mc? so that the electron enters the domain of empty 
positive energy states and becomes a free particle with positive energy. The hole 
produced in the negative state left by the electron is observable as a positron. In the 
pair-production process, the energy needed to cross the barrier is supplied by the 
photon as shown in Fig. 2.11. 
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The same figure also indicates the Bremsstrahlung process in which one electron 
falls down to a lower energy by the emission of a photon. 

The pair-production and Bremsstrahlung are intimately connected and are 
similar, except that the former is concerned with absorption process while the 
latter is concerned with the emission process. Mathematically, the theories of 
the two processes are nearly identical. There are similarities in various for- 
mulae as well. For example, the cross-sections for both these processes are 
of the order of (Z*/137)(e7/mc?)*. Compare (2.27) with formula (1.142) for 
Bremsstrahlung. 

Pair-production takes place in the field of a nucleus. No change of state of the 
nucleus or its atomic electrons is involved, except that the nucleus absorbs some 
of the momentum of the photon. Pair-production cannot take place in free space 
because energy and momentum cannot be conserved simultaneously. Suppose, the 
process takes place in vacuum. The maximum total momentum of the produced pair 
will occur when the particles move in the same direction with the same velocity. For 
energy E, the momentum is given by 
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E alae 


The photon has momentum P = E/c, which is larger than the pair with the same 
total energy. Thus, it is necessary that the atomic nucleus be present to balance the 
momentum. 


2.4.1 Angular Distribution of Pair Electrons 


At high energies the angular distribution of positron and electron is mainly forward. 
For T >> mc’, the mean angle between the electron or positron with the incident 
direction of photon is of the order of mc*/T. At incident photon energies of the 
order of 2mc?, the angular distribution is much more complicated and the tendency 
for projection in the forward direction is less obvious. 


2.4.2 Energy Distribution of Pair Electrons 


The differential cross-section do/dT, cm? per nucleus, for the creation of a 
positron of kinetic energy T, and an electron of kinetic energy hv — 2mc* — T,, 
can be written as 


do ooZ?P 


2 227 
dT} hv—2mc? (a 
where 
1 e? 2 
oo = — | — | =5.8 x 10778 cm?/nucleus (2.28) 
137 \ mc? 


and the dimensionless quantity P is a complicated function of hv and Z, which 
varies between 0 for hv < 2mc? and about 20 for hv = œo for all values of Z. 
Figure 2.12 shows the variation of P with the fraction of the total kinetic energy of 
both the pair electrons that are carried by the positron T} /(hv — 2mc?). 


2.4.3 Total Pair-Production Cross-Section per Nucleus 


The total nuclear pair-production is calculated by integrating the differential cross- 
section, Eq. (2.27), over all possible energies. 


hv—2mc2 
PdT 
p= fa = oz? | ae (2.29) 


2.4  Pair-Production 97 


Fig. 2.12 Differential 
pair-production cross-section, 
expressed as the 
dimensionless function P of 
Eq. (2.27). The curves OR ee aaa 
calculated from the equations 

of Bethe and Heitler, 

including screening 

corrections for photon p 
energies above 10moc? 

(Davisson and Evans) 


o aS atone 
0 0.1 0.2 03 04 05 0.6 0.7 08 09 10 
q 
h- 2mgc? 


op = oZ P (2.30) 


where P is the mean value of P in Fig. 2.12. Analytical integration of (2.29) is 
possible only for relativistic cases. When screening of atomic electrons is neglected, 
that is, the interaction is considered in the field of a bare nucleus, Bethe and Heitler 
give the formula 


28. 2hv 218 
v ) (2.31) 


=0Z?( —1 = 
CE € mee 27 
for mc? < hv « 137mc?Z~!/3 (that is about 16 MeV for Pb). It is observed that 
Opair increases approximately logarithmically with hv. At high energies (hv > 
20 MeV) an appreciable contribution to pair-production may come from points out- 
side the K-shell of Pb. For complete screening 


28 A 2 
op = oz?| $ in( 1832 1/3) — a (2.32) 


for hv > 137mc?Z~'/3, Formula (2.31) shows that at high energies, say 10 GeV, 
the pair-production cross-section depends only on the screen and is independent of 


y-ray energy. 


Pair-Production Linear Attenuation Coefficient The linear attenuation up for 
pair-production is simply given by 


up =0pN cm! (2.33) 
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where N is the number of atoms per cm?. For Pb, N = 3.3 x 1022 atoms/cm?. Values 
of up, for any other element can be obtained from the formula 


207.2 p (Z\* 
= (Pb) 2 ( & 2.34 
Heigl vials) ati 


where p is the density (11.35 g/cm? for Pb), A is the atomic weight (207.2 for 
Pb), and Z is the atomic number (82 for Pb). Note that pair-production attenua- 
tion is most important in heavy elements and at high photon energies. For exam- 
ple, in Pb the pair-production attenuation exceeds that for Compton scattering at 
hv > 4.75 MeV (Fig. 2.4(b)). Also, pair-production is only one of the three major 
processes whose cross-section increases with increasing energy. Due to this fact the 
total attenuation coefficient, y = U ph + He + Hp, in heavy elements goes through 
a minimum. This gives rise to double-valued energy for the same p, Fig. 2.4(b). In 
light elements such as aluminium, the solution will be single-valued (Fig. 2.4(a)). 
This is because the rise in op is more than offset by the decrease in øc. In the case 
of copper, these two effects cancel over a wide range of photon energies so that one 
obtains a fairly flat curve with u = 0.28 cm—! = const for hv > 6 MeV. 

Figure 2.13 shows the relative importance of the three major processes for y-ray 
interaction. The lines indicate the values of Z and hv for which the two neighbour- 
ing effects are just equal. 

Note that pair-production can also take place in the field of an electron, although 
to a lesser degree. When the recoil is absorbed by an electron, the threshold required 
by the conservation of energy and momentum in the laboratory system is 4mc? (see 
Example 2.12). 

In this case two electrons and a positron acquire appreciable momentum leaving 
three tracks in the forward direction. Such events in which the triplets, also known 
as tridents, are formed and are recorded in photographic emulsions, cloud chambers 
or bubble chambers. 
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2.5 Nuclear Resonance Fluorescence 


In atomic physics resonance absorption occurs while using the source and the 
medium of the same material. A familiar example is the sodium absorption spec- 
trum. However, in nuclei, the absorption does not occur in such a straight forward 
fashion. The centre of the emitted y-radiation, which is a narrow band, does not 
coincide with the centre of absorption line because of the recoil energy losses in 
emission and absorption processes. The incident radiation is thus off resonance 
and excitation is only possible if the natural width of the level is large compared 
with the recoil energy loss. For most atomic transitions, this last condition is ful- 
filled. However, in the case of nuclei, the recoil energy losses effectively pre- 
vent the observation of resonance fluorescence when the same isotope is used as 
the source of radiation and the scattering as the absorbing material. All the at- 
tempts to observe this effect had failed for the inability to find wide y-ray lines, 
until in (1951) Moon made a successful effort by creating special source condi- 
tions. 

Resonant scattering of light is a well-known phenomenon which is observed 
when the energy of the incident photon coincides with the difference between the 
excitation level and the ground state level of the scattering atom. The incident pho- 
ton can originate either from an atom of the same kind as the scattering atom or 
from a continuous spectrum in which case resonant scattering gives rise to absorp- 
tion lines. Consider the general case of a y-ray that is scattered by a nucleus of the 
same kind as that from which it is emitted. Conservation of energy and momentum 
demand that 


hv + Er = Eo (2.35) 


j 
JIMER = 2 (2.36) 
C 


where hv and Ep are the energy of the emitted photon and the recoil nucleus, re- 
spectively, Eo is the transition energy and M is the mass of the nucleus. Combin- 
ing (2.35) and (2.36) we have 


g- 0 _ E (2.37) 
= 2Mc2 2M? 
where E, = hv 
E2 
E, = Eo — — 2.38 
r 0 IM c2 ( ) 


Since the recoil loss occurs both at the emission and absorption processes, total 
energy displacement amounts to 


E2 
AE = — 


Do (2.39) 
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Fig. 2.14 Shift of gamma ray energy in downward and upward direction during emission and 
absorption processes 


If this energy difference is large compared to the width of the level, the system is 
off the resonance and the cross-section for resonance scattering becomes extremely 
small. The width of a level I” can be calculated from the lifetime t by means of the 
uncertainty principle. 


| ip ae) (2.40) 


Consider for example the 2.7D decay of !?8Au, following the 8 decay to Hg 
from which single y-ray of energy 412 keV is emitted. If the y-ray is allowed to 
fall on the atom of !?*H¢g in the ground state, there is a possibility for its absorption 
and excitation to the 412 excited state. Note that the nuclear recoil affects both the 
emission and the absorption processes. Hence the total energy shift is 2Er. The 
412 keV excited state of '?8Hg has a mean lifetime of 32 ps corresponding to a 
width of 2 x 107° eV. i 

The recoil energy ER is aes = 0.46 eV. The width of the Doppler broadening 
due to thermal motion is given by 


A = 2,/In2E,,/ —> 2.41 
"Y Mc (2.41) 


where T is Kelvin temperature and k is Boltzmann constant. 

Figure 2.14 shows the shift of 4.12 keV y-ray energy from '?*Hg by 0.46 eV 
downward in the emission process and by 0.46 eV upward in the absorption process. 
Because of thermal broadening due to Doppler effect (0.36 eV) there is a small 
overlap (shaded region) between the emission and absorption lines, hence a small 
probability of resonant excitation. 
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2.5.1 Restoring Mechanisms 


There are various techniques for overcoming the energy difference 2Eg between 
the source and absorber transitions. All of them depend on Doppler broadening. 
Doppler’s formula is 


v 
v= wo(1 + — cos a) (2.42) 
c 
Put 0* = 0° for forward emission. Then 


v 
Av =V — v = vo- Or 
c 


U v 
hAv = AE = hv- = Eo- 
C Cc 


Compensation requires that 


ee ea 
0o TAR Me 
Eo 
Me (2.43) 


2.5.2 Mechanical Motion (Ultra Centrifuge) 


Mechanical motion was first proposed by Moon in 1950 as a mechanism for restor- 
ing resonance. The energy shift is compensated by the Doppler effect if the emitting 
nucleus moves toward the scatterer with velocity v = E,,/Mc. The experiment was 
done by attaching the source to the tip of a rotor in a centrifuge spinning at 500- 
3000 revolutions per second. The apparatus used by Moon (1950) is schematically 
shown in Fig. 2.15 and the results for the absorption cross-section as a function of 
source velocity as well as the rotor’s speed are indicated in Fig. 2.16. The emission 
and absorption lines overlap for a source speed of about 670 m/s. 

Moon derived an expression for the effective cross-section of resonant scattering 
taking into account the mechanical velocity of the y-ray source and the thermal ve- 
locities in the source and the scatterer. The curve is fitted for a quadrupole transition 
between the ground state of spin 1 and an excited level of spin 2 having a width of 
2 x 1075 eV. The intrinsic width corresponds to a half lifetime of 2.2 x 10!! s. The 
measurement of the o for resonant scattering is thus a direct determination of the 
level width I” and an indirect way of finding the mean lifetime t which is related to 
I by the uncertainty principle. This method of determining mean lives provides an 
important technique which is useful for measuring delays longer than 107!° s. 
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2.5.3 Thermal Motion 


If no mechanical motion is applied, an increased temperature of the source or of the 
scatterer or of both will result in a broadened energy distribution which increases 
the probability for two nuclei having the appropriate relative velocities for compen- 
sating the recoil. 


2.5.4 Preceding ß or y Emission 


Kuhn had pointed out that the resonance condition might be restored by a preceding 
B or y emission. A nucleus emitting a 8 particle obtains a recoil velocity in the 
opposite direction and if the subsequent emission of the y-ray takes place in such a 
short time that the nucleus has not lost its velocity, the energy may be compensated 
by Doppler effect. The resonance condition is that the emitting nucleus approaches 
the scatterer with velocity v = Eo/Mc. 
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By measuring coincidences between the -particles and the scattered y-rays one 
might expect to find an increase in counting rate when the beta particles are mea- 
sured at such an angle that the recoiling nucleus has the appropriate velocity com- 
ponent toward the scatterer. Similar arguments apply to y—y coincidence. 

This technique has been used by Burgov and others to observe the nuclear reso- 
nance fluorescence in ?°^Mg and to measure the lifetime of 1.38 MeV y-ray emitted 
in the decay of *+Na. The 1.38 MeV y-ray scattered all around from the magnesium 
bar was detected by the Nal crystal in prompt coincidence with 2.76 MeV y-ray. 
At 120° the number of 1.38 MeV y-rays scattered into Nal crystal in coincidence 
with 2.76 MeV ray was 2 or 3 times larger than at other angles. For a photon of en- 
ergy E, the cross-section for resonance fluorescence, that is for the case where the 
direct y-transitions to the ground state is the only mode of de-excitation, is given 
for an isolated level by Bethe and Placzek [1] 


2 (244+ 1) m? 


E)=1x — 
oo(E) =x 2(2Jo + 1) [(E — E,)2+ 4] 


(2.44) 


where J; and Jo are the total angular momenta of the excited state, and the ground 
state, respectively. E, is the resonance energy, à the corresponding wavelength di- 
vided by 27 and T the natural width of the level. The factor 2 arises due to the two 
independent polarizations of photons. Taking into account the spins of the ground 
and the first excited states and the thermal Doppler width, the level width was cal- 
culated to be 7 x 1074 eV corresponding a lifetime of 0.95 x 107! s. 


2.6 Mossbauer Effect 


In 1956 and 1957, R.L. Mossbauer was studying the scattering of y-rays for his 
graduation work. He used the metals of !?'O and !°!Ir as the source and absorber, 
respectively, both cooled to a low temperature. Mossbauer measured the transmis- 
sion of !°!Ir 129 keV y-rays through a crystalline natural iridium absorber. His 
source was !?!Os which beta decays with a half life of 16 days to an isomeric state 
of 19! Tr (T\/2 = 5.6 s). A 42 keV y-ray is emitted and the iridium nucleus is left in 
its first excited state (129 keV) which has a lifetime of 1.4 x 107!9 s (Fig. 2.17). 

The apparatus used by Mossbauer is shown schematically in Fig. 2.18. Moss- 
bauer measured the transmission of !?'Ir keV y-rays through a natural iridium ab- 
sorber. He kept both the source and the absorber at 88 K but had the source mounted 
on a turn table so that the relative velocity of the source and the absorber could be 
controlled. Figure 2.19 shows the variation of transmission with the turn table speed. 
The most startling fact which Mossbauer obtained was the turn table effect. 

The absorption peak is centred at zero relative speed of the source with respect 
to the absorber. The half width is about 1 cm (Fig. 2.19). When the abscissa is 
converted to energy units corresponding to the Doppler shift in the y-ray energy 
AE =vE/c, the points can be fitted within statistical errors by a Breit- Wigner curve 
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Fig. 2.18 Experimental 
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Fig. 2.19 Fluorescent 
absorption in !°!Ir as a 
function of the relative 
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absorber. The upper scale on 
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Doppler energy that 
corresponds to the velocity on 
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of width (9.2 + 1.2) x 1076 eV (Chap. 7). This is interpreted to be twice the natural 
width of the 129 keV level, the factor 2 arising because the observed absorption is 
the result of folding an emission spectrum together with the absorption spectrum 


each of which has a width I". 


The other observation of Mossbauer is the temperature effect. Here, he had both 
the source and absorber at rest with the absorber at fixed temperature of 88 °K and 
the source temperature varied from 88 °K to above room temperature. He measured 
the transmission of the 129 keV y-rays through the absorber as a function of the 


2.6 Mossbauer Effect 105 


Fig. 2.20 Variation of 
absorption cross-section with 12 
source temperature 


o (barns) 


4 ae 
Temperature 


100 200 300K 


source temperature. The rise in cross-section with decreasing temperature (contrary 
to the experiments described earlier under Sect. 2.5) is interpreted as being caused 
by the increase in the probability of no recoil emission as the temperature is lowered, 
Fig. 2.20. 

Mossbauer effect was lost when powder source and absorber were used. In the 
early experiments, failure to achieve nuclear resonance was due to the nuclear recoil 
which had the inevitable effect of broadening the natural width of y-ray lines that 
is making the indeterminacy in the energy of narrow y-rays much larger than that 
required by the uncertainty principle. In all these methods, though resonance fluo- 
rescence is realized, the peak is fairly broad caused by thermal motion and above 
all by the fact that they cannot restore the natural widths of the lines from their re- 
coil broadened state. The line width is of great importance in deciding whether a 
particular experiment can be successfully undertaken because it is useless to have 
I larger than AE. One should therefore choose isomers of sufficiently long time so 
that l’ may be very small (AE > T). 


2.6.1 Elementary Theory 


If the nuclei are rigidly nailed to a crystal, one could immediately understand the 
disappearance of a measurable recoil energy. For, if the whole crystal were forced to 
recoil together with the emitting or absorbing nucleus the recoil energy for a given 
momentum transfer would be decreased by a factor equal to the number of atoms 
in the crystal. Since a crystal as small as a cubic micron in volume contains about 
10!° atoms, the recoil loss would be negligible. The fact is however that atoms are 
not nailed to a crystal to which they belong. Instead they are arranged in a lattice 
which is vibrating. The energy of vibration, which is macroscopically described by 
the temperature, is not fixed but the energy put into the system will go into lattice 
vibration of the crystal. An essential feature of the picture is that the energy states of 
the lattice are quantized, energy can be transferred only in discrete amounts called 
phonons. The degree of Mossbauer effect will thus eventually be dependent on the 
choice of crystals and the temperature since the modes of vibrations are to be charac- 
terized. >’Fe is a very useful isotope as room temperature can be used. To understand 
the problem of nuclear recoil in the crystal, three cases must be distinguished: 
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1. If the free-atom recoil energy is large compared to the binding energy of the atom 
in the solid, the atom will be dislodged from its lattice site. The minimum energy 
required to displace an atom is known from radiation damage investigations and 
is 15—30 eV. Under these circumstances the free-atom analysis is applicable. 

2. If the free-atom recoil energy is larger than the characteristic energy of the lattice 
vibrations (the phonon energy) but less than the displacement energy, the atom 
will remain in its site and will dissipate its recoil energy by heating the lattice. 

3. If the recoil energy is less than the phonon energy, a new effect arises because 
the lattice is a quantized system which cannot be excited in an arbitrary fashion. 
This effect is responsible for the unexpected increase in the scattering of y-rays 
at low temperature first observed by Mossbauer. 


This phenomenon is most readily understood in the case of an Einstein solid, that 
is one characterized by 3N vibrational modes (where N is the number of atoms in 
the solid) each having the same frequency w. At a given instant, the solid may be 
characterized by the quantum numbers of its oscillators. The only possible changes 
in its state are an increase or decrease in one or more of the quantum numbers. These 
correspond to the absorption or emission of quanta of energy Aw which in real solids 
is characteristically of the order of 107? eV. The recoil-free fraction f of the decays 
produce no change in the quantum state of the lattice. In the remaining 1 — f, an 
energy Aw is transferred. The processes with An = —1 and 2 may be neglected. 

The emission of a y-ray is now accompanied by the transfer of integral multi- 
ples of this phonon energy (0, thw, +2hw + ---) to the lattice. The depth of the 
resonance is determined by the fraction (f) of the nuclei in the lattice that emits (or 
absorbs) energy with no recoil. The calculation of the recoil-free fraction (f) de- 
pends on the recoil energy that exceeds the lattice binding energy. At low energies 
and temperatures, the primary way in which a solid can absorb energy is through lat- 
tice vibrations called phonons. These vibrations occur at a spectrum of frequencies, 
from zero up to a maximum @max. In the improved theory due to Debye, the en- 
ergy corresponding to the highest vibrational frequency is expressed in terms of the 
corresponding temperature called the Debye temperature 0p through h@max = k0p, 
where k is the Boltzmann constant. For typical materials, h@max ~ 0.01 eV and 
8p ~ 1000 K. The recoilless fraction is 


f =exp[—k(x7)] (2.45) 
where (x?) is the mean-square vibrational amplitude of the emitting nucleus, k = 


(21 /A), à being the wavelength of the emitting nucleus. The mean square amplitude 
is calculated by using the Bose-Einstein distribution and the recoilless fraction is 


given by 
—3 hw? /2mc* T yas xdx 
f =exp 1+4| — 
2 kôp Op 0 ex — 1 


hw 2 
=D jack 2 aT 
~ 1 T<d0 2.46 

ols tetas) If Aa i 
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The first term is independent of the temperature and shows that even at absolute 
zero, the fraction of recoilless decays is large only if the recoil energy of the free 
nucleus is small compared with kôp. The probability of recoilless decay decreases 
with increasing temperature and it is negligible for temperatures large compared 
with 0p (Fig. 2.21). Similar effects occur in the absorption process. 

Note that for Fe, 0p ~ 400 K, E, = 14.4 keV, Er = 0.002 eV and f = 0.92, 
while for Ir, f ~ 0.1. It is therefore not surprising that in Mossbauer’s original 
experiment Ir showed the effect of only 1 % while Fe shows a much larger effect. 
What is more is that Fe can be used at the room temperature. 


2.6.2 Importance of Mossbauer Effect 


The importance of the effect lies in the line width of y-rays. When the lattice is ex- 
cited in the y emission process, the effective line width is of the order of the phonon 
energies. When the lattice is not excited, the widths of the nuclear levels involved in 
the transitions alone determine the line width of the zero-phonon component. Ac- 
cording to uncertainty principle, a nuclear lifetime of 1077 s corresponds to a width 
of ~1078 eV which is six orders of magnitude smaller than that obtained when 
the lattice is excited. More importantly, this line width is smaller than the charac- 
teristic values for the magnetic dipole and electric quadrupole interactions of nuclei 
with their surrounding electrons. It was widely recognized that these effects could in 
principle be observed and studied through Mossbauer effect. A measure of accuracy 
is given by the ratio of the line width to the total energy of the y-ray. For an energy 
of 100 keV and the lifetime ~10~’ s, the fractional line width is 10713 eV. This is 
equivalent to the statement that the energy of the y-ray is defined to within one part 
in 10! which makes it the most accurately defined electromagnetic radiation avail- 
able for physical experiments. Isotopes with suitable lifetime and energy in the first 
excited state may be used. >’Fe is the favourite choice for Mossbauer spectroscopy. 
It has been used in more experiments than all other isotopes to date. Figure 2.22 
shows the decay scheme of 57Co into >’ Fe. For the ratio t/E; =3.1 x 10—!3 and 
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Fig. 2.22 Decay scheme 
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for Zn, 5.2 x 107!6, electromagnetic radiation with comparable stability and line 
width has not yet been obtained by other means. Even the gas laser which is the best 
source of narrow-line infrared and visible radiation has not reached the stability and 
resolution of °’Fe. 


2.6.3 Applications 


2.6.3.1 Gravitational Red Shift 


The gravitational red shift may be thought of most directly as the change in the 
energy of a photon as it moves from one region of space to another differing gravi- 
tational potential. Consider the energy content of a photon moving in a gravitational 
field. The magnitude of the expected shift can be obtained from a simple argument 
based only on the energy conservation and the relativistic mass-energy equivalence. 
Now, the photon carries an inertial and hence also a gravitational mass, given by the 
expression hv/c?, v being the associated frequency. Consequently, its passage from 
a point where the gravitational potential is equal to ¢; to a print where the potential 
is by would entail an expenditure of work given by hv/c* times the potential differ- 
ence (#2 — ¢;). This would result in an equivalent decrease in the energy content of 
the photon and hence its frequency 


E 
AE = 5(h2 - 61) (2.47) 
Cc 


A level difference of H cm near the surface of earth would result in the fractional 
shift of 
A H 
a ~ $E = 1.09 x 10-8 H (2.48) 
v c 
Over a path of 20 m, the expected shift amounts to 2 x 10715. In the original experi- 
ment of Pound and Rebka [13], >’Fe was used (from a 1-Ci source of >’Co), and the 
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14.4 eV photons were permitted to travel 22.5 m up the tower of the Jefferson physi- 
cal laboratory at Harvard to observe the small shift (~10~ of the width of the reso- 
nance). Pound and Rebeka concentrated on the portions of the sides of the resonance 
curve with the largest slope. The systematic errors were reduced by monitoring the 
temperature of the source and absorber. This is necessary because the temperature 
difference between source and absorber would cause unequal temperature broaden- 
ing, thereby shifting the peak. The source and the absorber were periodically inter- 
changed to allow the photons to travel in the opposite direction. After four months 
of experimentation they obtained the result A E/E = (4.902 + 0.041) x 10715, in 
close agreement with the expected value of 4.905 x 107! for the 45 m round trip. 
This constitutes one of the most precise tests of the General Theory of Relativity. 


2.6.3.2 Atomic Motion 


Information about atomic motion and lattice vibration can in fact be obtained from 
the recoil free y-ray line which depends upon the ratio of the mean square vibra- 
tional amplitude (x?) of the emitting or scattering atom to the square of the wave- 
length à of the scattered radiation. In the equation 


F m e) = 4227/0") (2.49) 


(x) is the mean-square amplitude of the vibration in the direction of emission of the 
y-ray averaged over an interval equal to the lifetime of the nuclear levels involved 
in the y-ray emission process. From (2.49) we note that if (x?) is not bounded, 
the recoil-free fraction will vanish. In the light of this conclusion it is clear that the 
Mossbauer effect can not take place in a liquid where the molecular motion is not 
restricted. That this is essentially correct has been demonstrated in experiments in 
which the recoil-free process in !!?Sn was studied in metallic tin both below and 
above the melting point. The liquid phase measurements above the melting point 
failed to show any resonant effect. Note however that (x?) must be averaged over 
a nuclear lifetime. It is conceivable that it may remain sufficiently small in viscous 
liquids to allow detection of recoilless events. This has been confirmed in the case of 
a solution of a salt of °’Fe in glycerene. Further, note that (2.49) gives no indication 
what crystal structure is required for recoil- free emission. It is not surprising that 
Mossbauer effect is readily observed in glasses. This has been demonstrated, for 
example, with °’Fe in fused quartz and silicate glass. 
Equation (2.46) can be written as 


0 


E 272 
tg G+ 
D 


(2.50) 


In the limit of low temperatures, f depends only on the ratio of the free atom recoil 
energy to the Debye temperature 


3E if E2 
F =e (7p =e TMap (2.51) 
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Characteristic values for f are 0.91 for the 14.4 keV y-ray of >’Fe and 0.06 for the 
129 keV y-ray of !?! Ir. 

A simple calculation shows why the Mossbauer effect is limited to low energy 
y-rays. For example, for a nucleus of mass number 100 in a lattice with a Debye 
temperature of 400 K (2.51) becomes 

= oo 2 
which drops off to low values when E > 64. To date, Mossbauer effect has not been 
observed for y-rays energy greater than 150 keV. 


(2.52) 


2.6.3.3 Hyperfine Structure 


The splitting of nuclear levels of >/Fe both in the ground state and the excited state 
has been studied. The splitting occurs due to the interaction of the electromagnetic 
field at the nucleus with the magnetic moment of the nucleus. For a nuclear spin /, 
a level whose magnetic moment is u will in an internal magnetic field H be split 
into 2/ + 1 sublevels separated in energy by g = uH /I. The ground level is known 
to have spin 1/2 and excited level 3/2. At zero relative velocity between the source 
and absorber, the six emission components should match perfectly the six absorp- 
tion components yielding maximum resonance absorption as if there had been no 
hyperfine splitting. As the source is moved with increasing velocity v, the emission 
components all receive an additional energy (v/c)E 9; they now cease to overlap 
with the components in the absorber and fluorescence is destroyed. If now the ve- 
locity of the source is increased further, a situation will arise in which the energies 
of source of the emission and absorption will again match resulting in additional 
fluorescence pips. 

For example, if v is such that the energy increment of some of the components 
is equal to g, the hyperfine energy splitting in the excited states, then the y-rays 
resulting from transition labeled J will have correct energy to excite transition 2 in 
the absorber, 2 will match 3, 4 will match 5 and 5 will match 6. But 3 and 6 are 
not reasonably absorbed. Similarly, if the source components are given a Doppler 
energy equal to Eo, then the splitting of the ground state line 2 will match 4, 3 with 5 
(Fig. 2.23 and the corresponding Mossbauer spectra is shown in Fig. 2.24). In this 
manner all the pips are scanned out. We have thus v = (cuH/I Eo), where Eo = 
14.4 keV, I = 3/2. The field in iron is expected to be about 10° gauss. From this the 
value of u of (3/2) state is calculated to be —0.15 nuclear magneton. Alternatively, 
if the magnetic moment value be known from magnetic resonance experiments, the 
field can be known. The unexpectedly small magnetic moments are of interest in 
solid state physics. 

Further, the temperature dependence of the internal magnetic field has been in- 
vestigated. Results show that the field at the nucleus decreases by 3 % when the 
temperature is raised from 80 to 300 K and that the plot of the field against tempera- 
ture follows the classical magnetization curve for iron, heading toward zero at curie 
temperature. 
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Fig. 2.23 Hyperfine 
structure or >’ Fe 


2.6.3.4 Isomer Shift 


The nucleus is surrounded and penetrated by electronic charge with which it in- 
teracts electrostatically. A change in the s-electron density will result in an altered 
Coulombic interaction which manifests itself as shift of the nuclear levels. This is 
called ‘Isomer shift’ since the effect depends on the difference in the nuclear radii 
of the ground (gd) and isomeric excited (ex) states. This electrostatic shift of a nu- 
clear level is readily computed from the following model: the nucleus is assumed to 
be a uniformly charged sphere whose radius is R and the electronic charge density 
p is assumed to be uniform over nuclear dimensions. To simplify the calculation, 
the difference between the electrostatic interaction of a hypothetical point nucleus 
and one of actual radius R, both having the same charge is computed. For the point 
nucleus, the electrostatic potential 


z 
Vor = < (2.53) 


For the finite one, the potential V is 


3 2 
Var eae forr<R 
R\2 2R? 


forr>R 


(2.54) 


The energy difference ôE is given by the integral 


(oe) 
OE -f p(V — Vp)4nrr?dr 
0 


27 27 
= ~~ zepR? = Tze? y O| R (2.55) 
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Fig. 2.24 Six individual components are seen for the magnetic dipole transitions in *’Fe with 
Am; =0Oor +1 [14] 


where —e|y(0)|* is an alternate expression for the electronic charge density p. The 
expression relates the electrostatic energy of the nucleus to its radius which will 
in general be different for each nuclear state of excitation or energy level. Obser- 
vations, however, are made not on the location of individual nuclear levels but on 
y-rays resulting from transitions between two such levels. The energy of the y-ray 
represents the difference in electrostatic energy of the nucleus in two different states 
of excitation which in the present model differ only in nuclear radius. The expression 
for the change in the energy of the y-ray due to the nuclear electrostatic interaction 
is therefore the difference of two terms as in (2.55) written for the nucleus in the 
ground and excited states 


ôEex — bE ga = = ce" WO]? (RS = Re) (2.56) 


If the Mossbauer emitter and absorber are immersed in different materials, with 
w-(0) for the emitter and w,(0) for the absorber, then a difference between the 
energy of the line absorbed and emitted can be measured by the Doppler shift. Let 
Eo be the photon energy in the absence of isomeric effect. We can then write 


T 2 d 
Ee = Ey + 2=ze"|We()| [Rg — RS“] (2.57) 
20 2 
Ea = Eo + e Wa O| [Rex — Real (2.58) 
The isomer shift (/.S.) = Ea — Ec 


2 
I.S.= Tref — [Ye (0) |7] [RS — R84] (2.59) 
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Fig. 2.25 Mossbauer 
absorption spectra to show 
the isomeric effect 
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As Rex is expected to be only slightly different from Rgq, (2.59) can be written as 


4r 
5 


ôR 
I.S. = er (B) fluo — |ye(0)|°} (2.60) 


The factor in braces is calculated theoretically. Figure 2.25 shows the Mossbauer 
absorption spectra of the 77 keV gamma rays of '?’Au measured at 4.2 K with 
sources of dilute impurities of 197 Au in V, Ru, W, and Pt [7]. 

The isomeric effect on the Mossbauer spectrum is to shift the centre of the reso- 
nance away from zero velocity. 


2.6.3.5 Other Applications 


Other applications of Mossbauer effect include effects due to accelerated systems, 
polarization of y-rays, the lattice properties such as the Debye-Waller factor, spe- 
cific heats impurities and imperfections, low temperatures, nuclear orientation, su- 
perconductivity, recoilless Rayleigh scattering, the quadrupole coupling; the Fe con- 
tent in hemoglobin etc. 
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Example 2.1 The 129 keV y ray transition in !?'Ir was used in a Mossbauer ex- 
periment in which a line shift equivalent to the full width at half maximum (T`) was 
observed for a source speed of 10 mms~!. What is the value of I and the mean 
lifetime of the excited state in !?!Ir? 


Solution 


Put AE, = I’. Then 


v 1 cm x (129 keV) 6 
r=-E, = =4.3 x 10 
c (3 x 10!0) 


E 1.05 x 107° 
AE, I 16x 107!9 x 4.3 x 10-6 


=1.5x 107! s 


Example 2.2 A linear accelerator produces a beam of excited carbon atoms of 
kinetic energy 160 MeV. Light emitted on de-excitation is viewed at right angles to 
the beam and has a wavelength i’. If à is the wavelength emitted by a stationary 
atom, what is the value of (A’ — å)/à? (Take the rest energies of both protons and 
neutrons to be 1000 MeV.) 


Solution 


v=vy(l—Bcos—)=v'y (x 6=90°) 


N=ya 
EE vt T 160 
( a ee cas eee cee 
À À Mc? 16x 1000 


Example 2.3 A 60 keV x-ray photon strikes the electron initially at rest and the 
photon is scattered through an angle of 60°. What is the recoil velocity of the elec- 
tron? 


Solution 
hvo 60 
hv = —__ = A OA E 
1+a(l—cos@) 1+ 377 1 — cos 60°) 
= 56.67 keV 


T (electron) = 60.00 — 56.67 = 3.33 keV 


2.6 Mossbauer Effect 115 


v E ee 
c mc? 511 


v = 0.114 x 3 x 108 = 3.42 x 10’ m/s 


Example 2.4 The wavelength of the photoelectric threshold for silver is 3250 x 
107! m. Determine the velocity of electrons ejected from a silver surface by ultra- 
violet light of wavelength 2500 x 107! m. 


Solution 
T = hv — hvo 
h Al 4.964 eV 
v= =4. 
250 nm j 
= ae = 3.818 eV 
We Spe omu AF 


T = 4.964 — 3.818 = 1.146 eV 


oT g [2x 1.146 : 
v=c,/ —~ =3 x 10°,/ ——_—— = 6.35 x 10° m/s 
mc? 511 x 103 


Example 2.5 Mossbauer found the width, at half of maximum absorption, of the 
191]r 129 keV level, in terms of the velocity spread of the source to be 1.51 cm/s. 
(a) What is the level width in eV? (b) What is the half-life of the excited state? 


Solution 


v 129x 10° x 1.51 
hAv = E0- = 
c 3 x 1010 


= 6.494 x 107 eV 
Level width = 1/2(measured width) = 3.25 x 107° eV 


h 0.693 x 1.05 x 1077 


Ti = 0.6931 = 0.693 = 
u k X AE 325x105 x 16x 10-2 


=1.4x 107! s 


Example 2.6 In an experiment, it is necessary to cut down the y intensity of one 
MeV y-rays to 1 %. If water is used as shielding, calculate the length of wa- 
ter column to be used to achieve this, neglect multiple scattering. op = 0.211 b, 
go = 0.169 b/atom, Avagadro number = 6.025 x 10%. 
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Solution 


w= Qon + 1600) £ Nav 


1 
= (2 x 0.211 x 107°% + 16 x 0.169 x 10 a x 6.025 x 10°° 


= 0.1046 cm7! 
I= hbe 
1. Io 
— In — 
u I 0.1046 


= 44 cm 


x In 100 


Example 2.7 A collimated beam of 1.6 MeV gamma rays strikes a thin tantalum 
foil. Electrons of 0.6 MeV energy are observed to emerge from the foil. Are these 
due to the photoelectric effect, Compton scattering or pair-production? Assume that 
any electron produced in the initial interaction with the material of the tantalum foil 
do not undergo a second interaction. 


Solution Since the threshold energy for et e~ production is 1.02 MeV, the com- 
bined kinetic energy of et and e~ will be (1.6-1.02) or 0.58 MeV. The observed 
electrons of 0.6 MeV cannot be due to this process. 

The K-shell ionization potential for silver is under 100 keV. The ejected electrons 
due to photoelectric effect must have little less than 1.6 MeV. So, photoelectric effect 
is also ruled out. 


In Compton scattering the electron can take up kinetic energy between zero and 
Tmax = mm = 1.38 MeV, since hvo = 1.6 MeV and «œ = 1.6/0.511. Thus, the 
electrons are due to Compton scattering. 


Example 2.8 Gamma ray photons when incident upon a piece of uranium, eject 
photoelectrons from its K-shell. The momentum measured yields a value of Br = 
4.8 x 1073 Weber/m. The binding energy of a K electron in uranium is B = 
115.59 keV. Determine 


(a) The kinetic energy of the photoelectrons. 
(b) The energy of the gamma ray photons. 


Solution 


p = 300 Br MeV/c 
— 300 x 4.8 x 1073 = 1.44 MeV/c 
E? — (T +m)? =p +m? 


1/2 


T = (p? +m’) m 
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Putting p = 1.44 and m = 0.511. 


(a) Kinetic energy of the photoelectrons, T = 1.017 MeV 
(b) The energy of the gamma ray photons, 


E, =T + B = 1.017 + 0.115 = 1.132 MeV 
Example 2.9 Ultraviolet light of wavelength à from a mercury arc falls upon a 


silver photocathode. Find À if the threshold wavelength for silver is 325 nm, and the 
stopping potential is 1.07 V. 


Solution 
hv = hwy + W 
1241 1241 
—— = — + 1.07 = 4.888 eV 
À 325 
1241 
A= — = 253.8 nm 
4.888 


Example 2.10 Show that photoelectric effect cannot take place with a free electron. 


Solution Suppose that photoelectric effect takes place with a free electron. 
If hv is the photon energy, K is the kinetic energy carried by the electron and p 
is the electron momentum then 


K =hv (energy conservation) 


cp =y K? +2mc?K =hv (momentum conservation) 
Eliminating K 
2mc°hv =0 


Neither mc? nor hv is zero. Hence we get an absurd result. We conclude that in 


photoelectric effect with a free electron, both energy and momentum cannot be con- 
served simultaneously. 


Example 2.11 In Compton scattering process, the incident X-ray radiation is scat- 
tered at an angle of 60°. If the wavelength of the scattered radiation is 0.200 A, find 
the wavelength of the incident radiation. 


Solution 


h 
AÀ = à — ào = — (1 — cos 0) 
mc 


h 
ào = à — — (1 — cos 0) 
mc 


= 0.200 — 0.024(1 — cos 60°) 
= 1.188 A 
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Example 2.12 Show that the minimum photon energy for the production of 


positron-electron pairs in the field of a free electron is 4mc”. 


Solution Use the invariance of E? — P? (see [8], Appendix A) and natural units 
(c = 1). There will be 2e~ and let in the final state. 


(E, +m)? — E? = Bm}? 
Ey = Amc” 


Example 2.13 Estimate the thickness of lead (density 11.3 gcm?) required to 
absorb 99 % of gamma rays of energy 1 MeV. The absorption cross-section for 
gamma rays of 1 MeV in lead (A = 207) is 20 b/atom. 


Solution 
I = Ine ** 
I 100 
ux = In £ =In— = 4.6 
I 1.0 
Navo 20x 10774 x 6 x 1073 x 11.3 a 
u=0 = = 6.55 cm 
A 207 
4.6 
x = —— = 0.7 cm = 7 mm 
55 


Example 2.14 An X-ray absorption survey of a specimen of silver shows a sharp 
absorption edge at the expected Aq value for silver of 0.0485 nm and a smaller edge 
at 0.0424 nm due to an impurity. If the atomic number of silver is 47, identify the 
impurity as being 44Rh, Rh, “Pd, 48Cd, In or Sn. 


Solution 


àx (Ag) = 0.0424 nm 
1241 
0.0424 


Ex (Ag) = = 25.588 x 10° eV 


As the screening constant is only approximate, we shall evaluate it 


25.588 x 10° = 13.6(47 — o} 
o = 3.6 


For the impurity x 


Ex (x) = 13.6(50 — 3.6)” 
= 29.28 keV 
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The wavelength of 0.0424 nm corresponds to E = 29.27 keV. Hence the impurity 
=< 50 
is >’ Sn. 


2.7 Questions 
2.1 Discuss the conditions necessary to observe resonance fluorescence. 


2.2 Compare the resonance fluorescence of an atomic system with that of a nu- 
cleus emitting y-rays in a transition to the ground state. Why is the former easily 
observable whereas the latter is not? 


2.3 Explain the Mossbauer effect with reference to Mossbauer’s experiments. 


2.4 Explain, giving two examples, how observations of this effect can provide in- 
formation about the properties of nuclear states and the environment of the emitting 
or absorbing nucleus in a solid. 


2.5 Why is it expected that resonant absorption should decrease at low tempera- 


tures and why does it increase in the case of the 129 keV gamma radiation from 
1917-9 


2.6 Describe how the Mossbauer effect can be used for nuclear hyperfine mea- 
surements and also outline its use to verify the effect of gravity on electromagnetic 
radiation. 


2.7 Given a source of 85 keV y radiation, what absorbers would you use to bracket 
this energy and serve to determine it? 
[Ans. ®°Hg, ®!Ti, ®*Pb, 8°Bi, 84Po] 


2.8 When photoelectric effect takes place in a metal, the photoelectrons will have 
a wide range of energies, from zero to maximum. Why? 


2.9 At incident photon energy slightly above the electron binding energy, there will 
be two lines in the scattered photons. Explain. 


2.10 Point out the dependence of u on hv and Z. 


2.11 Indicate on a diagram the relative importance of the three major interactions 
of y-rays. 


2.12 Which process is similar to the pair-production? 
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2.13 What is the significance of the fine structure constant appearing in the formula 
for pair-production cross-section? 


2.14 Why photoelectric effect cannot take place with a free electron? 
2.15 Why cannot pair-production occur in a vaccum? 


2.16 When the photoelectric effect takes place in the nuclear field, the nucleus on 
an average recoils in the backward hemisphere. Why? 


2.17 What is the major difference in the energy loss of charged particles and y- 
rays? 


2.18 Enumerate the similarities between pair-production and Bremsstrahlung. 
2.19 What are tridents? 


2.20 Under what conditions can one obtain analytical formulae for pair-production 
cross-section? 


2.21 Consider the graphs for total cross-sections (u), for photons in light and heavy 
elements at various energies. In heavy element like Pb, there can be the same value 
of u for different photon energies; for example, in Pb, u = 0.5 cm7! for 2.0 and 
5.5 MeV. However, in light elements like Aluminium, jz will have single-valued 
energies. Why? 


2.22 Ifa photon interacts with an atomic electron and is completely absorbed, what 
is the phenomenon called? 


2.23 Ifa photon interacts with a nucleus and undergoes incoherent scattering, what 
is the phenomenon called? 


2.24 Ifa high energy photon interacts with the electric field surrounding nuclei or 
electrons and is completely absorbed, what is the phenomenon called? 


2.8 Problems 


2.1 Show that the energy E, of y-ray emitted from a nucleus of mass M following 
a transition from a state of energy E; to one of energy E is approximately given 
by 


where AE = Ey — Ej. 
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2.2 Calculate the angular velocity of a mechanical rotor that is able to produce 
resonant absorption of a y-ray of a given energy emitted from a source placed on its 
tip at a distance r from the rotation axis. 

[Ans. œ = Eo/Mcr] 


2.3 Assume that all the !°’Cs atoms in a sample move with the same root mean 
square velocity at a temperature of 15 °C. Calculate the spread in energy of 661 keV 
internal conversion line of !°’Cs due to thermal motion. 

[Ans. 666 keV + 0.5 eV] 


2.4 The Compton electrons ejected from a thin converter in the direction of 
y-radiation have a momentum of Br = 0.02 Weber/m. Find the energy of the in- 
cident radiation. 
[Ans. 5.75 MeV] 


2.5 A metal surface is illuminated with light of different wavelengths and the cor- 
responding stopping potentials of the photoelectrons V are found to be as follows: 


A (nm) 600 550 500 450 400 350 
V (volts) 0.15 0.33 0.63 0.83 1.26 1.71 


Calculate the Planck’s constant, the Work function and the threshold wavelength. 
[Ans. 6.5 x 10734 Js, 1.9 V, 650 nm] 


2.6 Calculate the maximum wavelength of photon to produce an electron-positron 
pair. 
[Ans. 0.02425 A] 


2.7 Calculate the wavelength of y-rays emitted in the annihilation of an electron- 
positron pair at rest. 
[Ans. 2.429 p.m.] 


2.8 A 4 cm diameter and 1 cm thick Nal is used to detect 660 keV gamma ray 
emitted by a 100 uc point source of !°’Cs placed on its axis at a distance of one metre 
from its surface. Calculate separately the number of photoelectrons and Compton 
electrons released in the crystal given that the linear absorption coefficients for the 
photo and Compton processes are 0.03 and 0.24 per cm, respectively. What is the 
number of 660 keV gamma rays that pass through the crystal without interacting? 
(1 curie = 3.7 x 10!° dis. per s.) 

[Ans. 10, 78, 282 s~!] 


2.9 For Aluminium, and a photon energy of 0.06 MeV, atomic absorption cross- 
section due to the Compton effect is 8.1 x 10-74 cm? and due to the photo-effect 
is 4.0 x 107°?! cm?. Calculate how much the intensity of a given beam is reduced 
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by a 3.7 gcm~” of aluminium and state the ratio of the intensities absorbed due to 
Compton effect and photo-effect. 
[Ans. 0.24] 


2.10 Calculate the maximum change in the wavelength of Compton scattered radi- 
ation. 
[Ans. 0.048 A] 


2.11 y-rays of energy 660 keV from a radioactive source of cesium-137 are elasti- 
cally scattered from free electrons. Calculate the energy of the scattered photons at 
(a) 60°, (b) 120° and (c) 180°. 

[Ans. (a) 401 keV, (b) 225 keV, (c) 184 keV] 


2.12 A 30 keV X-ray photon strikes an electron, initially at rest and the photon is 
scattered through an angle of 60°. What is the recoil velocity of the electron? 
[Ans. 1.73 x 107 m/s] 


2.13 The photoelectric thresholds of sodium and zinc occur at wavelengths of 5390 
and 2926 A, respectively. Calculate their contact P.D. 
[Ans. 2.3, 4.24 V] 


2.14 Calculate the wavelength of a y-ray whose energy is equal to the rest-mass 
energy of the proton. 
[Ans. 1.323 fm] 


2.15 A photon incident upon a hydrogen atom ejects an electron from the first 
excited state. If the kinetic energy of the ejected electron was 12.7 eV, calculate the 
energy of the photon. What energy would have been imparted to an electron in the 
ground state? 

[Ans. 16.1, 2.5 eV] 


2.16 Ultraviolet light of wavelengths, 800 and 700 A, when allowed to fall on 
hydrogen atoms in their ground state, are found to liberate electrons with kinetic 
energy 1.8 and 4.0 eV, respectively. Find the value of Planck’s constant. 

[Ans. 6.57 x 107% Js] 


2.17 Show that the energy imparted to the electron in Compton scattering is given 
by 
2a cos? $ 


T=h 
S + Q)? — æ? cos? o 
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Chapter 3 
Radioactivity 


3.1 Natural Radioactivity 


Definition Radioactivity is defined as the spontaneous disintegration of a nucleus. 
Natural Radioactivity may manifest itself through one of the following processes: 
(a) a-decay, (b) B-decay, (c) orbital electron capture, (d) y-decay. Artificial Ra- 
dioactivity may include decay via proton, neutron or fission. 


3.1.1 The Radioactive Decay Law 


The probability for a radioactive nucleus not to decay at time ¢ is given by 
P(t) = exp(—At) 


This gives the probability for the radioactive nucleus to survive at time t. If No is 
the number of atoms at t = 0 and N the number of atoms at time t, then 


P(t)= a 
=x 
N = Noexp(—At) (3.1) 


Thus, the decay law for a radioactive substance is an exponential one. Figure 3.1 
shows the variation of fraction N/No with time. Also, the decay rate is given by 


dN 


where we have used (3.1). 
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Fig. 3.1 The fraction of 10 
atoms N/Nọ as a function of 


time t NIN) ‘ 


0.5 


0.37 
Ty T 


3.1.2 Mean Life and Half-Life 


Mean life is the average life time Tay. We can find mean life from the following 
equation: 
E Jo texp(—àt)dt O1 1 
ta = L s n (3.3) 
Jo. exp(—At)dt 1/A à 
On putting t = t = 1/A in (3.1), we get N/No = 1/e = 0.37. Thus, in a time equal 
to Tt, the radioactive atoms are reduced to 37 per cent of the original number. 
Another useful parameter is the half-life time 7j/2. It is that time in which the 
number of atoms is reduced to half. Putting N/No = 5 in (3.1), for t = T1 /2 


N/No = = =exp(—AT1/2) or 


Clearly, t > T\/2. The values for t and Tı /2 are marked on a typical decay curve as 
in Fig. 3.1. 


3.1.3 Activity 


The activity (A) of a sample is defined as the number of disintegrations per unit 
time. Therefore 


aT =N) (3.4) 


Specific activity is defined as disintegration rate per unit mass of radioactive sub- 
stance. A given type of radioactive nucleus may exhibit competitive decay modes, 
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say e capture and Bt emission. As the probabilities are additive, the total decay 
constant A is given by: 


à =i +à +: (3.5) 
so that for a mixture of activities 


1 1 1 
= ae ere (3.6) 
T T1 T2 


Probability of decay of nucleus during time 0 to f is 


No- N 


No = [1 — exp(—àt)] (Bel) 


3.1.4 Units of Radioactivity 


(a) Curie (Ci) 

Curie is measured as 3.7 x 10!° disintegrations per second. Originally, this 
number was supposed to represent the number of decays observed for 1 gram of 
radium. 1 mCi = 107°? Ci and 1 pCi = 1076 Ci. 

(b) Becquerel (Bq) 
Becquerel is the SI unit of radioactivity which has replaced Curie. 1 Ci = 
3.7 x 10!° Bg. 
(c) Rutherford (R) 
Rutherford is measured as 10° disintegrations per second. 
(d) Roentgen 

Roentgen is a unit of Radioactivity applied to X-rays and y-rays. It is the 

dose which produces 2.08 x 10? ion pairs of air. 


3.1.5 Unit of Exposure and Unit of Dose 


The absolute absorbed dose (D) of radiation is the quotient of AE by Am, where 
AE is the energy imparted by ionizing radiation to the matter in a volume element 
and Am is the mass of the matter in the volume element Therefore 


D=AE/Am 


The special unit of absorbed dose is the rad 


1 rad = 100 ergs g7! 

The SI unit for absorbed dose is Gray which means one joule of absorbed energy 
per 1 kg of material. 1 Gy = 100 rad. In practice a quoted absorbed dose may refer 
to the whole body average or an average over some particular organ of the body. 
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The exposure (X) is the quotient of AQ by Am, where AQ is the sum of the 
electrical charges on all the ions of one sign produced in air when all the electrons 
liberated by photons in volume element of air whose mass is Am are completely 
stopped in air 

A 
eae 

Am 
The special unit of exposure is the roentgen (R) 

1 R =2.58 x 1074 Coulombkg™! 


The roentgen is equivalent to the production of 


2.58 x 1074 
1.6 x 10719 


= 1.61 x 10» ion pairskg! 


Since an energy of about 34.5 eV is required to produce 1 ion pair in air, the energy 
deposited due to exposure of 1 R will be 


1.61 x 10 x 34.5=5.6 x 10!f eVkg™! 
A more common value for roentgen is 
1R=5.6 x 10!° x 107° x 1.6 x 107!? = 89 erg g7! 


The radiation damage to living tissue is not simply proportional to the absolute 
absorbed dose, but it depends on several other factors, radiation type being one 
of them. For example, for the same number of Grays, radiation damage is by far 
greater for a-particles than y-rays. From the point of view of medicine different 
types of radiation have been given relative biological effectiveness (RBE) factors. 
These RBE factors are dimensionless numbers. 

The equivalent dose is a measure for the effect of radiation on the human body. 
It is defined as: 


where q is a quality factor for the biological effect of different types of radiations on 
human tissue. The unit of equivalent dose is the Rem (Roentgen equivalent man), 
1 Rem = q - 1 rad. The quality factors (RBE) are approximately q = | for X-rays, 
y-rays and f-particles, q = 10 for neutrons and protons, q = 20 for a-particles. 
Moreover, the RBE factors depend on the particle energy as well. 

The Sievert is a unit combining the RBE factor with the absolute absorbed dose. 
The dose equivalent in the Sv equals the dose in Gy multiplied by the appropriate 
RBE factor. The SI unit is defined as 1 Sievert (Sv) = 100 Rem. The dose in Sv 
indicates the potential harm to living tissue. A dose of 900 rad is certainly fatal. 
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3.1.5.1 Levels of Radiation and Radiation Hazards 


There are three principal natural sources that cause hazards of ionizing radiation. 
They are: 


(a) Cosmic rays 
(b) Radioactive nuclei contained in the body 
(c) Radioactive elements present in the rocks and soil 


The secondary cosmic rays (et, e~, y-rays, neutrons and muons) produced in the 
collisions of high energy primary cosmic rays (90 per cent protons) account for a 
dose of about 0.25 mSv (millisv) per year for the human body at sea level. The actual 
dose depends on the latitude and increases with altitude. At a height of 4000 m the 
dose would increase to 2 mSv per year. The most significant radioactive nuclide 
in the body is “°K. This isotope of potassium has a long mean life of 1.8 x 10° 
years and constitutes 0.0117 percent of natural potassium. It can undergo all the 
three types of 6-decay. But the most common mode (89 percent) is B~ decay with 
Emax = 1.32 MeV, the remaining 11 per cent decays are mainly via electron capture 
to an excited state of “° Ar which subsequently decays by emitting a 1.46 MeV y-ray. 
From these decays the body receives a dose of 0.17 mSv per year. Other radioactive 
nuclei in the body contribute similarly. 

The y-radiation arising from the decay products of radioactive elements, mainly 
uranium and thorium deposits in rocks and ground, contribute to a dose between 
0.2 and 0.4 mSv per year. However, in the neighbourhood of granite rocks, the dose 
may be several times greater. A greater hazard is caused by the inhalation of the 
radioactive gases of isotopes *??Rn and 7?9Rn. These are the decay products of ura- 
nium and thorium and being gases can diffuse into air and finally enter human body. 
Further, Rn and ??°Rn give rise to a chain of o-emitters that are solids. The dose 
received varies widely, depending on the building materials, subsoil, ventilation, etc. 
The equivalent whole body dose averages about 1.0 mSv per year. 

The total natural background thus averages out to 2 mSv per year. Apart from this 
radiation hazards in hospitals using X-rays, the radioactive fall-out from nuclear 
weapons, or for that matter in areas near nuclear reactors or accelerators further 
increase the radiation hazards. In US, maximum permissible dose at present is set at 
50 mSv per year. 

Gray and Sievert are very large units from the point of view of biological damage. 
Whole body dose of about 5 Gy may cause death in 50 per cent of cases. Even much 
weaker doses may result in cancer in many bodies. 


Example 3.1 What fraction of the radioactive cobalt nuclei, whose half-life is 
71.3 days, decays during a month? 


Solution 
Fraction = | — exp(—Ar) = 1 — exp(—0.693t/ T1 /2) 
= 1 — exp(—0.693 x 30/71.3) = 1 —e 07918 — 0,254 
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Example 3.2 How many beta-particles are emitted during one hour by 1.0 ug of 
?4Na radionuclide whose half-life time is 15 hours? 


Solution 
dN 6 x 10° 0.693 
ai Nà = <r x 1076 x —— = 1.155 x 10158 particles per hour 


Example 3.3 The activity of a certain preparation decreases 2.5 times after 7.0 days. 
Find its half-life time. 


Solution 
(—A x 7) 
— = = =—eXxXpN(—A X 
Ng 05° E 
= 0.693 _ 0.693 x7=53D 
À In2.5 


Example 3.4 Initially the activity of a certain nuclide totalled to be 650 particles 
per minute. What will be the activity of the preparation after half its half-life time? 


Solution 
d No 
650 = | —— | = NoàÀ 
| dt i 
dN A d No (At) 
— | = = | —— | ex = 
dt P 


= 650 exp(—0.693t / T1 /2) = 650e~9-093*05 

= 455 particles/min 
Example 3.5 To investigate the beta-decay of **Mg radionuclide, a counter was 
activated at time ¢ = 0. It registered N4 beta-particles by time tı = 2.0 s, and by 


time h = 3t,, the number of registered beta-particles was 2.66 times greater. Find 
the mean life time of the given nuclei. 


Solution 
N = No[1 —exp(—ar)] 
N = No[1 — exp(—Aty) ] = No[1 — exp(—2)] 
Nz = 2.66N; = No[1 — exp(Atz)| = No[1 — exp(—6A)| 


Nz _ 
Nt 


_ 1 — exp(—6A) = [Hx 
~ 1—exp(—2à\) 1-x 


2.66 =1+x +x? 


where x = exp(—2A) = 0.885, whence, A = 0.061 and t = 16s. 
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Example 3.6 Calculate the time required for 20 % of a sample of thorium to disin- 
tegrate (7) /2 of thorium = 1.4 x 10!° y). 


Solution Decay constant 


0.693 0.693 
A= = 
T\/2 1.4 x 10!0 


= 0.495 x 107}? y7! 
Since N = Noexp(—At) 


(—At) ? 
exp(—At) = — = — 
P No 10 


At = In(10/8) = 0.223 


or 


Thus 
"$ 0.223 0.223 
~ à 0.495 x 10-10 


=4.5x10°y 


Example 3.7 Calculate the activity of 1 ug of Th X (Ta /z = 3.64 D). 


Solution Number of Th X atoms in 1 ug is 


Na x M 
em A 
m 
6 x 10% x 1.0 x 1076 T 
= = 2.678 x 10 
224 

0.693 0.693 g 

A= = =2.2 x 10 


© Ti. 3.64 x 86400 
dN 15 —6 9 
A= ae (2.678 x 10°) (2.2 x 107°) =5.89 x 10”/s 


5.89 10° 
= x —— Ci=0.159Ci 
3.7 ~ 1010 


Example 3.8 A dose of 3.5 mCi of P is administered intravenously to a patient 
whose blood volume is 3.5 litres. At the end of one hour it is assumed that the 
Phosphorous is uniformly distributed. What would be the count rate per millilitre of 
withdrawn blood if the counter had an efficiency of only 10 %. (a) 1 hour after the 
injection and (b) 28 days after the injection (T1 /2 of P is 14 days). 

3.5 


Solution Dose per millilitre = 3355 mCi. Therefore, number of disintegrations = 


ay x 3.7 x 10’ per second 
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(a) Assuming no significant decay after 1 hour, disintegrations counted = b x 
Ear x 3.7 x 10” =3.7 x 1o per second. 
(b) After 28 days, activity = ix 3.5 mCi. Therefore, disintegrations counted = 925 


per second. 


Example 3.9 Ina laboratory experiment, silver-foil strips are placed near a neutron 
source. The capture of neutrons by !°7Ag produces !°8Ag, which is radioactive and 
decays by 6-decay with a half-life of 2.4 min. How long should the foil be irradiated 
to obtain a maximum activity? 


Solution The production of !°8Ag is governed by the relation, N = No[1 — 
exp(—t/t)]. When t = 4r, the ratio Ny = 0.98. 

Therefore, after four mean life times, the number of radioactive 108 Ag nuclei will 
be about 98 % of the maximum value. Thus, there is not much gain in irradiating 
the silver foil longer than four mean life times, i.e. 


_—4&xlip 4x24 


= = 14 min 
0.693 0.693 


3.1.6 Determination of Half-Life Time 


3.1.6.1 Short Lived Source 


Determine the decay rate aN aio at t = 0 and dN "at t=t. 
To get an accurate e tı should be ae enough so that aXe and dM are 
significantly different but small enough so that tı is not comparable with the half- 


life time. Now 


dNo 


SLNN 
dt a 
GY INSAN (—Aty) aN) ae 
— =— =— exp(— = — exp(— 
dr 1 o exp 1 Hi p 1 


It follows that 


0.693 _ 0.693t, 
~ 


Tij2 = Tm 


À log # —log S 


If several measurements be taken at known time and a graph be plotted as log dN /dt 
against ¢ then a straight line is obtained whose slope gives i. 
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3.1.6.2 Long Lived Source 
Let the substance weigh W grams. If the atomic (molecular) weight is A, then num- 
ber of atoms 

N =6.03 x 10% x W/A 


The actual decay rate d N /dt can be found out after applying solid angle correction 
for geometrical losses 


whence, 7/2 can be found out. 


3.1.7 Law of Successive Disintegration 


Let a radioactive substance A decay into B and B into C, with decay constants ÀA 
and Az, respectively. It is required to investigate the variation of B with time t 


A44 ae 
The rate of decay of parent substance A is given by 


dNa 
= —haNa (3.8) 
Substance A decays according to the law expressed in the equation —d N4 = 
àa Nadt. For every atom of substance A that disintegrates, an atom of substance 
B is formed. Here the number of atoms of substance B varies for two reasons. It de- 
creases because substance B decays, but it increases because the decay of substance 
A furnishes new atoms of substance B. 
The net change of the daughter is given by 


dNpg 
ae =haANa—ABNB (3.9) 


The first term on the right hand side represents the rate of increase of B (notice the 
positive sign) and the second term the rate of decrease (notice the negative sign). 
Here N4 and Nz are the number of atoms of A and B, respectively at time t. 


Solution of (3.8) is 
Na = N} exp(—Aat) (3.10) 
Solution of (3.9) is 


Np = Aexp(—Aat) + Bexp(—Apgt) (3.11) 
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where A and B above are the constants, we can find out the constants by the use 
of initial conditions. At t = 0, the initial amount of daughter is zero, i.e. N} = 0. 
Using this condition in (3.11) gives B = —A and (3.11) becomes 


Np = A[exp(—Aat) — exp(—Agt)| (3.12) 
Also 
dNp 
P75 = —à a A exp(—à 4t) + àg Aexp(—àÀ pt) 
but at t =0 
dN? R 
ae =haN, =—-A,sA+ApA or 
AAN? 
AATA. (3.13) 
ÀB — ÀA 
Using (3.13) in (3.12) we get 
aN? 
Ng = ——*[exp(—Aat) — exp(—Azt)| (3.14) 
Ap — ÀA 


3.1.7.1 Transient Equilibrium 


Case (i) 4.4 <àg Here parent amount varies considerably with time and the half- 
life of parent and daughter are comparable. In such a case the daughter first reaches 
the maximum and then decreases at a decay rate of the longer lived of the two. 
The time in which the daughter reaches the maximum may be obtained as follows: 


Differentiating Ng, with respect to ¢ in (3.14) and setting Np =0 


AAN? 
[he exp(—Agt) —Aa4 exp(—ìat)] =0 or 
B— AÀA 
1 
tmax = ————~ ln(Àg/àÀ 3.15 
max Op =k n( B/ A) ( ) 


After this time, the daughter will have the decay rate dependent on the relative values 
of A, and Àp. 

It follows from (3.14) that exp(—Agt) will tend to zero faster than exp(—A 4t), 
so that (3.14) reduces to 


NAÀA 


(—Àat) 
= —— exp(— = — — 
= p A Sar gi 


(3.16) 
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Fig. 3.2 Growth and decay 

of daughter. Also, atoms 

showing the phenomenon of log ¥ 

transient equilibrium ——_ Parent 


Daughter 


fmax t —P 


Thus, Ng/N, is a constant fraction. This means that after considerable time the 
daughter would decay at the rate of the parent. This is called transient equilibrium. 

As an example, consider the decay of 224Ra with Tı /2 = 3.64 D which forms 
220Rn with Tı /2 = 54.5 s. Starting with pure 224Ra sample, the activity due to 77°Rn 
would increase for several minutes and would then decrease steadily with a 3.64 day 
224Ra period (Fig. 3.2). It is easily shown that parent and daughter have the same 
activity at t = fmax (see Example 3.10). 

The beginning of the curve up to fmax is determined by the shorter life time, 
i.e. Ag. But, after this the curve is essentially determined by the longer of the two. 


Example 3.10 Show that when 
AA <Ap, att—tmax, AA=AB 
Solution At t = tmax INg = 0. Hence, from (3.9) 


àÀaANa =ìÀgNpg thatis, A4 = Ap 


3.1.7.2 Secular Equilibrium 


Case (ii) 414 &Kàpg Here parent activity does not vary with time. Equation (3.14) 
reduces to 


X 
Ng > wo Ti — exp(—ÀBt)] (3.17) 


After a time t long compared with Tı/2(B), a condition is reached for which 
exp(—Agt) tends to zero and consequently the amount of the daughter present is 
practically constant having the value 


Ng =N9 (3.18) 


Ap 
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Fig. 3.3 Growth of radon 
atoms with time when 

Aa Az, secular equilibrium 
is reached 


t> 


In that case, the daughter is said to be in secular or permanent equilibrium with the 
parent. Since the amount of parent is nearly constant 


N? =N4 
Ng àa E Tıj2(B) (3.19) 


Na Ap Tip(A) 


Under these conditions the daughter breaks up as fast as it is formed. For exam- 
ple, in the decay of ?7°Ra (Tı /2 = 1620 y) into Rn (5.5 D) a secular equilibrium is 
established, as in Fig. 3.3. When the equilibrium condition is reached and the en- 
tire amount of radon is separated from radium then the separated radon will decay 
according to the exponential law exp(—A gt). 

To sum up secular equilibrium can be established when 7) /2(A) >> 7) /2(B) and 
transient equilibrium can be reached if T)/2(A) = T)/2(B). 


Case (iii) 44 >>Ag_ In this case, after some time the parent disappears much be- 
fore the daughter begins to decay at a rate determined by its decay constant. Here 
also the rate of growth of the daughter is determined by the shorter Tı/2 and the 
decay by the longer 7) 2. Formula (3.14) is valid for à 4 > Ag as well. 


3.1.7.3 Growth of the Grand Daughter Product 
Consider the following decay scheme 
Aan ps. ss. 


for successive transformations. For the grand daughter C, the net change of atoms 
is given similar to (3.9) 
dNc 


— =ApNB-AcCN 3.20 
Th BNB cNc (3.20) 
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The system of differential equations (3.2), (3.9) and (3.20) can be solved 


Na = Aexp(—A 4?) (3.21) 
Np = Bexp(—à 4t) + Cexp(—Azt) (3.22) 
Nc = Dexp(—Aat) + F exp(—àÀ gt) + Gexp(—Actr) (3.23) 
The constants, A, B, ... are determined from the initial conditions. Let V4 = N9, 


Nz =0, Nc =0 at t = 0. This gives us: 


A=) (3.24) 
B+C=0 or C=-B (3.25) 
D+F+G=0 (3.26) 


Differentiating (3.22) and substituting in (3.9) 
AsA+A4B — ABB) exp(—Aagt) = 0 


If this equation is to be valid for all values of t, then the first bracket must vanish. 
Therefore 


_ AÀA 
ÀB — ÀA 
Differentiating (3.23) and using (3.24) and (3.27) and remembering at t = 0, Ng = 
Nc = 0, we get 


B (3.27) 


AAD+ARF +ACG=0 (3.28) 


Differentiating (3.23) and combining with (3.20) and using the values of Ng and 
Nc from (3.22) and (3.23) 


exp(—A,4t)(—DA,4 — BAg + Dac) + exp(—Apt)(—FApg + FAc — Crg) = 0 
(3.29) 
In order that Eq. (3.29) be valid, the coefficients of the exponentials must vanish 
separately 


Bi NAAA 
D= B CE (3.30) 
àc—ìÀa (àc—ìa)àpsg-— àa) 
-Cì NÌ AAA 
pa B o A (3.31) 
AB-Ac (àg—ìàc)(àÀB-—àa) 
Using (3.26), (3.30) and (3.31) 
NIAAA 
ana (3.32) 


G = 
(àc —àpB)(Àc— ìa) 
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Using (3.30), (3.31) and (3.32), in (3.23) 


Net) =N? AA AN A xp ee) 
c(t) AXA | a a (Ac —AB)Aa — AB) 
exp(—Actf) | (3.33) 
(Ap —àc)a — Ac) 


The method of solution of the general case of n products has been given in a sym- 
metrical form by Bateman. Equation (3.33) has frequent applications as in the chain 
disintegration in natural radioactivity. It may so happen that one of the members of 
a radioactive series may have half-life time considerably longer than the succeed- 
ing decay products as for uranium ore. Let 14 «X àp or Ac. Then ż is long enough 
(t >> 1/A), the second and third terms in (3.33) are clearly unimportant and (3.33) 
reduce to 


Nc(t) _ àa 
N9? de 


(3.34) 


Thus, the condition for secular equilibrium is reached. 


3.1.8 Age of the Earth 


Standard methods for the estimation of the age of earth are as follows: 


(a) concentration of salt in sea water 

(b) the rate of recession of moon from the earth 
(c) sedimentation of rocks 

(d) the radioactivity method 


In natural radioactivity there are four possible series of chain decays: 


(a) Radium series represented by 4n + 2, starting with PSU (Tı /2 = 4.56 x 10° y) 
and ending up in 7°°Pb. 

(b) Actinium series represented by 4n + 3, starting with 235U (Tı /2=9.71 x 10° y) 
and ending up in 7°’Pb. 

(c) Radio thorium series, represented by 4n, starting with 232Th (Tı /2 = 1.39 x 
10!° y) and ending up in 7°8Pb. 

(d) Neptunium series, represented by 4n + 1, starting with ?37Np and ending up 
with 7°"Bi does not exist as the members of this series have all half-lives much 
shorter than the age of earth. 


In all the four cases n is a positive integer whose value assigns the mass number of 
various members of the series. Notice that ordinary lead 7*Pb is not a product of 
radioactive decay. 

It must be pointed out that as no half-value period in the existing series is greater 
than 0.1 per cent of the parent, we can consider that shortly (compared with 10° y) 
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after the disintegration of the radioactive atom it becomes directly an isotope of lead 
without incurring any serious error. 

Uranium and Thorium are widely distributed in ordinary rocks in minute quan- 
tities and are found occasionally in concentrated deposits in radioactive minerals. 
Both ultimately decay to lead isotopes. 

The age of radioactive minerals can be estimated from the knowledge of ura- 
nium and thorium contents, the isotopic composition of lead, and the decay con- 
stants using (a) the thorium/lead-208 ratio or (b) uranium/lead-206 ratio, or (c) lead- 
207/lead-206 ratio. 

Nier’s method involves (a) an accurate determination of the present-day abun- 
dance ratio of the uranium isotopes 235 and 238 using mass spectrographs, (b) de- 
termination of relative abundance of lead isotopes in the mineral whose age f¢ is to 
be estimated and (c) use of the measured decay constants of the two isotopes of 
uranium. 

As the life times of 73>U and PBU are different, we expect the ratio 206Ph / 207Ph 
to be quite different from uranium isotope ratio at the beginning. Assuming that 
there are no losses of intervening radioactive products, specially radon which is a 
gas, we can write the balance equations: 


238 y = PEN exp(—Àz38t) (3.36) 


Combining (3.35) and (3.36) 
206 y = 8 N [exp(à238t) — 1] (3.37) 


Similarly 
207 N = ?35 N[exp(A235¢) — 1] (3.38) 


where 6y, 207 N, 28N, 35N are the number of atoms after the lapse of time f. 
Equations (3.37) and (3.38) can be used separately for the determination of t. Alter- 
natively, we can make use of the ratio of (3.37) and (3.38) 


aa _ “EN [exp(Qasst) — 1] (3.39) 
N  *9N [exp(A235t) — 1] 
Using the values, 5N /?8N = 1/139, A235 = 9.72 x 107!9 y~!, A238 = 1.52 x 
1071 y—!, 206 y /207 Ņ = 25 was estimated to be about 2.2 x 10° y. Accepted age 
of the earth was 3 x 10° y, derived from various sampling and by different methods. 
Results would be modified by taking into account the 7°°Pb atoms which were 
already present in the sample when the element was formed (primeval abundance). 
The modified equation would be: 


206 y — 206N = 38 N [exp(à238t) — 1] (3.40) 


140 3 Radioactivity 


There will be a certain primeval abundance ratio among the four lead isotopes, 
Pb204,206,207,208 | Only the amount of 7°*Pb does not change with time as it alone 
is not created by radioactive processes. It may be taken as a measure of the original 
lead in the sample examined. Obviously 


204 N= AN 
We can then rewrite (3.39) 


206 Ay N 238 Ay 
2047 2047 = 204 V7 


[exp(Az38r) — 1] (3.41) 


Corresponding relations can be written for N7°’ and N78. Typical values for the 
ratio 6y /2°4N are 15-18. 

The ratio EN “N is found by assuming that the lead found in iron meteorites 
has the same proportion for the four isotopes in the primeval lead, and no alteration 
in these proportions is possible owing to the extreme smallness of uranium content 
in these meteorites. Using the ratio “Ny AN ~ 9.4, t is found to be 4.5 x 10? y. 
Astronomical observations from recession of galaxies give t ~ 3.8 x 10° y (time 
being measured from the moment all the galaxies were together). 


Example 3.11 The present-day abundance ratio of the two isotopes of uranium, 
38U and 7°U is 137.8: 1. Assuming that the abundance ratio could never have 
been greater than unity, calculate the maximum possible age of the earth. Half-lives 
of PBU and 7°°U are 4.5 x 10° y and 7.13 x 10° y respectively. 


Solution If N(238) and No(238) refer to present and original numbers of 238U 
nuclei involved, then 
N (238) = No(238) exp(—Agr) 


where Ag is the decay constant of 238U and t is measured from t = 0, i.e. t is the age 
of the earth. If Tg refers to the half-life of PSU, then 


n) (—0.693t / Ts) 
= exp(—U. 
No(238) P : 
Similarly for 5U 
al (—0.693t / T5) 
= exp(—U. 
M35) P : 


Therefore 


NOB O eroga 1) 
No(238) N (235) Ts Te 


Assuming No(235)/No(238) = 1, the maximum value when t = fmax, log(137.8) = 
0.4343 x 0.693 x 1.18 x 107? x fmax OT, fmax = 6 x 10? y. 
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Example 3.12 In the radioactive series stemming from *°8U, intermediate nuclei 
have negligible mean lives on geological time scale, so that SU may be assumed 
to decay directly to 2°°Pb with a mean life of 6.48 x 10° y. Similarly, 77>U decays 
to ?07Pb with a mean life of 1.03 x 10° y. In a certain sample of uranium-bearing 
rock the proportions of atoms of 7°°U, ?35U, 7°°Pb and 2°7Pb were found to be in 
the ratio of 1000 : 7.19 : 79.7 : 4.85. The sample had negligible amount of 7°8Pb. 
Estimate the age of the rock. 


Solution That the sample contained negligible amount of ?°8Pb implies that all 
the lead was formed from the decay of uranium. Suppose that when the sample of 
rock was formed T years ago, it contained no lead but N; atoms of 238U and N> 
atoms of 73>U whose mean lives are tT; and t2 respectively. The rock would now 
contain Nj exp(—T/t1) atoms of SU. Since each decayed SU becomes 7°°Pb 
the rock now contains N; (1 — exp(— D) atoms of 2°°Pb. Therefore, from the given 
abundances 


Ni —exp(—T/t1) _ 79.7 


= = 0.0797 
N exp(—T/t1) 1000 


T =1n(1.0797) x 6.48 x 10° y = 4.97 x 108 y 


Similarly, for 5U and 2°’Pb, one can obtain T = 5.31 x 108 y, the agreement 
between the two values being reasonably good. 


3.1.9 Radiocarbon Dating 


'4C is an isotope of carbon which is radioactive and has half-life of 5570 years. It de- 
cays through the scheme, 14C —> N!4 + 67 + ve. The study of !4C content in certain 
substances provides reliable information about the ages of articles of archaeological 
interest. 


3.1.9.1 Production of !4C-Theory 


The incidence of high energy primary cosmic rays, mainly protons, on the top of 
atmosphere causes occasional spallation of nitrogen or oxygen nuclei. This nuclear 
break-up produces energetic neutrons amongst other fragments. Fast neutrons get 
slowed down through successive elastic or inelastic collisions with the nuclei of 
the components of air. The neutron induced reactions with '4N produce important 
isotopes °H and !4C through 


n+ N > PC +°H (i) 
n + 4N > ?c+!H (ii) 
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The cross-section for reaction (ii) to occur is as high as 1.7 barns at thermal energy, 
while the corresponding reaction with !°O is only 0.1 per cent of this value. 

The reaction n + '*N -> !!B + *+He is dominant at energies above 1 MeV but 
even at the most favoured energies, attains cross-sections of only 10 per cent of that 
of nitrogen for thermal energies. Reaction (ii) is so much more probable that the 
yield of radiocarbon will be nearly equal to the total number of neutrons generated 
by the cosmic rays and retained on earth. 

If we assume that the cosmic ray intensity has remained constant over the last 
20000 or 30000 years with usual daily and annual fluctuations, then the rate of dis- 
integration of 14C will be equal to its rate of formation. Once the radiocarbon atoms 
are introduced into the air, at a height of some 5 or 6 miles, it seems certain that 
within a few minutes or hours the carbon atoms would have been burned to car- 
bon dioxide molecules. Radiocarbon dioxide thus formed will be inhaled by plants 
along with ordinary CO2. Consequently, all plants will be rendered radioactive and 
since animals live off the plants, all animals will be rendered radioactive by the cos- 
mic radiation. The time for radiocarbon in air to disperse is not in excess of 500 to 
1000 years. Since this time is short compared to the life time of !4C, the distribu- 
tion of 14C is uniform over all latitudes and longitudes notwithstanding, the fact that 
the cosmic ray neutron component varies by a factor of 3.5 between equatorial and 
polar regions. 

There are some 8.3 g of carbon in exchange equilibrium with the atmospheric 
CO», for each cm? of the earth’s surface on the average and since there are some 
2.6 !4C atoms formed/cm?/s, we can expect a specific radioactivity of 2.6/8.3 dis- 
integrations/s/g or 18.8/min/g. This number, which is in agreement with the experi- 
mentally observed value of 16.1, gives credence to the theoretical picture discussed 
above. Living matter yields 15.3 disintegrations/min/g. 

If the cosmic ray intensity has remained substantially constant during 20000 to 
30000 years, and if the carbon reservoir has not changed appreciably in this time, 
then we expect a complete balance between the rate of disintegration of radiocarbon 
atoms and the rate of assimilation of new radiocarbon atoms for all living material. 
Thus, for example, in a tree or any other living organism radiocarbon assimilated 
from food would just balance the losses due to its decay in the tissues. However, 
when the living organism dies, the assimilation processes abruptly come to an end 
and the disintegration process alone remains. 

If J is the specific activity of the dead organism and f is its age in years then 


I= 15.3e70-693t/5570 (3.42) 


Here, t is time (years) elapsed since its death. 


3.1.9.2 Suitable Materials for Carbon Dating 


Suitable materials for carbon dating must be such that the original carbon atoms 
must be preserved and should not be replaced by other atoms due to chemical 
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changes. Organic materials usually made of macromolecules, such as cellulose and 
charcoal, are suitable candidates. The recommended materials for carbon dating are 
charcoal or charred organic materials, such as heavily burned bone, well preserved 
wood, well preserved shell, antler and similar hairy structures. 


3.1.9.3 Technique 


The sample is first cleaned and tested with hydrochloric acid or calcium carbonate. 
This is followed by controlled combustion of the sample, if the sample is organic, to 
form carbon dioxide, or the addition of hydrochloric acid if the sample is shell, and 
then purified of radon and other impurities by precipitation method. The resultant 
CO7 is reduced to carbon. The metal and its oxide are removed by acid treatment. 
The carbon which is highly porous is transferred inside the counter. As the maxi- 
mum energy of f-particles is only 155 keV, the end window of a GM counter would 
stop most of the particles to be counted. The main difficulty is the small counting 
rate of 6-particles from the material against the background of cosmic radiation 
and stray radioactivity. The y-rays (soft component of cosmic rays) background is 
largely reduced by shielding the instrument with a thick wall of steel and by sur- 
rounding the screen-wall counter in anti-coincidence with a tray of Geiger counters, 
the jz-meson (hard component) background is substantially reduced. It is then pos- 
sible to measure the radiocarbon radiation to about 1 per cent error in 48 hours in 
a typical experiment. This corresponds to an error of 80 years. This is the main er- 
ror. The method is suitable for ages ranging from 2000-20000 y. Other detection 
techniques employed are proportional counters and scintillation counters. 


3.1.9.4 Applications 


The method has been found invaluable in archaeology, history and life sciences. 
Ages can be estimated with only one gram of the substance. Some examples may 
be cited. 

A wood from the tomb of Pharaoh, believed to be 5600 years old, was shown to 
be in agreement from the specific activity within +400 y. From the analysis of a 
piece of charcoal found in a cave in France, it was shown that it was 15500 years 
old. 

Villagers existed in Mexico about 7000 years ago and this may be the date which 
marks the transition of early American nomads to the life of a farmer and village 
dwellers. The age of a giant redwood tree felled in 1874 was determined to be 2710 
years old, which more or less agreed with the age of 2905 years determined by the 
number of rings. 

Previously botanists had believed that seeds over 200 years old cannot germinate. 
When a lake in Manchuria had dried up, lotus plants found in the mud were found 
to be 1000 years old. This set the date for drying up of the lake. These lotus seeds, 
however, germinated and within four months the first seedling blossomed into a 
lotus. 
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Example 3.13 Determine the age of ancient wooden, items if it is known that the 
specific activity of '4C nuclide in the same sample amounts to 3/5 of that in lately 
felled trees. The half life of !4C nuclei is 5570 years. 


Solution 
dN dNo Exp 
— | = |_| ex — 
dt de |? 
dN 
ae | _ 3 — 9~0.6931/5570 
dN 5 
| dt | 


Hence, t = 4180 years. 


Example 3.14 The carbon isotope !4C is produced in nuclear reactions of cosmic 
rays in the atmosphere. It is 6-unstable. It is found that a gram of carbon extracted 
from the atmosphere, gives on average 15.3 such radioactive decays per minute. 
What is the proportion of 14C isotope in the carbon? (Mean life of 14C is 8270 years 
and mass of carbon is 12.00 u.) 


Solution Suppose there are N nuclei of !4C in the sample. Then the mean number 
of decays per second is 


dN 


l|\dN 
—|=NiX o N= 
dt 


A de 


Hence, N = ue x 8270 x 3.15 x 10’ = 6.65 x 10!9. The mass of carbon is 
12.00 u = 12.00 x 1.66 x 107? g = 1.994 x 107?” g. Therefore, one gram of carbon 
contains 


1 


$015 x 10”? atoms 
1.994 x 10723 


Hence, the proportion of 14C in one gram of the sample is 


6.65 x 101° aig 
= ———,, = 1.326 x 10 
5.015 x 1072 
Example 3.15 A total of 16.0 radioactive disintegrations per minute per gram are 
measured from a sample of living wood. The counter used for measuring the sample 
is only 5 % efficient. A sample of 8 g of carbon taken from archaeological sample 
of wood register 9 counts per minute. The background count of 5 per minute is also 
observed. Calculate the age of the sample (71/2 of 14C = 5730 y). 
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Fig. 3.4 Plot of potential 


energy between a particle and Nuclear 
residual nucleus as a function attraction Coulomb 
of distance of separation r repulsion 


Solution Count rate for archaeological specimen = 9.0 — 5.0 = 4.0 counts per 
minute. Hence, number of disintegrations 


0 
=4x = 80 counts per min per 8 g 


= 10 counts per min per g 


But, A = Agexp(—At), or 2.303 log(Ag/A) = At = re By the problem, Ag = 


16.0, A = 10 and Tj 2 = 5730. Therefore, age of the sample is 


_ 2.303 log(Ag/A) x 5730 


= 3887 
0.693 y 


3.2 æ Decay 


It is known that aw-energy from radioactive nuclei have much smaller energy than 
the potential barrier height with respect to the ground level. For example, the decay 
of PBU —> 734Th + a. Figure 3.4 shows the curve of potential energy V (r) between 
an a@-particle and the residual nucleus as a function of distance of separation r. 

At large distances from the nucleus a is repelled electrically and will have a 
potential energy V(r) = 2Ze?/r, where 2e is the charge of a and Ze is that of the 
residual nucleus. When a@ reaches the nucleus, the repulsion is rapidly overbalanced 
due to the attractive nuclear forces. 

The Coulomb potential is extended inward to a radius R and then arbitrarily cut 
off for mathematical simplicity. We can calculate the potential barrier height for the 
decay of SU 


1.44zZ 1.44 x 2x90 
R 8 


V(R)= — 32.4 MeV 
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This is a lot more than the observed kinetic energy of a’s, E = 5 MeV from the 
decay of 7°8U nuclei. Classically œ’s must have energy at least equal to the barrier 
height of 32.4 MeV. If aw energy E is much less to cross over the repulsive barrier, 
then according to classical physics œ remains trapped inside the nucleus. This was 
an outstanding paradox. This paradox was solved by Gamow, Gurney and Condon 
in 1928 by invoking for quantum mechanics. Because of its wave properties, œ has 
a small probability of leaking through the barrier. An optical analogue is the trans- 
mission of light between two parallel glass plates facing each other. When the air 
gap is large, then for angles of incidence greater than the critical angle, no light is 
transmitted from one glass to the other. However, if the glass plates are brought so 
close that the air gap is not more than a few wavelengths, then it is observed that 
the light is able to get into the other plate even for incident angles greater than the 
critical angle. 


3.2.1 Potential Barrier Problem 


Consider a stream of particles of energy E < V (region I). The incoming particles 
can be considered as a wave along positive x-axis (Fig. 3.5) with a plane wave func- 
tion A exp(ik;x). Here, k? =2mE/ h2. Part of the beam is reflected at the wall. This 
wave is represented by the wave function A exp(—ik,x) along the negative x-axis. 
In region III we expect only an outgoing wave of the form Dexp(ik3x). But 
k3 = kı. In region II we must have a linear combination of exp(k2x) and exp(—k2x). 


Schrodinger’s equation is: 
Os he yh (3.43) 
— — Uu = . 
dx? K 


Region I (x <0); V=0 
As V = 0, Eq. (3.43) reduces to 


du 2 
T +kyju=0 (3.44) 
The solution is thus 
uy = Aexp(ikix) + Bexp(—ik,x) (3.45) 
Region IT (0 <x <a), V = Vo 
Equation (3.43) becomes 
dur 2m 
i zz (Vo — Eju =0 or (3.46) 
— kju? =0 (3.47) 
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Fig. 3.5 Penetration through Vo 
a rectangular barrier l 
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a x> 
with 
p=” 4 
a= sy OB) (3.48) 
u2 = Cexp(k2x) + Dexp(—k2x) (3.49) 


For thin barriers both the exponentials are admissible. Here, for mathematical sim- 
plicity we will assume the case of a thick barrier for which we set C = 0, so that 
(3.49) becomes 


u2 = Dexp(—k2x) (3.50) 


Region III (x >a) 
The solution of (3.43) is 


u3 = F exp(ik,x) (3.51) 
A, B, C, D and F are the amplitudes. 


Since k3 = kı. There is no wave proceeding in the opposite direction in region III. 
For this reason the term exp(—ik3x) is absent. 

Continuity conditions for the wave functions require that the amplitude and the 
first derivatives of the wave functions at the boundary be equal. At x = 0, u1 (0) = 
u2(0) and u4 (0) = u5(0). These lead to 


A+B=C (3.52) 
iki(A — B) = —koC (3.53) 
Solving (3.52) and (3.53) 
k2 
2A=C}1—- — (3.54) 
ik 
at 
c=, u3(a) = u2(a) 


F exp(ikia) = Cexp(—k2a) or 
F = Cexp(—ik,a) exp(—k2a) (3.55) 
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Relative probability of finding the particle transmitted, called transmission coeffi- 
cient, is given by 


|F|? A 4k? exp(—2kaa) 
= — = |C| exp(—2k2a) = ————— 3.56 
at = ICP exp(2kaa) ere (3.56) 
where we have used (3.55). Using (3.42) and (3.48) in (3.56) we get 
4E 
T = — exp(—2k2a) (3.57) 
Vo 


If we do not put the amplitude C = 0 and carry out the analysis as above, the fol- 
lowing expressions without this approximation would result, the transmission coef- 
ficient being given by 


|F]? 4k? k? 
=a ET OPE (3.58) 
|A] (ky + k5)“ sin hka + 4kīks 
The probability of reflection, called reflection coefficient, is given by 
Bi? k? + ky)? sin h?kza 
OIB +h) 2 a 


(AP (K? +5)? sin h2 koa + 4k? KS 


Notice that T + R = 1, as it should be. There are two interesting situations in 
which these formulae become easier to understand. Consider the purely formal limit 
in which h — 0. The quantity A is a physical constant, but we can consider it as a 
mathematical variable in order to examine the classical limit of the formulae (3.58) 
and (3.59). As h — 0, kı and kz approach infinity and T —> 0 and R — 1, which is 
of course the expected behaviour of a classical particle for E < Vo. 

The other interesting limit occurs when the transmission is small. This happens 
when the barrier width is large, and kya >> 1 or (Vo — E) > R / 2ma?. This limit 
also corresponds to having many wavelengths inside the barrier. Then the term (k? + 
k5) exp(2k2a) dominates the denominator of (3.58) and the transmission coefficient 
becomes approximately 


ne 16k7k5 exp(—2kza) 


(k? + k2)? 
T= a! — z| exp] =e V2 — 5| (3.60) 
Vo Vo h 


where we have used (3.42) and (3.48). The expression 16(E/ Vo)[1 — (E/ Vo)] is of 
the order of unity. Notice that the transmission coefficient is sensitive to the barrier 
width, energy change and mass of the particle. 
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Fig. 3.6 Penetration through Vix) 
barrier of arbitrary shape 


3.2.2 Barrier of an Arbitrary Shape 


The order of magnitude of the transparency of an arbitrarily shaped barrier can be 
calculated by finding the average ‘height’ and treating it as a rectangular barrier 
(Fig. 3.6). The transparency given by (3.60) can be approximated to 


b 
r =exp{ -2 f Ivo- Ej (3.61) 


where a = R and b define the boundaries of the barrier which is to be crossed. It is 
assumed that when an œ-particle is within the nucleus, it behaves like a free particle 
moving back and forth hitting the barrier. 

Probability of escape/s = (Rate of hitting the barrier) x (Transparency) 


P=fT=r=- (3.62) 


f= U(inside nucleus)/R 
where R = a = nuclear radius 


_ 107 mis 


fx a 10?! /s (3.63) 
Combining (3.61), (3.62) and (3.63), we get 
1 21,—G 
A=- 2x10 e (3.64) 


T 


b 
G= 2f N Hivo — E|dr (3.65) 


This is called Gamow’s factor. Here, we have used the reduced mass m, rather than 
m for the mass of the w-particle for greater accuracy. 


where 
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For the a decay 
zZe” 


with z = 2. 
The upper limit of the barrier is obtained by setting the kinetic energy E equal to 
the potential energy when it just leaves the barrier. Hence 


l 4 zZe? zZe* 
-Huv = E = or = 
m b E 


Using (3.66) and (3.67) in (3.65), we get 


|8uzZe f? [1 1 


The integral can be easily evaluated by the substitution, r = b cos? @. Thus, the in- 
tegral becomes 


(3.67) 


R R R? 
I =bcos ! VRIE f (00820 —1)d6= V6 ( cos" —-,/--—- =) 


b b 
are R =| 
on fH ar fE fe 
For 
pk cos! JE R R vx — Ea rE 
? b b bB 2 b b V2 b 


An approximate expression for G is 


QnzZe~ 4 
sA ge TOR (3.70) 
hu h 


The first term is larger than the second one by the factor (4)./b/R and is therefore 
the dominant term. The first term of (3.70) is sometimes called Gamow exponent 
and the corresponding approximate value of the barrier transparency for s waves 
(l = 0) through very high spherical barriers is called the Gamow factor. 


2m zZe? 
r= exp(— me ) = exp[= 2722/1370) (3.71) 


where we have used the value of the fine structure constant e? /ħc = 1/137, and 6 = 
v/c, c being the velocity of light. Expression (3.71) indicates that nuclear barrier 
will be quite impenetrable if 2zZ/1376 >> 1 and again this inequality represents 
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Fig. 3.7 Plot of log à vs 
log x for three naturally 
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the domain in which classical theory can be expected to be valid. Further, (3.70) 
shows that emission of a-particles with small velocity, i.e. small energy will be 
inhibited. Also, the larger the Z (as in the case of fission fragments) the smaller is 
the barrier transparency. 


3.2.3 Determination of Nuclear Radius 


If the mean life time and the kinetic energy of an œ emitter and Z be known, the nu- 
clear radius R can be found out from (3.70) and (3.64). The values of rp are obtained 
from the formula R = roA! 3. The value of ro thus deduced is found to be 1.48 fm, 
which is higher by about 20 per cent obtained by other methods. The corrected ra- 
dius of the daughter nucleus will be actually slightly smaller than R because of the 
finite radius of an «œ, particle. Thus, the effective radius of ro will be slightly less. It 
may be pointed out that larger the value of R, other things being equal, the thinner 
is the barrier width and hence the greater is the barrier transparency. 


3.2.4 Geiger Nuttall Law 


From the study of a emitters, Geiger and Nuttall discovered that members of natu- 
rally occurring radioactive series (e.g., Ra, Th, Ac) were found to fall along straight 
lines when log A is plotted against log x (here x = range) for each series, see Fig. 3.7. 
Therefore 


logA =klogx +c (3.72) 


where k and c are the constants. 
Geiger also showed that 


x = const - v? = const - E? (3.73) 
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so that 


log’ = const - log E + const or 


log à + const - log(1/ E) = const (3.74) 


i.e. smaller the mean life time, the larger is the œ energy. 
Now Gamow’s formula is 


à = const - exp(const/ JE ) 
Here, Z is assumed to vary by small amount and absorbed in the constant. Therefore 
logA + (const/ V E) = const (3.75) 


There is some resemblance between (3.74) and (3.75). 


3.2.5 Success of Gamow’s Theory 


Because of the factor of v in the exponential in Gamow’s formula (3.70), the mean 
life time varies enormously even for small variations in œ energies. For example, it 
is known experimentally that a’s from *°?Th with half life 1.4 x 10!° y gives a’s of 
5 MeV energy while Th C’ of half life 0.3 us gives œ’s of 8 MeV. Thus, a 50 per cent 
change in energy (E) corresponds to a change of 24 orders of magnitude in half life 
times. The explanation of the enormous inverse variation of life times with œ energy 
is the brilliant success of Gamow’s theory. 

The above considerations are valid for transmission of s-waves (/ = 0) through 
barrier. Fortunately, a large number of œ emitters do enjoy this property. These are 
the nuclei which have even Z and even A. This will also be true for the daughter 
nucleus. These nuclei are universally known to have zero angular momentum. From 
the conservation of angular momentum, it follows that w’s would carry s-waves. If 
l £0, the solution of the modified equation becomes complicated. In general / 4 0 
has the effect of increasing the barrier height and thereby increasing the mean life 
time. 


3.2.6 Fine Structure of a Spectrum 


In a given type of œ decay, œ particle and the daughter nucleus carry unique energy 
as it is a two-body decay so that momentum and energy are shared uniquely. Most of 
the « transitions tend to go predominantly to the ground level of the decay product 
as the transition energy is the greatest. Transitions to excited level of the decay 
product, usually but not always, constitute a small fraction of the total transitions 
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Fig. 3.8 Transitions which Parent 
give rise to long range and 
short range a’s 


Long range 


/ 


Short range 
Daughter 


and are confined to low lying excited levels. As the transitions take place to distinct 
groups of energy levels of the daughter nucleus, the resulting spectrum has a fine 
structure. In the event the decay of a nucleus by 6 emission or K-capture leaves the 
product in an excited state, and the product is an alpha emitter with a very short life 
time, the additional excitation energy may be carried away in the a decay process 
rather than by y emission, resulting in a long range a. On the other hand, if the a 
emitter is in the ground state or low lying excited state decays to a highly excited 
level, much less transition energy will be available, resulting in a short range a 
(Fig. 3.8). 


3.2.7 Angular Momentum and Parity in a-Decay 


In an a decay for the transitions between the initial nuclear state with spin /;, to the 
final nuclear state with spin 7f, the angular momentum of -particle can range from 
I; +I to |I; —I¢|. Since w-particle has spin zero, the angular momentum carried by 
a-particle is purely orbital (l). The w-particle wave function is represented by Yi, 
(spherical harmonics), and / = la. Thus the parity change associated with œ emission 
is (—1). This leads to the parity selection rule. Conservation of parity requires that 
if the initial and final states have the same parity, then lą must be even. If parities 
are different then /, must be odd. 

As an example, Fig. 3.9 shows a-decay of *4*Cm to different excited states of 
238Pu characterized by the quantum numbers 0+, 2+, 4+, 6+, 8+, ... for the ground 
state rotational band. The transitions from 0+ state of 74*Cm to the enumerated 
states of ?8Pu viz. 0+, 2+, 4+ are allowed by the parity rule. It must be pointed out 
that the transition rates are quite different. 

The intensity depends on the wave functions of the initial and final states and also 
depends on the angular momentum læ. Centrifugal potential barrier /(J + 1)h? /2mr? 
has the consequence of raising the thickness of Coulomb’s barrier which is to be 
penetrated. Further, œ decay involves different Q values. In this example, for the 
decay to the ground state, Q is 6.216 MeV. For excited states, the Q value is low- 
ered by an amount equal to the excitation energy. The decay to 2™state has less 
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Fig. 3.9 a decay of 747Cm to 


different excited states 238Pu. é —— 0° — Cm 
The intensity of each œ decay = 
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intensity than the decay to the Pu ground state 0*. This is because the centrifugal 
potential raises the barrier by about 0.5 MeV and also the excitation energy lowers 
Q by 0.044 MeV. The decay intensity rapidly decreases as we go up the band to 
8* state (Fig. 3.9). Once we go up above the ground-state band the intensities drop 
off to exceedingly low values (~10~7 of the total intensity). This results for the 
mismatch between the initial and final wave functions that are in contrast with the 
paired vibrationless 0* ground state. 

Certain types of transitions are absolutely forbidden by parity conservation, for 
example the 2-states at 0.986 MeV, the 37 state at 1.070 MeV and the 47 state 
at 1.083 MeV Thus, a 0 — 3 decay must have la = 3 which must give a change in 
parity between the initial and final states. Hence, 0* — 37 is possible, but 0T > 3+ 
is forbidden. 


Example 3.16 The a particles emitted in the decays of ete and odin have en- 
ergies 4.9 and 6.5 MeV, respectively. Ignoring the difference in their nuclear radii, 


find the ratio of their half-life times. 


Solution Using (3.71), A = 1/t = 10?! exp(—2zZ/137) with E1 = 4.9 MeV 


2E, 2x49 
Ai = = = 0.05174 
Me 3727 
Fo = 6.5 MeV 
AER onsen 
25y 3na 


Z 
ToD u SPGA 


Tia) 2 exp 32) 
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Putting z = 2 for w-particle, zı = 86 and z2 = 88 for the daughter nuclei, we get 


Ti Ar 86 88 


= exp — 
T2 137 | 0.05174 0.05906 


| =e a713 x 10° 

Example 3.17 If two a-emitting nuclei, with the same mass number, one with 
Z = 82 and the other with Z = 84 had the same decay constant, and if the first 
emitted a-particles of energy 5.0 MeV, estimate the energy of a-particles emitted 
by the second. 


Solution 
AL = 107! exp(—27zZ e*/hv1) 
ho = 107! exp(—27zZ2e"/hv2) 
as 
Ay =h2 
Z\ z Z2 
/ Ey ~V Eo 
ZY 8277 
Ey = E| — | =5.3| — | = 5.05 MeV 
Z\ 84 


Example 3.18 In the a-decay “Be — a+a, the kinetic energy released is 
0.094 MeV. Estimate the mean life of *Be (ro = 1.1 fm, to =7 x 10773 s and 
Ma = 3728.43 MeV. to is the mean lifetime without the Gamow factor). 


Solution 


By (3.70) 


2nzZ 4 IR 
G= 1- 
1378 mV b 
_zZe 144x2x2 
~ Areg 0.094 


2E 2 x 0.094 
B= DY aia = 0.01 
uc? 0.5 x 3727 


R =2r9A!P =2 x 1.1 x 4! =3.49 fm 


= 61.27 fm 
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2a x2x2 4 | 3.49 
G= Ly} = 12.74 
137 x 0.01 ( x \ 61.27 


T = te? =7 x 107e! = 2.4 x 107" s 


Example 3.19 Calculate the energy to be imparted to an a-particle to force it into 
the nucleus of O8 Ph (ro = 1.2 fm). 


Solution The energy required to force an œ-particle into a nucleus of charge 


r 0 A . . . Va 2 
Ze is equal to the maximum height of the potential barrier, i.e. aR where 


R = radius of the a-particle + radius of the nucleus, i.e. R = rol Aa! ; + A13] = 


1.2 x 107 15[4!/3 + 208!/3] = 9.01 fm. Hence, the energy required is 


_ 1.44 x2 x 82 
E 9.01 


MeV = 26.2 MeV 


Example 3.20 Radium, Polonium and Ra C are all members of the same radioactive 
series. Given that the range in air at S.T.P. of the -particles from Radium (half-life 
1622 years) is 3.36 cm, whereas from Ra C’ (half-life time 3.3 x 107°? s) the range is 
6.97 cm. Calculate the half-life of Polonium for which the a-particle range at S.T.P. 
is 3.85 cm assuming the Geiger Nuttall rule. 


Solution Using (3.72) 


logA =klogx +c 


0.693 
log Ea =klogx +c 


K logx + log T = log 0.693 — c = C’ (i) 
K log3.36 + log(1622 x 365) =C’ (ii) 
K log6.97 + log(3.3 x 107° /86400) = C' (ii) 


Solving (ii) and (iii), K = 60.57, C’ = 37.65. Use the values of K, C’, and x = 
3.85 cm in (1) to find 


T=155D 


3.3 B-Decay 


It was known that 6 spectrum is not discrete but continuous. There was an appar- 
ent loss of energy. In many cases y-rays were not detected. This was explained by 
Pauli [3] by postulating the existence of neutrino, (v)—a neutral, massless particle 
of spin 1/2. A neutrino was assumed to accompany the £ decay but could not be de- 
tected owing to its extremely feeble interaction with nuclear matter. The decay being 
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Fig. 3.10 6-ray spectrum 
NE) T 


Es — 


a three-body process accounts for the continuous nature of the spectrum (Fig. 3.10). 
N (E) is the number of particles at 6 particle energy Eg. 
Energy conservation gives: 


Eg + E, + Ey = Q = const (3.76) 


where Eg, E, and Ey, are the energies of £ particle neutrino and residual nucleus 
respectively. 
Momentum conservation gives 


> > > 
P+P,+Py=0 (3.77) 


Now there are variety of ways in which £ particle is emitted such that (3.76) and 
(3.77) are satisfied. The angle between any two particles is not the same. This leads 
to a variety of configurations. The phenomenon is considered as the decay of one of 
the nucleons of the nucleus 


n> p—>B +ve 
pont pttye 
The converted nucleon is lodged within the nucleus as the product nucleus recoils. 
Here we have introduced the suffix e for the neutrino as it accompanies the B-decay 
to distinguish it from other two types of neutrinos which will be considered in [2], 
Chaps. 3 and 4. Further, it was found that the anti-neutrino Ve is different from ve. 
Typical examples of 6 decay are 
3H > 3He+ BO +T 
1 2 e 


Si > PAl+ pt + ve 


Notice that in the presence of v, angular momentum is also conserved. 
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3.3.1 Fermi’s Theory 


(a) The Coulomb interaction between the £ particle and the residual nucleus is 
neglected. Later, this effect is incorporated in theory. Coulomb interaction is 
negligible for light nuclei (Z < 10) and for sufficiently high £ particle energy. 

(b) The recoil energy (ER) of the nucleus is neglected. 

The recoil energy is negligible in all cases since the mass of the nucleus 
is much larger than the mass of electron. Since neutrino is assumed to have 
zero rest mass, and when it carries negligible energy, maximum total energy, of 
electron Emax ~ Q 


2 


Pe max) = E2 — Me (3.78) 


max 


Also, the recoil energy of the nucleus Ep is given by 


2 2 
Ep= Phmaw = Petmag (3.79) 
2AM 2AM 


as Py = P., and M is the mass of nucleon. Combining (3.78) and (3.79) we get 


m2 [ E* max 
ERS —~—-l] or (3.80) 
2AM| m? 
ER 2 Me Es E Me | (3.81) 
Emax 2AM | me Emax 


In a typical case, A ~ 20, Tmax = 0.3 MeV or Emax = 0.8 MeV, nucleon mass 
M = 940 MeV and electron mass me = 0.51 MeV. The bracket in (3.81) is of 
the order of unity and Er/ Emax ~ 1.3 x 1075. Thus Ep is negligible. Similarly, 
it can be shown that when Eg has minimum value, £, has maximum value and 
once again Ep is negligible. This is also true for intermediate cases. 


3.3.1.1 B-Ray Spectrum 


Fermi used quantum mechanical time dependent perturbation theory for the 6 emis- 
sion analogous to photon emission. Here the particles to be considered are 67 and 
v only. Thus 


Eg + E, = Q = Eo (3.82) 


As the level of parent nucleus is not sharp, Eo is not strictly constant. According 
to perturbation theory, the probability per unit time for the emission of 6 particle is 
given by: 


2 dn 


=. 3.83 
dE (3.83) 


27 
Am a in 
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where Hj, is the matrix element given by: 
Hi = | vjuwar (3.84) 


W; and W, are initial and final wave functions of the complete system, dt is the 
volume element and H is the operator that describes the weak interaction energy 
between two parts of the system. dn/d Eo is the density of final states. 


3.3.1.2 Statistical Factor 


We postulate that the probability of disintegration leading to a specific accessible 
volume of phase-space is directly proportional to that volume. Consider the $ parti- 
cle with momentum Pg suddenly appearing at a certain point in phase-space defined 
by certain Cartesian space coordinates and certain momentum coordinates. Let the 
particle be restricted to a volume V in actual space with momentum lying between 
Pg and Pg + A Pg with an unspecified direction 


The volume in phase-space = (V) (4x Pd Pz) 
Number of cells, i.e. number of electron states = 47r P3d PgV/ h? 
Hence, the number of electron states/unit momentum interval 


dn 4n PV 
dPg h 


(3.85) 


Number of neutrino states with neutrino momentum between Pv and Pv + d Pv 


An P?dP 
yy) (3.86) 
h? 
Combining (3.85) and (3.86), total number of states is given by: 
An V P?dP) (4x V P?dP 
dn = UET] Gr V PydPy) (3.87) 


(h?) (h?) 


Here, we have dropped the subscript £. 
Number of states/unit energy of electron is given by: 


dP 
P? P?d P, — 
» ” dEo 


dn _ 16n°V? 
dEo E h6 


P, is determined not only by momentum conservation (being 3 body decay), but 
also by energy conservation (nuclear recoil energy being negligible). From (3.82) 
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E, = Eo — Eg (3.88) 
E, E-E 

A A (3.89) 
E C 


Holding £ energy and momentum constant 


dE dE 
4P = —=—— (3.90) 
c c 
Using (3.89) and (3.90) in (3.87) we obtain 
dn 16r? V?(Eọ— E) P?dP 
= (3.91) 
dEo hc? 
3.3.1.3 Matrix Element 
Hi = f vpn aac (3.92) 


Fermi put H = g. The quantity g is called the coupling constant whose value shows 
the strength of interaction 


ee J Vi y WSU EW nde (3.93) 
In a typical 6 decay, the wavelengths of 6 or v are substantially longer (by an 


order of magnitude) than nuclear dimensions. We can then approximate their wave 
functions to those of plane waves 


We(r) =V! expGiKg-r)=V [1 ++iKg r+] (3.94) 
Wir) = VP expGKy- n=V [1 +iky-r+---] (3.95) 
where V~!/? is the normalization constant. Replacing the above values at the centre, 
(r —> 0) 
w3 (0) = v7" 
w*(0) = V7! (3.96) 
His? = e 
where 
[Mif [nucleus = J Vey Vindt (3.97) 


and nuclear wave functions are also normalized. Mjy is called the nuclear matrix 
element or overlap integral. 
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Fig. 3.11 -rays momentum 
spectrum T 


\(P) 


P—> Pmax 


Using (3.91), (3.93) and (3.97) in (3.83), the differential energy spectrum is given 
by 
g°|Mis |" (Eo — E) Pd P 
2m3 hi c? 
This gives us the number of £ particles/sec in the momentum interval P and P+dP, 


(Fig. 3.11), neglecting coulomb interaction. The spectrum is written in the following 
form 


I(P)dP = (3.98) 


I(P)dP = K P*(Emax — E) d P (3.99) 


where K is constant. 

For small momentum, /(P) « P? since the term (Emax — E 2 is not very sen- 
sitive at small P, i.e. small E; and for large momenta, i.e. E near Emax, Z (P) « 
(Emax — E)?; I(P) vanishes at both ends. 


3.3.1.4 Coulomb Interaction 


Coulomb interaction between the $ particles and the residual nucleus has the con- 
sequence of distorting the energy spectrum. If the distortion of the wave function 
by the Coulomb field of the nucleus is taken into account, a factor F(Z, E) must be 
included in (3.98). Non-relativistic expression for F(Z, E) is 


27 
F(Z, E)= (3.100) 
1 — exp(—277n) 
where 
Ze? 
n = —— for electrons 
hv 


= —— for positrons 
v 
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Fig. 3.12 Typical B-ray 

spectra for B— and 6+ with Bree) 
the inclusion of the factor 

F(z, E) and without (z = 0) sp 


P — P max 


If 7 < 1 (small Z and large v, but nonrelativistic) F(Z, E) > 1. 
Qualitatively, the shift in the curves is due to the Coulomb attraction and repul- 
sion for electrons and positrons respectively (Fig. 3.12). 


3.3.1.5 Kurie Plot 


It is difficult to determine experimentally the point at which the curve reaches the 
horizontal axis, because the curve makes a tangent to the axis at P = Pmax. A greater 
accurate determination of Emax is given by the Kurie plot. Including F(Z, P) in 
(3.99), we get 


I(P) = (Emax — E) p* F(Z, P) 


Here, F(Z, P) includes the constants and the dependence of nuclear charge Z for 
the daughter nucleus. Rewriting last equation we obtain 


I(p) 
Eng =E = | 3.101 
\ P?F(, p) l ) 


Now the plot of the radical against energy should be a straight line whose intercept 
with the horizontal axis can be reliably determined (Fig. 3.13). Very thin sources 
should be used, otherwise due to self absorption and back scattering of 6 particles, 
Kurie plots would necessarily deviate from a + straight line. 


3.3.1.6 The Mass of Neutrino 


In Fermi’s theory, if we treat neutrino with a finite mass, then the resulting Kurie 
plot would show deviation at large 6 energy. Taking into account the finite mass of 
neutrino m», (3.101) is modified as 


2 2 
I(P)dPF(z, P) x P?(Eo — aa - ( a ) dP (3.102) 
Eo — E 
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Fig. 3.13 Kurie plot 


Fig. 3.14 Kurie plot showing 
kink (dotted portion of curve) 
form, #0 


If m, = 0, Fermi-Kurie plot is a straight line and intersects the energy E axis at 
Eg = Eo given by Eq. (3.101). If m, Æ 0, this plot becomes curved at the maximum 
end of the energy and intersects the E axis vertically at E = Eo — myc’. A deter- 
mination of the distance between the intersections of extrapolated Fermi-Kurie plot 
for m, = 0 and experimental curve on the energy E axis furnishes a value for the 
mass of the neutrino. 

Figure 3.14 shows a Kurie plot for m, 40, which departs from a straight line. 
One can set an upper limit on neutrino’s mass. Observations made with the tritium 
spectra (super-allowed transition with Tmax = 18 keV) show that m, < 15 eV. 


3.3.1.7 Comparative Half-Lives 


Ap = I (P)dP is the probability per unit time that an electron will be emitted in the 
momentum interval P and P + dP. The probability per unit time that an electron 
will be emitted with any momentum within limits is just the total disintegration 
constant and is given by 
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1 0.693 P (max) 
=-= = jl I(P)dP 
t Tipo 0 


eg? pees ; F 
= Ix3h' c3 / F(Z, P)P (Emax = E) dP (3.103) 
0 


Put Emx = £0, L = €, and use the relativistic equation 


eP? = E* -mÁ = (e — 1)m?c# 


so that 
P=vVe2—I1mc (3.104) 
emcdé 
dP = ——— (3.105) 
2—1 
Emax — E = (e0 — €)mc? (3.106) 


Use (3.104), (3.105) and (3.106) in (3.103) 


F(Z, £0) = T F(Z, €)(€9 — £)? V £? — Ide (3.107) 
Using (3.107) in (3.103), we get 
F(Z, e0)T1p2 = nal ees (3.108) 
Sctg |Mip] 
The value of the coupling constant is 0.9 x 1074 MeV fm? or 1.4 x 1074? erg cm?. 


The product fTı/2 or simply ft is called the comparative half-life. Formula (3.108) 
shows that ft x |M; a Assuming that g is known, and that transition is ‘al- 
lowed’, we can use ft value to find M;p, the nuclear Matrix element. Since ft 
is a large value, smaller is Mj. The value of Mj is uncertain, but is of the order 
of unity for ‘allowed’ transitions. Formula (3.108) shows that ft = const if |Mjr |? 
is unchanged. The distribution of ft values for 6 emitters on the logarithmic scale 
shows that for values of ft ~ 10° transitions are allowed since matrix element is 
large enough and for those for which ft is higher, they are forbidden (Fig. 3.15). 
Clearly there is no significant grouping. Since ft « 1/|Mir |? the matrix elements 
should be of the same size for allowed decays and successively smaller for forbid- 
den decays of increasing order. It is expected that the experimental ft values fall 
into groups according to the allowed and first, second, etc. forbidden transitions, so 
that the ft value of a given 6 emitter would at once give its order of forbiddeness. 
But in practice there is no visible clustering of ft values in various groups except 
for ‘super allowed’ transitions. The reason for lack of grouping is that the ft value 
for the given decay depends not only on the degree of forbiddeness, but also on the 
form of the nuclear wave functions that are not same for different decays. 
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Fig. 3.15 log ft distribution 
for various f emitters 
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3.3.1.8 Sargent Diagrams 


In 1933, Sargent found that the plot of log’ versus log Emax for naturally occur- 
ring f emitters splits up into two straight lines, called Sargent diagram (Fig. 3.16). 
This was an empirical rule analogous to Geiger-Nuttall Rule in œ decay. The upper 
curve represents allowed transitions (shorter life times) and the lower one represents 
the forbidden transitions (longer life times). Theory explains the Sargent diagrams. 
Rewriting (3.108) we get 


_ g’mc*|Mis |? f (Z, £0) 


À 
2mh! 


(3.109) 


with 
£0 
f(Z, £0) | é(e9 — £} V £2 — Ide 
1 


There is only one limiting case for which the integral can be evaluated analytically. 
To this end set Z = 0, so that F(Z, £€)— 1. This result would be valid for low Z 
and large £o. Thus 


f (0, £0) > J p e(€9-£)°v €2 — lde 
1 
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If £0 > 1 
£0 
Ff (O, £o) =) e° (£0 — e) de 
1 


where we have approximated y £? — 1 to £. Ignoring the contribution from the lower 
limit 


5 
E 
(€9 > 1), f(O, £o) > a (fifth power law) (3.110) 
This relation is valid for £ọ > 5. 
For £o < 0.5 
2 7 
fO, £0) = 75520 (3.111) 


Combining (3.111) with (3.110), we conclude that log’ vs log Emax is a straight 
line. 


Example 3.21 Determine the half-life time of 6 emitter "He whose end point en- 
ergy is 3.5 MeV and Mir |? = 6. Take g = 0.9 x 107% MeVcm?. 


Solution Combining (3.109) and (3.110), we obtain 
_ m°cig*|Misl 5 
6073h7 = 
_ mey cIMis s 
60x3 (ñc) ° 


2 
= = _ = Zoga 
hc = 1.97 x 107}! MeV cm 
- (0.9)? x 10786 x (0.511)5 x 3 x 10!9 x 6 x (7.849)5 
60x3 (1.97)7 x 10-77 


= 0.707 


0.693 0.693 
Tiz = —— = —— = 0.98 s 
À 0.707 


The experimental value is 0.81 s. 


3.3.2 Selection Rules 


B transitions are classified as 


(a) allowed or super-allowed transitions 
(b) forbidden transitions 
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The allowed or super-allowed transitions are characterized by small ft values, and 
hence relatively short life times, with nuclear spin change, AJ = 0, +1 and without 
parity change. Forbidden transitions are characterized by greater values of ft and 
therefore longer life times, with larger change in nuclear spin AJ = +2, +3 etc., 
depending on the degree of forbidness in the transitions with or without change in 
nuclear parity. The quantum numbers whose changes in a transition are governed by 
selection rules are total angular momentum and parity. As the life times ultimately 
depend on the matrix element |M;f| which connects the initial and final state, the 
selection rules are governed by its value. 

It has been pointed out that the plane wave functions for electron and neutrino 
can be expanded by a series of terms (formulae (3.94) and (3.95)). In the series 
expansion successive terms are of the order of 1/10 compared to previous terms, 
R/d being ~ 1/10, (R/A)* ~ 1/100 and so on. The selection rules for a given order 
of transition, i.e. for a given term in the expansion give the necessary conditions on 
the change of the quantum numbers specifying the state of the nucleus so that the 
term of a given order in the complete matrix element be non-zero. Clearly, different 
orders in the expansion of the matrix element require different selection rules. This 
is because different orders correspond to even and odd power of r, which is a polar 
vector (vector of odd parity). 

As far as spin is concerned in the £ decay, two leptons of spin 5 each are emitted. 
The spin orientations of these leptons may be parallel or anti-parallel. The electron 
and neutrino can be emitted in a singlet state (spins anti-parallel) or in a triplet state 
(spins parallel). 


3.3.2.1 Allowed Transitions 


When plane waves are expanded in series it is only the / = 0 term that carries the full 
amplitude of the plane wave at the origin (nucleus). This gives rise to the allowed 
transitions. Both electron and neutrino have the orbital angular momentum / = 0, so 
that the total orbital angular momentum becomes L = 0. If the particles are emitted 
in the singlet state, then the total angular momentum J = 0 and in the triplet state 
J = 1. Of the several possible forms for the matrix element in 6-decay, two may be 
mentioned. 


3.3.2.2 Fermi Rule 


In the Fermi matrix element, the operator connecting the initial and final nuclear 
states is a unit operator which is a scalar. Thus, 


Therefore, no change in spin or parity is involved. 
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Fermi’s selection rule requires AJ = 0 (i.e. J; = Jf) and the leptons are emitted 
in the singlet state 


AI=0 
Ii=0 — If =O allowed Fermi rule 
An =0 


An example of pure Fermi transition is 


149 _, ln 4 gt + ve 
[0+] > [0°] 


where the bracket refers to J” value. 


3.3.2.3 Gamow-Teller (G-T) Rule 
The Gamow-Teller nuclear matrix element Mgr is a tensor and has the form 
Mr= J WfyoWindt 


where ø is the generalization of Pauli’s spin matrices and is a pseudo-vector (axial 
vector) which does not change sign under space reflection. Hence, the initial and 
final states have the same parity. In the G-T selection rule, the leptons are emitted in 
the triplet state. Consequently 


AI =0,+1 
with Ii, =0 — I =0 forbidden G-T rule 
An =0 


The transition with J; = 0 —> I = 0 is forbidden because this is not possible for the 
triplet state. An example of pure G-T transition is 


°He(0*) > SLi(1*) +87 +0 
Following are the examples of mixed G-T and Fermi transitions: 
+ + oe 
(a) ng )> PG JHE +9 
(b) HGH > Hegh + A> +0 


The two types of decay (Fermi and G-T) are observed to proceed with approximately 
but not exactly at the same rate. 
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3.3.2.4 Super-allowed Transitions 


These transitions occur between a pair of mirror nuclei for which the nuclear wave 
functions are nearly identical. This leads to a large value for the overlap integral. The 
log ft values for such transitions are small, being in the range of 3 to 3.7. These are 
characterized by 


AI=0,+1 and Az=0 


The decays n —> p and 7H — 3He are examples of super-allowed transitions. 


3.3.2.5 Forbidden Transitions 


It has been pointed out that for the allowed transitions the first term in the series for 
the plane waves expansion is considered. In the event the first term is zero, higher 
order terms corresponding to / 4 0 may be considered. However, the higher orbital 
angular momentum waves have progressively smaller amplitudes inside the nuclear 
volume. Hence, the overlap integral is very small when the leptons are emitted with 
orbital angular momentum other than zero. The effect is to render the life-times of 
these forbidden transitions much larger on an average compared to those of allowed 
transitions. Another reason for occurrence of forbidden transitions is the relativistic 
effect in the nuclear wave functions. These cause a departure from a straight line in 
the Kurie plot. If the ordinary Kurie plot is not a straight line then the transition is 
not allowed. The converse, however, is not always true. Special types of forbidden 
transitions may give rise to straight Kurie plots. 

If the transition is caused by the second term in the plane wave expansion leptons 
are emitted in a wave with L = 1 and changing parity. In that case the selection rules 
become 


AI =0,+1 (except 0 > 0) | Fermi rule 
AT = yes 

AI =) +1, °) G-T mle 

AT = yes 


Similar selection rules apply for higher order forbidden transitions. Table 3.1 shows 
the characteristics of allowed as well as forbidden transitions with examples. The 
selection rules for parity are reminiscent of those used in optical atomic transitions. 
The expression e’’* is expanded in powers of r/A. In optical emission R/A ~ 1073 
where R is the atomic size. The transition probability depends on the square of the 
matrix element. f W* (electric moment) YjdT, in case it is a dipole transition, Wy 
and W; must be of opposite parity as dipole moment is a polar vector which changes 
its sign under space inversion. If the first term (dipole) is zero, transition may still 
proceed via quadrupole radiation but with lesser probability (R?/A7) ~ 1076. This 
is the famous Laporte rule which states that for dipole transitions, odd (or even) 
terms of initial state combine with even (or odd) terms of the final state. 
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Table 3.1 Characteristics of allowed and forbidden transitions 


Type of transition Al Ar log ft Example 

Super allowed 0,+1 No 3-3.7 3H H > Heh) 
Allowed 0,1 No 4-6 6He(0*) > SLi(1t) 
First forbidden +2 Yes 6-9 9 ar(Z) > IKG) 
Second forbidden +3 No 10-13 22Na(3+) > 22Ne(0T) 
Third forbidden +4 Yes 15-18 40K (4-) > “Ca(ot) 
Fourth forbidden +4 No 19-23 115192") > '!6sn(5 t 


After the discovery of non-conservation of parity in weak interactions, such as 
B-decay, it was shown that all existing data on -decay are in excellent agreement 
with the combination of the vector and axial vector interactions—this is the V-A 
theory and that Fermi’s theory of $ decay is basically correct. 


3.4 Range-Energy Relation 


Although the £ rays have a continuous energy spectrum, it is still possible to find a 
relation between Emax, the maximum energy of the spectrum and the correspond- 
ing range R. A relation frequently used for a rapid determination of E(MeV) in 
aluminum is due to Feather 


R(gem72) = 0.542E — 0.133 for0.8 < E <3 MeV 6419) 
8 ~ 10.407£128 for 0.15 < E < 0.8 MeV l 


Also, the intensity of $ particles from the 6 decay is found to decrease exponentially 
with absorption thickness d 


I = Inexp(—pd) (3.113) 


where u (cm?/g) is the absorption coefficient. 


3.4.1 Double B Decay 


It is pointed out in Chap. 6 that for given even A nuclei there exist several isobars 
which are stable as the even-odd nuclei on the lower parabola cannot 6 decay into 
the adjacent nuclei on the upper parabola since the mass on the latter is heavier. On 
the other hand, nuclei on the lower parabola are separated by two units of charge 
and they cannot be transformed into one another by £ decay. However, the heavier 
may decay into the lighter one by a second order process. This process is called 
double B decay. This comes about due to simultaneous 6 decay of two neutrons or 
two protons of the same nucleus. 
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Fig. 3.17 Mass spectrum of 
the A = 76 isobars 


> 


Massin arbitrary units 


z —> 


All the potential double beta emitters are even-even nuclei which due to the pair- 
ing interaction, have energetically lower ground states than adjacent odd-odd nuclei. 
Most of the BB decay involve 0* — O* transitions. In certain cases transitions to 
the first excited state 2+ and a number of other excited states of daughter nucleus 
are energetically possible. 

Figure 3.17 shows the mass spectrum (A = 76) of isobars. It is observed that 
for 7°Ge both the 67 and B+ or EC decay are energetically forbidden. The only 
allowed decay mode is the B~ B~ decay to /°Se. In all, there are about 36 potential 
PB emitters. 


3.4.1.1 Various Decay Modes 


There are two possibilities for the 6~ 67 decay mode 


(Z,A) > (Z+2,A)+2e +20. (2vB6) (3.114) 
(Z, A) > (Z+2,A)+2e Neutrinoless process (OvBf) (3.115) 


In (3.114) lepton number is conserved, i.e. AL = 0 ([2], Chap. 3). It may be thought 
of as two consecutive simple £ transitions in which the intermediate states are vir- 
tual. This process is allowed in the standard model of the electro-weak interaction 
independent of the nature of v. 

Search of double 6 decay whose expected half-lives are too long (107° y or more) 
are confronted with serious difficulties. The muon and neutron components in cos- 
mic radiation and radioactive impurities are reduced by making experiments deep 
underground. 

The first convincing evidence for the double 6 decay mode 2v8 was provided 
in 1967 by Kirsten in his studies of 8*Se, !*8Te and !3°Te samples using geochem- 
ical experiments. But the 2v6 decay mode from ®*Se was observed directly from 
counter experiments comparatively recently (1987). The emitted electrons have con- 
tinuous energy spectrum since it is a four-body decay. Process (3.114) is possible if 
the parent nucleus is heavier than the product nucleus which differs by two units in 
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the nuclear charge, 1.e. 
m(Z, A) > (Z +2, A) (3.116) 


The simple 6 decay will be forbidden if the following condition on the masses is 
imposed, i.e. 


m(Z, A) <m(Z +1, A) (3.117) 


The neutrinoless double beta decay (Ov6B) violates the conservation of lepton num- 
ber (AL = 2) and is forbidden in the standard model. While 2v mode is confirmed 
experimentally, neutrinoless double beta decay has not been detected. In the 2vB6 
decay the kinetic energy is distributed over two electrons and two neutrinos. On 
the other hand Ov6f decay is a two body process, the two electrons in the final 
state share the available energy uniquely. The total (sum) energy spectrum peaks at 
Q gg So that this process is easy to distinguish than 2v mode. In the neutrinoless 66 
decay, only two electrons occur in the final state and the phase space as well as the 
number of final state is larger by 10° compared to 2vBf mode. Also, the OvBB mode 
is possible only if (i) mv 4 0, (Gi) v = v (Majorana particle). The study of double 6 
decay is of great interest in Grand Unification theories ([2], Chap. 8). 


3.4.1.2 Theoretical Values for the Half-Lives 
The 2v6£ half-lives are directly related to the nuclear matrix elements and no free 
particles are involved. Comparison of the predicted decay rates with the experi- 


mental values provides a sensitive test for various nuclear structure models. Double 
beta-decay, 2vB6 follows from the square of the rate of single-beta decay for the 


light nuclei. Therefore 
rN 7 mec? G?|Mer|* 2 B a 
pe 273 30 


In2 = 
TBP) = g ~3 x 106 


(3.118) 


Thus, for Ge, Ogg = 2.04 MeV, £o = 3.99, T/2(BB) = 2.9 x 107! y. 

The 2v mode of 66 decay is equivalent to two consecutive G-T transitions. Ac- 
cording to the G-T rule the intermediate states can only be 1* states since all po- 
tential BB emitters are even-even nuclei with ground state spin O+. The half-lives 
range from 10!8 years to 107° years. 

Other decay modes involve 6+ B+, the Q-value being 4mec? which is less than 
that for double electron capture. That is why electron capture or B* emission is 
generally more favoured than B* BT decay. 


Example 3.22 The maximum energy Emax of the electrons emitted in the decay of 
the isotope !4C is 0.156 MeV. If the number of electrons with energy between E 
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and E + dE is assumed to have the approximate (non relativistic) form: 
n(E)dE x VE(Emax — E) AdE 


Find the rate of evolution of heat by a source of !4C emitting 3.7 x 10’ electrons 
per sec. 


Solution The mean energy of electrons: 


JE En(E)dE 
Join" n(E)dE 


(E) = 


Given n(E)d E = KV E(Emax — E)*dE where K = const 


Emax 
_ K fọ ™ EVE(Emax— EXY4dE Emax 
= Emax = 
K fo" VE(Emex — E)*dE 3 


Heat evolved/sec = (mean energy) (no. of electrons/s) 


0.156 x 3.7 x 10” 
7 3 


MeV/s = 1.92 x 10° MeV/s 


Example 3.23 A radioactive species has a maximum energy of -rays of 3.5 MeV. 
Calculate the momentum of the neutrinos accompanying those $ particles that have 
half the possible momentum. 


Solution Total energy of 6 particle: 


E =T +m =3.5+0.511 =4.011 MeV 


Using the relativistic equation Pmax = VE? — m? = (4.011)? — (0.511)? = 
3.978 MeV/c. Half of this value is 1.989 MeV/c. Corresponding total energy of 
B particles 


= yf (Pax /2)? +m? 


= y (1989)2 + (0511)2 = 2.053 MeV 


Energy of neutrinos accompanying these f particles is (4.011 — 2.053) 
1.958 MeV. The corresponding momentum of neutrinos is also 1.958 MeV/c as 
neutrino has zero rest mass. 


Example 3.24 In the Kurie plot of the decay of the neutron, the end point energy of 
B particles is 0.79 MeV in the free decay of neutron, calculate the threshold energy 
for the inverse reaction: 


p+pon+et 
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Solution The threshold energy required in the CMS will be 0.79 + 0.511 = 
1.301 MeV. Use the relativistic invariance of (E? — P?) for the threshold calcu- 
lations 


(T +m,)? —T? = (m +m)" 
Put Mp = 938.28 MeV, mn = 939.573 MeV, me = 0.511 MeV, T = 1.8 MeV. 


Example 3.25 Ag with J” = 1* is B-unstable and has a mean life of about 
3.4 min. It has an excited state of 109 keV with J” = 6", which is an isomeric state 
with mean life of 180 years. How can the excited state of a nucleus be more stable 
than the ground state? 


Solution Transitions from the isomeric state J” = 6* involve a large change in 
the value of J. Such transitions are forbidden and hence the excited state has a 
longer mean life. 


Example 3.26 Calculate the ft value for the decay ae > 1P +e* + v, for which 


Tıj2 = 2.6 s, Eo = 4.94 MeV and F(Z, E) = F (15, 4.94) = 1830. In the simple 
shell model, this decay involves a 2s1/2 proton changing to a 2s1/2, neutron. Com- 
pare this ft value with that of a free neutron (1015 s). Why do the two values differ? 


Solution ft = 1830 x 2.6 = 4758 s. In the simple shell model the Is neutron and 
proton have identical spatial wave functions if Coulomb distortions are ignored. The 
spin states are similar to those of a free neutron and free proton. Thus, the predicted 
ft value is expected to be the same as for the free neutron decay. Since Z = 15, the 
Coulomb distortions cannot be neglected, hence the discrepancy. 


Example 3.27 The maximum energy of a p7 spectrum is 1.77 MeV. Find the range 
of 6 particles in aluminium. 


Solution 
R=0.542E — 0.133 


0.826 
= 0.542 x 1.77 — 0.133 g/cm? = 0.826 g/cm? = -7 om = 0.306 cm 


Example 3.28 -particles (Emax = 1.7 MeV) from **P are counted by a G.M. 
counter with a wall thickness of 20 mgl cm?. Calculate the fraction of particles that 
are absorbed while passing through the window. Assume u = 10.87 cm?/g. 


Solution Fraction of the particles absorbed f = 1 — exp(— ud) 


ud = 20 x 107°? x 10.87 = 0.2174 
fests e2214 _ 02 
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Example 3.29 Skr decays to SSRb with the emission of -rays with a maximum 
energy of 2.4 MeV. The track of a particular electron from this nuclear process has 
a curvature in a field of 10° Gauss of 6.1 cm. Determine 


(a) the energy of this electron in eV and that of the associated neutrino 
(b) the maximum possible kinetic energy of the recoiling nucleus 
Solution 


(a) Momentum 


p = 300Hr = (300) (10°) (6.1) 
= 1.83 x 10° eV/c 
= 1.83 MeV/c 


Use the relativistic equation 


E=,/p?+m2 = y (1.83)? + (0.511)2 = 1.90 MeV 


Kinetic energy of the electron T = 1.9—0.511 = 1.389 MeV = 1.389 x 10° eV. 
Energy associated with neutrino = 2.4 — 1.389 = 1.011 MeV, where we have 
neglected the energy of the recoiling nucleus. 

(b) The maximum Kinetic energy will be carried by the nucleus when it recoils 
opposite to the 6-particle and v is emitted in the same direction 


Momentum conservation gives Py = Pgy = Vv T? +2Tm (i) 
Energy conservation gives Ty +T = Q=2.4 MeV (i1) 


Eliminating T between (i) and (ii) and using P? = To +2MnTn, we find Ty = 
50.2 eV. 


Example 3.30 In an experiment to determine the maximum energy of the spectrum 
of pain the following results are obtained with aluminium as the absorber after 
correcting for background: 


Cpm 15000 5000 2000 300 70 30 20 19 18 
Absorber thickness 0 50 100 200 250 300 400 500 600 
mg/cm? 


Plot these data on a suitable graph and analyze the curve. Calculate the -energy 
from the expression Emax = 1.9R + 0.29 MeV, where R is the range of the £- 
particles in aluminium in units of g/cm’. 
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Fig. 3.18 Log of counting 40 


rate (CPM) versus absorber 
thickness 


3.0 


Log (CPM) 
N 
O 


0.0 


200 400 600 
R(mg/cm?) 


Solution The counting rate (CPM) versus absorber thickness (mg/cm?) is plot- 
ted on log-linear scale, see Fig. 3.18. Up to 300 mg/cm? thickness, a straight line 
(curve I) can be passed. Another straight line (curve II) represents the y-ray back- 
ground. The curve II can be extrapolated to zero thickness and its contribution can be 
subtracted from curve I and a new curve may be drawn for the true absorption of $- 
particles. However, the y-ray counting rate is so small that such a procedure is found 
unnecessary. The curve I, when extrapolated, cuts the range axis at 475 mg/cm?. Us- 
ing this value of R in the given formula we obtain 


Emax = (1.9)(0.475) + 0.29 = 1.19 MeV 


Example 3.31 The nuclide 0 undergoes B* decay to its mirror nuclide SN, 
Assuming that the mass difference is entirely due to the Coulomb energy, and that 
both nuclides have a radius of 3.45 fermis, calculate the maximum kinetic energy of 
Br. 
The observed half-life tı /2 for this decay is 124 s. By inserting this in the expres- 
sion for the half-life derived from Fermi theory of 6 decay 


FIZT) xt 273 (In 2)h! 
yA JS 0/2 = — ag od ay 18 
M2 m5G2c4| Mi (2 


Make an estimate of the weak interaction constant G taking the factor f (Z, T) to 
be given by Z = 7 by the empirical form 
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where T is the maximum kinetic energy of B* in MeV. The nuclear wave functions 
for the mirror pair may be assumed identical. 


Solution 


0.6e?  0.6x 1.44 15 _ 


= = 3.75 
AmeoR 3.45 
T = AE, — me — (Mn — Mp) = 3.75 — 0.51 — 1.3 
= 1.94 MeV 


logio FC, T) = 0.6 + 4.5l0g10 T 
logo f (7, 1.94) = 0.6 + 4.5 logyg 1.94 = 1.895 
f(1.94)=78.5 


2 2r? (In2)h! 
~ m%ct|Mif|? f (Z, T) x ti/2 


As the transition is super allowed, Mj = 1 


2 27r? (0.693) (hc)! 
(mec?) f (Z, T) x ti xc 


ħc = 197.7 MeV fm, c=3 x 10” fms"! 
tj = 124s, f =78.5 
c=3 x 10” fm/s 
G =0.7 x 1074 MeV fm? 


Example 3.32 If the B-ray spectrum is represented by 
n(E)dE «VE(Emax — E) dE 
show that the most intense energy occurs at E = Emax/5. 


Solution Maximizing the expression VE (Emax — E)? and seting the resulting ex- 
pression to zero, we obtain 


1 
— (Emax — E)? — WV E (Emax — E) = 0 
Wisk ) ( ) 


whence we get the desired result. 
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3.5 Electron Capture 


Introduction It is a radioactive decay process in which an inner orbital electron 
of an atom, usually a K-shell electron, is captured by the nucleus indicated as 


e +p>n+v 


One of the protons captures an electron and gets converted into a neutron which 
is lodged within the nucleus. A neutrino accompanies the neutron emission. The 
available energy is shared between the neutrino and the resulting nucleus where the 
neutrino is carrying almost the entire energy. The above process may be considered 
as the inverse process of B* decay 


P—>n+ßt+v 


An example of electron capture is e~ + Be? > Li” + v. 
The criteria for electron capture process are as follows: 


(a) If it is energetically possible, the condition is 
[M(A, Z) — M(A, Z—1)|c? = Ac? > By (3.119) 


where By, is the binding energy of K-shell electron. 
If Ac? < By but > By, K-electrons cannot be captured but L-electrons can 
be. 

(b) If the electron wave function is non-zero at the nucleus, the s1/2 state for the 
K-shell and 2512 state for the L-shell are the only important states for electron 
capture as only / = 0 particles have finite wave functions at the origin (nucleus). 
Contribution from Lz and Ly is quite small due to finite extension of the nu- 
cleus and relativistic effects. 


3.5.1 Decay Constant 


The theory for the determination of decay constant proceeds along similar lines as 
in B-decay. We use the formula from perturbation theory Eq. (3.83) 


__ 2n|Hig|?dN 
~ dE 


where the statistical factor refers to the density of v states only. 
If Eo is the energy released in electron capture 


E, = Eo — Ep (3.120) 
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where Eo results from the mass difference +mc?, as the electron is consumed. 


V4r Pv7d 
Fi orc (3.121) 
h 
But 
E dE 
Py=— and dP, = 4 (3.122) 
c c 
Using (3.120) and (3.122) in (3.121), we get 
dN  V4nE2 V(Eo-— Eg? 
= a ooma (3.123) 
dE, Pe? 2r? hc? 
We will be concerned here with the K-capture only. The matrix element 
Calling the nuclear matrix element 
Miş = f YiyYindz (3.124) 


and using the K-shell electron wave function Wx (0) at the origin, i.e. We = Wx (0) 
the neutrino wave function W, (0) = —} through plane wave approximation, we can 


7 
write 
Hi = if Vx 0) (3.125) 
Now 
1 Z 3/2 
Wk(r) = ==] exp(—Zr/ao) 
T | ao 
1 [Zm] 
Wx (0) = =| | (3.126) 
T h 
since 
h2 
ay = — (3.127) 
me 


Using (3.123), (3.125), (3.126) in (3.83) and multiplying the resulting expression 
by a factor 2 to account for two K-shell electrons, we get 


_ 2g°Z?mPe®|Miz|? (60 — £B)? 


ÀK 
ep los 


(3.128) 
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Fig. 3.19 Plot of 
log(AK /Ag+) vs £o for 
various Z 


with £g = 5(aZ)? and a = fine structure constant. As the nuclear matrix element 
for electron capture is the same as for B* decay, we can find the branching ratio 
àx /Ag+ which is independent of Mir. 

Combining (3.109) with (3.128) and neglecting the binding energy of electron, 
we get 


(3.129) 


XK 41323 e° E2 z T & 
= = 470 
À g+ hcm? f (Z, £€0-) 137 | f(Z, €o) 


where we have used e? /ħc = 1/137 and Eo/mc? = £o. Now, for low Z and large £o 
as in Eq. (3.110) 
Ep 
0, £0) ~ = 
fO, £0) 30 


From (3.124) and (3.110) 


K 7A 
—* = 1200} —| = (3.130) 
Apt 137 


£0 

Figure 3.19 is a plot of the branching ratio Àx /Ag+ (on the logarithmic scale) vs the 
energy £o for various values of Z. In the range of ¢9 where only electron capture is 
possible, the branching ratio zooms to infinity. Formula (3.130) shows that for light 
elements and reasonably large end point energies, K-capture is less probable than 
for positron emission. As £ọ approaches the positron threshold or as Z increases, 
the K-capture becomes more probable. Experimental confirmation of the theory of 
electron capture relies mainly on measurements of the ratio Ax /Ag+. The relative 
probability of L-capture to K-capture is directly related to the relative probability 
density at the nucleus of the L- and K-electrons. The experimental ratio of L- to 
K-capture for 377A is 0.087 which is in agreement with the ratio 0.082. 

The rate of electron capture depends to a small extent on the chemical environ- 
ment in which the nucleus is placed, as the electron wave function is slightly modi- 
fied if the atom is in a compound. This effect will be the largest for light elements. 
A difference of about 0.08 per cent has been observed between the decay rate of Be 
in BeF, and in Be metal. As the threshold difference between the electron capture 
process and positron emission is (2mc? — Eg), a nuclide which is unstable against 
positron emission will also decay by K-capture. If a nuclide is sufficiently heavy, all 
the three processes, 87, B+ and K-capture may occur, as in >°Cl and 7°As. 


3.6 Gamma Decay 181 


3.5.2 Detection 


Neutrino is unobserved for all practical purposes and the nuclear recoil is also too 
small to be detected. Electron capture is detected by observing atomic process fol- 
lowing the consumption of K-shell or L-shell electron, by observing the K-lines and 
L-lines in the X-ray spectrum. Alternatively, the competitive process of the Auger 
electron emission (invariably from L-shell) may be observed. They result when an- 
other electron from the same shell falls to fill a vacancy in the K-shell and receives 
enough kinetic energy to be ejected. Obviously, the Auger electrons are of discrete 
energy and can be conveniently observed experimentally. 


3.6 Gamma Decay 


Gamma decay of an excited nucleus may occur competitively with «œ or £ decay. The 
half-lives, however, are usually small. This is the reason why pure y-ray emitters 
(except isomers) are not to be found. Ellis and Meitner [1] discovered that nuclei 
have quantized energy levels, similar to atoms, but with much larger spacing. The y 
decay occurs due to radioactive transition between various nuclear levels, resulting 
in the emission of y-rays of discrete energy. 


3.6.1 Multipole Order of Radiation 


The quantum theory of radiation considers the radiation source as an oscillating 
electric or magnetic moment. The complicated spatial distribution of the corre- 
sponding electric charges and currents is represented by spherical harmonies. The 
multipole order of y radiation is 2’, where / is the angular momentum carried by 
radiation. / = 1 corresponds to dipole radiation, l = 2 to quadrupole radiation, / = 3 
to octupole radiation, etc. One consequence of the transverse nature of e.m. wave 
is that the order / = 0 is absent. For multipole order two different waves are pos- 
sible (i) electric (ii) magnetic multipole radiation. For each value of /, electric and 
magnetic waves have the same angular momentum but different parity 


Parity of electric multipole = (— 1)! 


Parity of magnetic multipole = —(— 1)! 


Consider a pair of energy levels of a nucleus with spin Z4 and J/g. The angular 
momentum carried by the radiation is given by the change in nuclear spin. Thus, 


l= |I4 — Ip (3.131) 
where / is non-zero. We can then write 


Al = |I} — Ig| 21S + Ig (3.132) 
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In practice / = AJ. The competitive case is l = AJ + 1. If Z4 #0 and Ig = 0 or 
I, =0 and Ig Æ 0, then 1 = AT is only possible. This is the case for transitions to 
the ground level of even-Z and even-N nuclei for which the ground level has spin 
zero. 

The transition 74 = 0 — Ig =0, is absolutely forbidden. 


3.6.2 Selection Rules for y-Emission (or Absorption) 


Transition probability P = f % (electric moment) Y,4dt. For electric dipole, the 
relevent moment is the dipole moment Xe; X;, whose parity is —1 


P= | vp(ZeXi bade: Az = Yes (3.133) 
For quadrupole moment, Xe; X 7 has parity +1 
P= J WR(DeiX?)Wadt; Ar =No (3.134) 


The value of a definite integral cannot possibly change by the reflection of coor- 
dinates through the origin, i.e. parity operation. The integrand must be positive if 
P #0. On the other hand, if the integrand changes its sign then P = 0. Thus 


if W4 =even, Wp (or We) = odd 
ifW,=odd, Wp (or We) = even 


i.e. parity of final state of the nucleus must be opposite to the initial state. 
Conservation of parity in the system as a whole (nucleus + quantum of radiation) 
then requires that for electric dipole radiation. The photon must have odd parity with 
respect to the system, in the process of emission or absorption. 
Similar reasoning shows that for both electric quadrupole and magnetic radiation, 
the emission is possible if the parity of final state is the same as that of initial state. 
Table 3.2 gives the Selection Rules for y radiation. 


3.6.3 y-Ray Emission Probability 


It can be shown that the decay constant is given by the expression: 


EEE a ” (3.135) 
-e x —_ . 
1 137 (à 
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Table 3.2 Selection rules for 


y radiation Type of radiation Symbol l Ar 
Electric dipole El 1 Yes 
Magnetic dipole M1 1 No 
Electric quadrupole E2 2 No 
Magnetic quadrupole M2 2 Yes 
Electric octupole E3 3 Yes 
Magnetic octupole M3 3 No 
Electric 2!-pole El l No: for / even 
Yes: for / odd 
Magnetic 2!-pole MI l Yes: for / even 
No: for / odd 


Fig. 3.20 Plot of 7,2 vs E, 
for light and heavy y-ray 
emitters 


0.1 10 10 Ey (Mev) = 


where R is the nuclear radius and S is the statistical factor given by 


— 2(21 +1) Ly 
s= ar (is) (3.136) 


S decreases considerably with the increase in /. Figure 3.20 shows graphs of Tj /2 
vs Ey, the y-ray energy for light and heavy nuclei. Lighter nuclei have greater life 
times for y-decay. 


3.6.4 Internal Conversion 


As the 0 — 0 radiative transitions are absolutely forbidden, they may be replaced 
by the internal process which results in the ejection of a bound atomic electron from 
the same atom. The energy transfer is caused by a direct interaction between the 
bound atomic electron and the same multipole field which would have resulted in 
the photon emission. The energy carried by the ejected electron E; is given by 


E;=W — B; (3.137) 
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Fig. 3.21 Conversion 
electron spectrum 


Relative number 
~ 


Energy (Kev) —> 


where W is the transition energy and B; is the binding energy. Observe the similar- 
ity of (3.137) with Einstein’s photoelectric effect equation. Following the ejection of 
electron, the atom emits the characteristic X-rays or Auger electrons with energy B;. 
Figure 3.21 shows a typical conversion electron spectrum. The mechanism for inter- 
nal conversion process is believed to be the direct interaction with nuclear volume 
and not due to the absorption of photon by atomic electron (internal photoelectric 
effect) as 0 — 0 transition cannot emit a photon. 


3.6.4.1 Internal Conversion Coefficient 


If Ay = probability/unit time for photon emission by radiative multipole transition 
and àe = probability/unit time that the same multipole field would take to transfer 
its energy W to any bound electron in its own atom, then the total internal coefficient 
a is defined as 


& = = — (3.138) 
Ay Ny 
with 
0<a<o (3.139) 


where Ne is the number of conversion electrons and N, is the number of photons 
emitted in the same time interval in the same sample. Total transition probability à 
is defined as 


à = ày +e =à, (1 +Q) (3.140) 
and the total number of nuclei transforming is N, + Ne. Also 
a=axk +4L +M (3.141) 


where ax refers to both the K-shell electrons and, œz to all the L-electrons etc. 
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Fig. 3.22 Plot of ax 
against W 


3.6.4.2 K-Shell Conversion Coefficient 


The theory gives 


l 3( 1 . Amc? 1+5/2 
OLEE, i 3.142 
(aK el = TG (5) ( W ) ene) 


for two electrons, with the condition 


mc > W > Bx (3.143) 
owt 4 (9m e2\ 13/2 
(Xk )mag = Z’ z a (3.144) 


aK increases with / and hence with increasing spin change AJ in nuclear transi- 
tion. It increases strongly as Z increases and as W decreases. Usually, (œx )mag > 
(x )elec. Figure 3.22 shows the variation of æg with W. 


3.6.4.3 L-Shell Conversion Coefficient 


If W > Bx, then æg > az, as K-shell electrons have a greater probability for being 
near the nucleus. 


(a) The ratio wx /ay decreases as AT increases. 
(b) As l = AT increases, the decrease in the ratio ax /ay is more pronounced for 
electric 2'-pole transition than for magnetic 2/-pole transitions. Thus, for the 


same W, Z and Al 
eG) 
a— < pee ary 
OL / el aL mag 


Experimental values for ax /az range between 10 (for large W, small AZ, 
small Z) and 0.1 (for small W, large AJ, large Z). 
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Fig. 3.23 Abundance of 
isomers at various mass No: 
numbers 


20 40 60 80 100 120 
A——> 


3.6.4.4 Pair Internal Conversion 


When W > 2mc? for the forbidden 0 — 0 transitions, the available energy may 
be converted into e+, e~ pair production, a process which competes with the or- 
dinary internal conversion. The pair conversion coefficient is almost independent 
of Z, actually decreasing slightly with increasing Z. The et, e~ pair is produced 
within the nuclear volume as there is no multifold field outside. The angle between 
the produced e* and e~ is small. The energy is also similar, but due to Coulomb 
interaction, the energy of et is pushed out and that of e~ is pulled in. 


3.6.5 Isomers 


Certain nuclides are capable of existing in excited state for sufficiently long time 
to be observed. Such nuclides are called isomers. Their half-lives range from 1 s 
to 8 months. The phenomenon of isomerism is frequently found in odd A nuclides 
(odd Z or odd N). Figure 3.23 shows the abundance of isomers at various mass 
numbers and the isomers clustering into various groups. The existence of islands of 
isomers is explained within the frame-work of the shell model of nucleus (Chap. 6). 


3.6.6 Angular Correlation of Successive Radiation 


When y-rays are emitted from radioactive transitions between two specific levels 
of identical nuclei, their angular distributions will be isotropic in the lab system. As 
the atomic nuclei are oriented at random, there is no preferred direction of emis- 


sion for the photon from the individual transition I4 ee: p. The same result holds 
good for a, 6 and conversion electron emission. If the transition I4 ee p is fol- 


pa v2 n Lo. 
lowed by a second transition Ig — Ic, the individual radiations from the second 
transitions are y1, y2 also isotropic. However, in two successive cascade transitions, 


Ia ⁄ | B e Ic, there is usually angular correlation between the direction of emis- 
sion of two successive photons yı and y2, which are emitted from the same nucleus. 
Similar angular correlations may arise for other pairs of successive radiations like 
a-y, p—-y, B-e~, y—e7, ... (where e~ refers to conversion electron). 
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The angular correlation arises because the direction of first radiation is related to 
the orientation of the angular momentum Ig of the intermediate level. This orien- 
tation is expressible in terms of magnetic angular momentum quantum number m g 
with respect to some fixed direction, say that of first radiation. If Ig is not zero and 
if the intermediate level has a short life time so that Ig persists in orientation, the 
direction of emission of the second radiation will be related to the direction of Ig 
and hence of that to the first radiation. 


3.6.6.1 y—y Angular Correlation 


The theory of y—y angular correlation can be applied to any y—y cascade in- 
volving arbitrary multipole orders notwithstanding the mathematical complications 
introduced in the calculations. Using group theoretical methods Yang first ob- 
tained the form of the general angular function. For the generalized y—y cascade 
Ta(l,) Ip (lz) Ic, the angular correlation function W(@) for the angle 6 between the 
successive y-rays takes the form 


K=l 
W(0)d2 = >» Azp Pox (cos0)d2 (3.145) 
K=0 


where Azx are the coefficients that depend on /;, and l2 and Px (cos@) are the 
even Legendre polynomials. One can also express (3.145) as a power series in even 
powers of cos 0 and normalized to W (90) = 1 as follows. Therefore 


l 


W (0)d2 =1+ $` ax (cos”* 0) (3.146) 
K=1 
where the coefficients a2, a4,... are the functions of angular momenta I4, Ig, Ic, 


l and /> but not the relative parity of the levels. 

Equations (3.145) and (3.146) are quite general and with appropriate values of 
a2,a4,... apply to all two-step cascades, a—y, B-y, y-y, y-e_,e —e7, i.e. ...as 
well as to nuclear scattering and nuclear reactions. 

Derivations of Eqs. (3.145) and (3.146) are based on the following assumptions: 


(a) The magnetic sublevels m 4, of the initial level 74 are equally populated. This is 
usually true for ordinary radioactive sources at room temperature. 

(b) Each nuclear level 74, Ig, and Jc must be single level with well defined parity 
and angular momentum, otherwise overlap of broad nuclear levels at high ex- 
citation energies may produce interference effects and introduce odd powers of 
cos@ in W(@). 

(c) Each of the radiation /; and 12 must correspond to a pure multipole. Otherwise 
radiations of opposite parity may produce interference effects and introduce odd 
powers of cos(@). 

(d) Equation (3.146) is valid for detectors that are insensitive to plane of polariza- 
tion of radiation. 
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Table 3.3 Angular 


correlation coefficients a> y—-y cascades W(0)d2 = (1 + az cos? 6 + a4 cost 0)d 2 


and a4 Tah) Ip (la) ke ay as 
0(1)1(1)0 1 0 
1(1)1(1)0 —1/3 0 
1(2)1(1)0 —1/3 0 
2(1)1(1)0 —1/3 0 
3(2)1(1)0 —3/29 0 
0(2)2(2)0 =3 +4 
1(1)2(2)0 —1/3 0 
2(1)2(2)0 43/7 0 
2(2)2(2)0 —15/13 +16/13 
3(1)2(2)0 —3/29 0 
4(2)2(2)0 +1/8 +1/24 

Fig. 3.24 The angular D, 


distribution of y2 is measured 
relative to the direction of yı 


8 


T IIIA 


(e) The half-life of intermediate level Zg, must be short enough to permit the orien- 
tation of Ig, to be retained. 


3.6.6.2 y—y Angular Correlation Coefficients 


In Table 3.3 are given the angular correlation coefficients az and a4 for some dipole 
and quadrupole y—y cascades of interest, for the special case Jc = 0 appropriate for 
even —Z even N nuclei. 


3.6.6.3 Experimental 


y-rays (yı) arising from the source are accepted by the fixed detector Dı (scin- 
tillation counter). The second ray y2 is accepted by the second movable detector 
(scintillation counter D2). The counting rate ratio between Dı and D2 is measured 
in coincidence at different angles 0 between the yı and yz rays (Fig. 3.24). 

As an example, consider the decay of ©°Co which emits two y-rays in cascade 
(Fig. 3.25). 


3.7 Questions 


Fig. 3.25 Decay scheme 
Co > Ni 


Fig. 3.26 Coincidence 
counting rate proportional to 
W (0) for the y—y cascade in 
60Ni following the 6 decay of 
©°Co.The curve can be fitted 
for the angular correlation 
distribution for 4(2)2(2)0 
cascade (data from Brady and 
Deutch) 
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Figure 3.26 shows the measured dependence of coincidence rate on 0 for the 
y-y cascade in Ni, and is seen to be in agreement with the quadrupole transitions 
4(2)2(2)0. The observation fixes the angular momenta of the excited levels at 1.33 
and 2.5 MeV in Ni as Ig = 2 and I4 = 4. 


3.7 Questions 


3.1 Explain how the unstable Radon which has only a half-life of 3.8 D can occur 


naturally? 


3.2 The unit of radioactivity 1 uc = 3.7 x 104 disintegrationsls. What is the signif- 


icance of this number? 


3.3 From which naturally occurring radioactive series is the isotope ?°*Pb pro- 


duced? 


3.4 Radioactive series represented by 4n + 1 does not exist. Why? 


3.5 Neutron or proton emission does not occur in natural radioactivity. Why? 
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3.6 In the uranium radioactive series, the initial nucleus is oi and the final nu- 


cleus is Pb: What is the number of œ-particles and B-particles emitted when the 
uranium nucleus decays to lead? 


3.7 A radioactive nuclide is capable of decaying via three competitive decay 
modes, 67 decay with half-life T7, 8+ decay with half life T* and electron capture 
with Te. If the observed half-life irrespective of decay is T, write down the equation 
to show how T is related to T7, T* and Ty. 


3.8 In -emitters of short life times what happens to the potential barrier width? 
3.9 Why a-spectrum is discrete but -spectrum continuous? 

3.10 Give two examples of potential barrier penetration in areas other than a-decay. 
3.11 What is the significance of two straight lines in the Sargent diagram? 

3.12 Ina f-decay, the electron is emitted eastward with momentum of 3 units and 
the daughter nucleus recoils southward with a momentum of 4 units. Indicate on a 


diagram the magnitude and direction in which the neutrino is emitted. 


3.13 *!°Po decays by alpha emission with half-life of 138 D into SPb which is 
stable. Draw a rough graph to indicate the rate of formation of 7°°Pb with time. 


3.14 Classify the following 6-transitions as Fermi or G-T or both. 


(i) 3H —> 3He 
(ii) "He > Li 
(iii) 140 —> 4N 
(iv) ©°Co > Ni 


3.15 Classify the following as super-allowed, allowed or forbidden transitions: 
140 — !4N*, with ft = 3103 s. 


3.16 How can the mass of neutrino be estimated from the study of 6 spectrum? 
3.17 The radioactive nuclide of “Cu can decay either by B~ emission or 6+ emis- 
sion. The lower side of energy spectrum shows fewer positrons than electrons. Ex- 
plain. 

3.18 In a given type of B~ decay, the 7 spectrum looks as shown in Fig. 3.27. 


How does The v-spectrum look like for the same decay scheme? 


3.19 What quantities are not conserved if it is assumed that free neutron decays 
through the scheme n > p+ 67? 
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Fig. 3.27 6-decay energy 
spectrum 


Number 


© E8 — E max 


Fig. 3.28 The direction of È 
decay products in the B-decay 


3.20 In the B-decay, should the decay products, 6-particle, neutrino and the resid- 
ual nucleus be coplanar? 


3.21 Is the -decay shown in Fig. 3.28 feasible? If not, why? 


3.22 Show that Fermi’s factor F(Z, E) given by the expression (3.100) reduces to 
unity for small Z and large v. 


3.23 Explain qualitatively why in high Z atoms, e7 capture is more probable 
than B* decay. 


3.24 Explain qualitatively why in the decay by electron capture, K-capture is more 
probable than L-capture. 


3.25 State Laporte rule for radiation transitions in atoms. 


3.26 When 0 — 0 radiative transition can not take place, an altemative process of 
internal conversion is possible. Can one call this process photoelectric effect? 


3.27 Explain why pair intemal conversion cannot take place outside the nuclear 
volume. 


3.28 A sample of radioactive substance has mass m, decay constant A and molec- 


ular weight M. If Avogadro’s number is N4, show that the activity of the sample is 
À m Na 
ar 
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3.29 If A, is the activity of a sample of radioactive substance at time tı, and A3 at 
time t2 then show that Az = A, exp(t) — t2)/T. 


3.30 What fraction of initial number of radioactive nuclei in a sample will decay 
during one mean life? 


3.31 What will be the half-life of radioactive nuclei in a sample if three-fourths 
decay in 3/4 s? 


3.32 A fraction fı of a radioactive sample decays in one mean life and a fraction 
f2 decays in one half-life. Is fi < fo or fi = fo or fi> fo? 


3.8 Problems 


3.1 The disintegration rate of a radioactive source was measured at intervals of 
four minutes. The rate was found to be (in arbitrary units) 18.59, 13.27, 10.68, 9.34, 
8.55, 8.03, 7.63, 7.30, 6.99, 6.71. and 6.44. Assuming that the source contained only 
one or two types of radio nucleus, calculate the disintegration constant involved. 
[Ans. 0.26 min~!, 0.03 min~!] 


3.2 100 millicuries of radon which emits 5.5 MeV a-particles are contained 
in a glass capillary tube which is 5 cm long with intemal and external diam- 
eters 2 mm and 6 mm respectively. Neglecting the end effects and assuming 
that the inside of the tube is uniformly irradicated by the a-particles which are 
stopped at the surface, calculate the temperature difference between the walls of 
a tube when steady thermal conditions have been reached. Thermal conductiv- 
ity of glass = 0.025Cal cm~?s~! C7}. Curie = 3.7 x 10!° disintegrations per sec 
J = 4.18 joule cal”! 

[Ans. 4.5 x 1073 °C] 


3.3 Radium being a member of the uranium series occurs in uranium ores. If the 
half-lives of uranium and radium are 4.5 x 10? and 1620 years respectively, calcu- 
late the relative proportions of these elements in a uranium ore which has attained 
equilibrium and from which none of the radioactive products have escaped. 

[Ans. 2.78 x 10°: 1] 


3.4 A sealed box was stated to have contained an alloy composed of equal parts 
by weight of two metals A and B. These metals are radioactive with half-lives of 
12 years and 18 years respectively. When the container was opened it was found to 
contain 0.53 kg of A and 2.20 kg of B. Deduce the age of the alloy. 

[Ans. 73.94 y] 


3.5 Determine the amount of 210Po necessary to provide a source of a-particles of 
5 milli curies strength. Half-life of Polonium = 138 D. 
[Ans. 1.11 ug] 
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3.6 A radioactive substance of half-life 100 days which emits 6-particles of aver- 
age energy 5 x 107’ ergs is used to drive a thermoelectric cell. Assuming the cell 
to have an efficiency 10 %, calculate the amount (in gram-molecules) of radioactive 
substance required to generate 5 watts of electricity. 

[Ans. 0.02] 


3.7 The radioactive isotope, pe does not occur naturally but it is found at constant 
rate by the action of cosmic rays on the atmosphere. It is taken up by plants and 
animals and deposited in the body structure along with natural Carbon, but this 
process stops at death. The charcoal from the fire pit of an ancient camp has an 
activity due to lc of 12.9 disintegrations per minute, per gram of Carbon. If the 
percentage of pe compared with normal carbon in living trees is 1.35 x 107!° %, 
the decay constant is 3.92 x 107}? s—! and the atomic weight = 12.00, what is the 


age of the campsite? 
[Ans. 1676 y] 


3.8 Consider the decay scheme RaE uA RaF L RaG (stable). A freshly purified 
sample of RaE weighs 2 x 107!° g at time t = 0. If the sample is undisturbed, 
calculate the time at which the greatest number of atoms of RaF will be present and 
find this number. Derive any necessary formula. (Half-life of RaE (Bi) = 5.0 D; 


Half life of Ra F (74)Po) = 138 D.) 
[Ans. 24.8 D; 1.836 x 10!°] 


3.9 It is found that a solution containing 1 g of the -emitter radium (77°Ra) never 
accumulates more than 6.4 x 10~° g of its daughter element radon which has a half- 
life of 3.825 days. Explain how the half life of radium may be deduced from this 
information and calculate its value. 

[Ans. 1637 y] 


3.10 An atom of SHe is 0.067 % heavier than another atom Ti. What is the maxi- 


mum energy of the £-particles emitted by SHe? 
[Ans. 3.74 MeV] 


3.11 A parent nuclide decays with decay constant A; into a daughter of decay 
constant Az and hence to a stable nuclide. The decays are recorded by detecting 
equipment which cannot discriminate between the emitted particles. Show that when 
Ay, = 2d2, the activity indicated by the detector at a time t is 2A2Noexp(—Aat), 
where No is the number of parent atoms present at time t = 0. Comment on the 
implications of this result. 


3.12 Derive an expression for the activity at time ¢ of a nuclide A, given that 
the members of nuclei of A and B at t = 0 are No and O, respectively. Show that 
under the condition of secular equilibrium, the total activity of A and B is given 
by A4Na[2 — exp(—Agt)], where àa and Az are the radioactive constants for the 
nuclides, and N4 is the number of nuclei A at time t. 
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3.13 Find the mean-life of *°Co radionuclide if its activity is known to decrease 
4.0 % per hour. The decay product is non-radioactive. 
[Ans. 24.5 h] 


3.14 A radioactive specimen emitting B-rays of 2.6 MeV maximum energy is 
investigated in a sample with a -ray spectrometer, using a magnetic field of 
0.2 weber/m*. The maximum blackening occurs at a distance of 7.5 cm from the 
line source. Calculate the energy of the most abundant f-particles and the corre- 
sponding momentum of the neutrinos. 

[Ans. 1.796 MeV; 2.25 MeV/c] 


3.15 What proportion of 7*°U was present in a rock formed 3000 x 10° y ago, 
given that the present proportion of 7°>U to PBU is 1/140? 
[Ans. 1/12] 


3.16 A source consisting of 1 ug of 7+*Pu is spread thinly over a plate of an ion- 
ization chamber. a-particle pulses are observed at the rate of 80 per second, and 
spontaneous fission pulses at the rate of 3 per hour. Calculate the half life of *4*Pu 
and the partial decay constants for the two modes of decay. 

[Ans. 6.8 x 10° y; 3.23 x 107!4 s71, 3.36 x 107!? s7!] 


3.17 Samarium emits low-energy a particles at the rate of 90 particles/g s for the 
element. If Sm-47 (abundance 15 %) is responsible for this activity, calculate its 
half-life. 

[Ans. 4.68 x 10!! y] 


3.18 The charcoal in an ancient fire pit shows a beta activity of 25.8 disintegrations 
per minute per g due to !4C. If the specific activity of '4C in the contemporary 
charcoal from wood of living trees is 30.6 disintegrations per minute per g, estimate 
the age of the charcoal sample. (Mean life time of '*C against beta decay = 8035 
years.) 

[Ans. 1366 y] 


3.19 Given the decay scheme A = B ae C (stable), find the number of atoms 
of B at any time f, if at time t = 0 the population in the states A, B and C is 
respectively, Ag, 0 and 0. Show that the time for the maximum activity of B is given 
by ¢(max) = ,/t4Tg where t4 and tg are the mean life times of radioactive samples 
A and B, respectively. 


3.20 Estimate the amount of cobalt-60 (Z = 27) in grams, corresponding to an 
activity of 1 Curie. (Half-life of Cobalt-60 is 5.3 years.) 
[Ans. 8.87 x 1074 g] 


3.21 Show that if A4 = àg =A Eq. (3.13) reduces to Ng = AN 9 texp(—Ar) and 
Eq. (3.14) to fmax = +. 
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3.22 Find the amount of heat generated by 5.3 MeV a’s from 1 mg of 7!°Po in 
time equal to mean life time. 
[Ans. 1.53 x 10° J] 


3.23 If the half-lives of Uranium 235 and 238 are 8.8 x 108 and 4.5 x 10° y, 
calculate the total number of aw-particles emitted per second from one gram of nat- 
ural Uranium. Both isotopes emit a-particles and the abundance of Uranium 235 is 
0.7 %. Assume the atomic weight of Uranium to be 238. 

[Ans. 7.53 x 104 s7!] 


3.24 "Sn decays to Yn by -decay with a half-life of 28 years. °°Yn decays by 
B decay to °Zn with a half-life of 64 hours. A pure sample of °Sn is allowed to 
decay. What is its composition after (a) one hour, (b) after ten years? 

[Ans. (a) 3.54 x 10° : 1, (b) 3832: 1] 


3.25 Estimate the transmission coefficient for a rectangular potential barrier of 
width 10~!* cm and height 10 cm for an q-particle of 5 MeV energy. 
[Ans. 1.275 x 107°] 


3.26 12$Au is -unstable and has a mean life of 56 hours. One mode of decay is 
1i Au —> PaPe + BT +v + 1.5 MeV. The positron is created inside the nucleus and 
must tunnel through the Coulomb barrier to escape. Applying Gamow’s theory of 
a-decay, show that the barrier factor suppresses the decay rate by a factor of about 
4-5 in the case of positron of energy 1 MeV. 


3.27 The half-lives of isotopes classified as a-emitters range from 0.3 x 1076 s 
C HPo with disintegration energy 8.95 MeV) to 0.16 x 1074 s (14,Ce with disinte- 
gration energy 1.45 MeV). What deductions can you make from these figures about 
the heights and thickness of the potential barriers in the two cases? Assuming that 
the potential outside the nucleus is given by the Coulomb law, calculate a value for 


the radius of the nucleus 7 eiPo. 


3.28 A certain preparation includes two -active components with different half- 
lives. Using the following data on log (activity) vs time (t) 


t (hours) 0 1 2 3 5 7 10 14 20 


log A 410 3.60 3.10 260 2.06 1.82 160 1.32 0.90 


(i) find the half-lives of both the components and (ii) the ratio of radioactive nuclei 
of these components at the time t = 0. 
[Ans. (i) 4.3 h, 1.116 h, (ii) 12.2 h] 


3.29 A thin foil of certain stable isotope is irradiated by thermal neutrons falling 
normally on its surface. Due to capture of neutrons a radio-nuclide with decay con- 
stant à appears. Find the law for accumulation of that nuclide N (t) per unit area 
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of the foil’s surface. The neutron flux density is J, the number of nuclei per unit 
area of the foil’s surface is n, and the effective cross-section for the formation of 
radioactive nuclei is o. 

[Ans. N(t) = 1 — exp(—Aar) 47] 


3.30 The isotope 7*°Th(Z = 90) is a-radioactive with a half-life of 30 min. The 
energy of the emitted a-particle is 6.5 MeV. Comment on these data in the light of 
the uncertainty principle assuming that the radius of the nucleus of 7*°Th is 8.5 fm. 


3.31 A cyclotron produced radioactive sample is a mixture of Cu (half-life time 
= 12.8 h) and normal copper. The sample mass and activity are 100 mg and 28 mCi 
respectively. What is the ratio of the number of stable to the radioactive copper 
atoms in the sample? 

[Ans. 1.37 x 107: 1] 


3.32 The following results are obtained for the absorption of 1.5 MeV f-rays by 
aluminium. 


Absorber density (mgcm~*) 1200 1100 1000 800 600 400 200 100 


Counts/minute 22 22 24 25 64 320 1430 2730 


The background count was 18 counts per minute. Estimate the range of 1.5 MeV 
-rays in aluminium if the counter paralysis time was 400 uS. 
[Ans. 800 mg cm~?] 
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Chapter 4 
General Properties of Nuclei 


4.1 Nuclear Sizes 


From the alpha scattering experiments of Geiger and Marsden, Rutherford con- 
cluded that the nuclear sizes are smaller than atoms by a factor of 104, that is the 
nuclear size is of the order of 107! cm. It is important to know about nuclear radii 
as they enter the nuclear reactions quite frequently. Nuclear radii have been deter- 
mined by a variety of experiments, on the basis of constant density model. The 
nuclear radius R is defined by 


R=rAl? (4.1) 


where rọ is a constant and A is the mass number (the number of neutrons and pro- 
tons). The value of rọ depends on the type of phenomenon studied. rg obtained in 
those experiments in which nuclear forces are effective, is termed as nuclear radius 
and that in which electromagnetic forces are involved is known as electromagnetic 
radius. The value of ro ranges from 1.1—1.5 fm. 

Various methods that are available for the determination of nuclear radii are based 
on the study of: 


(a) Rutherford scattering with w’s of energy 20 to 36 MeV 
(b) Coulomb energy term in Weisacker’s formula 

(c) -transition energies of mirror nuclei 

(d) High energy electron scattering 

(e) X-ray energy from mesic atoms 

(© Half life times of æ emitters 

(g) High energy neutron scattering 


4.1.1 Scattering of « Particles 


If the «œ particles penetrate the target nucleus then the Rutherford scattering law 
breaks down for three reasons: (a) The Coulomb’s potential no longer conforms to 
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that of a point charge when the incident particle penetrates the nucleus; (b) Nu- 
clear scattering is superimposed on the Coulomb scattering; (c) Incident particle 
approaches close enough to induce nuclear reactions. The resultant scattering is the 
so called anomalous scattering. At fixed bombarding energy, the small angle scat- 
tering will be adequately described by Rutherford’s scattering formula, since the 
impact parameters would be so large that the particles would stay well outside the 
nucleus. However, as the scattering angle is progressively increased then at some 
scattering angle 0’ the Rutherford scattering law will break down, the experimental 
differential cross sections being in disagreement with the theoretical values for all 
angles 6 > 6’. The angle 0’, therefore, signifies that the particles have just started 
grazing the nuclear boundary, in order that the particles be able to approach the nu- 
clear boundary in the classical sense, it is necessary that their kinetic energy be at 
least equal to z1z2e7/4zreqR. By Eq. (1.55) 


r(min) = Sh 4/1 + 4b?/ 3] (4.2) 


with 


Z1Z2e- _ 1.4421 2z2 


‘= = (4.3) 
4r £o To To (MeV) 
The impact parameter b is related to the scattering angle 6’ by 
eee (4.4) 
an — = — : 
2 2b 
Combining Eqs. (4.2) and (4.4) 
f Ro 6’ 
R=r(min) = a 1 + cosec 3 (4.5) 


Since Ro is known, the determination of 0” yields the values of R, the nuclear radius. 
Alternatively, observations on scattering may be made at a fixed angle by varying the 
bombarding energy. The energy at which Rutherford scattering starts breaking down 
is an indication that the incident particles are just grazing the nuclear boundary. 
Example 1.11 illustrates how the method works for œ scattering on the gold nuclei 
at 0 = 180°, the value of R refers to the sum of radii of gold nucleus and « particle. 
If we subtract a value of ~1.6 fm for the radius of œ particle, then the actual radius 
of gold nucleus is deduced as 7.15 fm. Assuming the validity of the constant density 
model for the nucleus, R = roA!/ 3 we obtain 


7.15 


ro 
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4.1.2 Coulomb Energy Term in Weisacker’s Mass Formula 
The Coulomb energy term which occurs in Weisacker’s semi-empirical mass for- 
mula (Chap. 6) has the form, ac Z? / A! with 


3 e? 3 144 


— =-x (4.6) 
5 4Ameoro 5 ro 


dc 


Inserting the best value of 0.714 MeV for ac, ro is found to be 1.21 fm. 


4.1.3 B Transition Energies in Mirror Nuclei 


Assuming that the nuclear charge is uniformly distributed in the nucleus, the 
Coulomb energy is shown to be (Chap. 6) 


3Z2e? 3\ 1.4422 
i ( ) (4.7) 


~ 20ne9R \5) R 


for continuous charge distribution. 
If protons are regarded as point charges then in (4.7) Z? must be replaced by 
Z(Z — 1) as a given proton cannot interact with itself. Consequently (4.7) becomes 


Z(Z-1) 
Ee =0.864— — MeV (4.8) 


for discrete distribution. 

Consider $ transitions between the mirror nuclei of charge (Z + 1)e and Ze. 
The dominant contribution to the transition energy comes from the Coulomb energy 
difference and neutron and proton mass difference. It is only in the case of mirror 
nuclei that nuclear binding energy is substantially the same between the parent and 
the product. The difference in Coulomb energy 


3 1.44 


= 1.728 2 (4.9) 
=|. 7 . 
In a radioactive decay, when a pair of mirror nuclides are involved, energy conser- 
vation gives 
(Mz+ı — Mz) = AE, — (Mn — Mp)? (4.10) 
Combining (4.1) and (4.10) 


1.728 Z 


Ree— E (4.11) 
(Mz+1 — Mz + Mn — Mp)c 
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Example 4.1 778i and *’ Al are mirror nuclei. The former is a positron emitter with 
Emax = 3.48 MeV. Determine ro. 


Solution 


ISi —> ATE BT +v 


Be 3e’ (2Z — 1 A? 
O77 E ogni as 
207eR ro 


AE. = — 
20x £0 R 


(.. 2Z-—1= Aand R =roA"?) 


Emax + mec? = AE, — (mn — mp)? 


Taking (mn — mp)c? = 1.29 MeV, mec? = 0.51 MeV and A = 27, we find ro = 
1.47 fm. 


4.1.4 High Energy Electron Scattering 


At low energies, electrons are scattered by a nucleus which may be treated as a point 
charge. However the Rutherford formula or its relativistic generalization, the Mott 
formula will satisfactorily describe the scattering 


do Zey ftp E. 
on(@)= = -(=5) ( zi jz (1-8 sin >) (4.12) 


2 


where mc? is the electron rest mass energy, 6 = (v/c), and Z is the nuclear charge. 

However, at high energies the electrons can no longer be regarded as scattered 
from a point charge nucleus. Electrons of 20 MeV have the rationalized de Broglie 
wavelength A ~ 10 fm, and at 200 MeV it is 1 fm. Thus, the scattering must be 
treated by an extended charge of the nucleus. Finite size effects start showing up 
for Eo > 20 MeV, since the rationalized de Broglie wavelength of electrons be- 
comes comparable with the nuclear sizes. Diffraction effects set in similar to those 
encountered in optics when the photon wavelength is comparable with the size of 
the obstacle. In contrast, low energy electrons will not reveal any nuclear structure. 
In the other extreme, very high energy electrons are likely to be scattered from indi- 
vidual protons in the nucleus corresponding to inelastic scattering by the nucleus as 
a whole. Therefore, electrons of energies of the order of 100 MeV or so would he 
suitable for exploring the details of nuclear structure. 

The interaction of electrons with the nucleus is almost entirely electromagnetic, 
the scattering being free from complications arising due to nuclear forces. Also the 
electron-neutron interaction is believed to be very weak, of the order of few kilo 
volts. Moderately high energy electrons elastically scattered from target nuclei, are 
expected to provide the same type of information about nuclear charge distribution 
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Fig. 4.1 Elastic collision in es. 
the lab system D 


Incident electron 


as the X-ray diffraction studies yield about the electron distribution in molecules. 
There is no simple formula for the scattering due to arbitrary charge distribution 
of the nucleus. Under an assumed charge distribution or the equivalent electrostatic 
potential, expressions for the differential cross sections can be derived which can 
be matched with the observed values. The expressions which involve form factors 
contain all the information concerning the detailed nuclear structure similar to the 
structure factors in X-ray diffraction scattering. 


4.1.4.1 Kinematics of Elastic Scattering 


Figure 4.1 shows the essential features at an elastic collision in lab system. Let the 
electron of mass m, energy Eo and momentum po suffer an elastic collision with 
target nucleus of mass M initially at rest. After the collision, the electron is scattered 
at angle 6, and proceeds with momentum p and energy E, the nucleons recoils with 
momentum Py and receives energy W. Assume that the electrons are relativistic so 
that we may approximate 


Eo = cpo; E = cp (4.13) 
Conservation of momentum gives 
Py =hs = po — p (4.14) 
Conservation of energy gives 


W = Eọ — E = AE = c( po — p) (4.15) 
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Since M > m, it is a sufficiently good approximation to consider the recoil energy 
as non-relativistic 


Ks? = PR =2MW =2Mc(po — p) (4.16) 
From Fig. 4.1 


h?s* = Px = p° + po —2ppocos6 = 2Mc(po — p) (4.17) 


oe 
2Mc(po — p) =4pposin? 5 + (po — p)? or 
w? 58 
2Mc(po — p) — E = 4pposin 5 (4.18) 


Since the recoil energy will be small compared to the rest mass energy of the target 
nucleus, we expect the second term on the left side will be quite small compared to 
the first one. With negligible error, we can unite 


9 
Mc(po — p) = 2ppo sin? 5 


Po 
p= (4.19) 
1+ =f sin? g 
We introduce the quantity hq, the four momentum transfer 
ge) ao) 2- = (po - p}? 
q =S hie = 52 | PO P p2 Po P 
4 0 
= T sin? = (4.20) 
Using (4.19) in (4.20), gives 
220 sin 8 
igl = h 2 (4.21) 
1+ a sin? g 


From (4.16), (4.18) and (4.21) 


= 2 
J T (4.22) 
Iq| 4pposin“ 5 


The difference in s and q is greater, the larger is the angle of scattering. Even for 
1 GeV incident electrons scattered against proton, |g| and |s| differ almost by 25 per- 
cent for 6 = x. With heavier targets and smaller incident energies the difference is 
still smaller. Of the two quantities, s and q, the latter is more fundamental in that it 
appears as an invariant in the form factors. 
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It will be useful to derive a formula which connects the differential cross sections 
in the lab and C-system 
y+M/m 
Yo = mere ara: a (4.23) 
(it2vH 4% 


m2 


(see [9], Appendix A), where yc and y are the Lorentz factors for the C-system and 
the incident electron in the lab system. Since 


M 
— >y 
m 
wy tie 
yo= H” = 
Use the transformation of longitudinal momentum 
pcos = yc(p* cos 6* + Beu”) = p* cos 0* + Beu* (4.24) 
Differentiate: 


—psin6dé + cos Odp = — p* sin 0*d0* (4.25) 


where p* and u* are constant. Further 


1+ — sinf- | = 
p(1+ E sin? 2) = po 
Differentiate holding Ep and po as constants, and simplify using the approximation 


Eo ~ po 
2 


ps. 
dp = ——— sin@dé@ 4.26 
p Mec sin ( ) 
Substitute (4.26) in (4.25) 
psinoao( 4+ cos 0) = p* sing*do* (4.27) 
Mc 
But p< Mc 
psinddé ~ p* sin0*d0* or (4.28) 
: * * 
me dé = 2: (4.29) 
sin 6d0 p* 
Also 
y+ 


~y (4.30) 


* o 
2 
fit Br + 
pe 


PO 
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Fig. 4.2 Born’s Po = kh 
approximation = 
qh 
p = kù 
Now 
do do sin 0*d0* do p 
nes = i = (4.31) 
d2 ) iab dQ}. Sindo d2 ) om PO 
Using, (4.19), we find 
( do ) _ 1 ( do ) (4,32) 
dQ2 lab 1+ oe sin? 4 d2 cm l 


4.1.4.2 Born’s Approximation 


The scattering problem is considered in the momentum representation. The scat- 
tering potential is regarded as something which causes transitions from one state 
in momentum space to another. The entire potential energy of interaction between 
the colliding particles is regarded as a perturbation and carry the calculation only 
to first order. The Born approximation is best applied when the kinetic energy of 
the colliding particles is large in comparison with the interaction energy. It therefore 
supplements the method of partial waves (Chap. 5) which is most useful when the 
bombarding energy is small. Born’s approximation gives the scattering amplitude 


2 2a ingrd 
f@O=-f fp vo (4.33) 
h? Jo q 
The differential cross-section is given by 
do 2 4u?| (© V(r)rsingrdr 
— =|f(6)|" = l — (4.34) 
dQ | | h4 0 q 


where jz is the reduced mass, V(r) is the scattering potential and as shown in 
Fig. 4.2, 


o 
gh = 2khsin 5 (4.35) 


What we have is Rutherford scattering (which is true for point charge nucleus) mod- 
ified partly by relativistic and spin effects, and partly by the finite size of the nucleus, 
there is no simple scattering formula for an arbitrary charge distribution in the nu- 
cleus. Starting with various assumed charge distribution or electrostatic potential, 
one can calculate the scattering differential cross-section for a given Z and energy 
and match the calculated and observed angular distributions. 
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4.1.4.3 Form Factors 


Consider the scattering amplitude as given by Born’s approximation (4.35) 


f[@= Bo V(r) sin(qr)rdr (4.36) 
qh Jo 


Integrate by parts to obtain, 


= 1 r 29 
/ V(r)singrrdr = vin| singr — — cos 
0 q q 0 
dV (1 
— / — (= singr — 2 cos qr ar (4.37) 
o dr \q q 


The first term on the right side vanishes at both ends since V (co) = 0 


= , 1 (VdV Lf’ av 
V(r) singrrdr = -— — singrdr + — —rcosqrdr 
0 q- Jo dr qJo dr 
(4.38) 
Evaluate the second integral on the right side, again by parts to obtain 


Lf Eat ary 

— ——rcosqrdr = —| — | — singr + — 

qJo dr qL dr \q q 0 
2 


The term wr oF singr|j° vanishes at both the limits since we can expect 


(4 ),<00 = (). Further, integrate by parts to obtain 


© 1l 


F ingrd (4.40) 
A a qrdr ; 


1 | ay | d 

= COS gr r= COS gr 

q? q dr2 q? q dro q 
œ dV 


a F 1 dV a To TEI 
= —rcosgrdr = ——vcosgr| — — ——rsingrdr 
qJo dr q q? dr 4 o Jo dr? 4 
1 dV = 1 f dV. dr (4.41) 
— —— cosqgr| — — —rsingrdr (4. 
3 dr q o alo d 1 


The first and third terms on the right side cancel out. Therefore, (4.38) becomes 


= 1 dV 2dV\ . 
| V (r)sinqrdr = — 5 J + singrrdr (4.42) 
0 q 


dr2 rdr 
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Now, for spherically symmetric potential 
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vy atl Rigel (4.43) 
~ dr? rdr l 
Also by Poisson’s equation 
V?V = —4r zep (4.44) 


where p = po/Ze is the charge density and Ze is the nuclear charge. Combining 
(4.36), (4.42), (4.43) and (4.44) 


—8npZer f” i 
f@) = — p(r)sin(qr)rdr (4.45) 
gh Jo 
The quantity 
4r [2 ; 
F(q) = = | p(r)sin(gr)rdr (4.46) 
q Jo 
is called the form factor. We can then write 
do 2uZe? z 2 
— = | —~— ] |F 4.47 
a ( i ) Ea) (4.47) 
But 
242 242 20 22. 20 
q h = 4k' A’ sin z v* sin 5 (4.48) 
= 26 q l 
dQ 2uv? sin” 5 
(Z) (Z) |F( |? (4.50) 
d2 finite size d2 point charge 


Since the quantity F? multiplies the point charge cross-section in analogy with 
X-ray diffraction, it is called form factor or structure factor. 


4.1.4.4 Scattering from the Shielded Coulomb Potential for a Point Charge 
Nucleus 


ZZ 
7 r 


V eW7/To (4.51) 


where rọ is the shielding radius and is of the order of atomic dimension. For dis- 
tances r >> ro, the potential dies off rapidly. Setting 1/ro = a, and inserting (4.51) 
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Fig. 4.3 Plot showing the 
general appearance of the 
cross-section 


do 
Ja 
Os 0o —> 
in (4.45) 
2uZıZ2e? f% 
f@)=- | e- sinqrdr (4.52) 
q Jo 


The value of the particular integral is known to be equal to g/(q* + a”). We there- 
fore, obtain 


2uZ Ze" 
do 4u” (Z1 Z2e7)* 
Z SOP- u“ (Zi Z2 a (4.54) 


MAk sin? $+ SP 
0 


Figure 4.3 shows the general appearance of the cross section. With decreasing 0, 
the curve rises which is reminiscent of Rutherford scattering. However for angles 
smaller then 69, where 


(4.55) 


the curve tends to flatten out. This is because when q < a, the angular dependence 
of the cross-section contained is the denominator of (4.54) is damped out. The angle 
6o may be considered as the limiting angle below which Rutherford scattering ceases 
because of the shielding by the electron cloud. 

We can derive Rutherford scattering formula by setting a = 0. This amounts 
to extending the screening radius ro to oo. In other words, the scattering takes 
place with bare nucleus. In the limit a — 0, the shielded potential (Z Zre /r)e 
reduces to the ordinary Coulomb potential Zı Z2e?/r corresponding to the point 
charge nucleus. Formula (4.54) then reduces to 


(Rutherford formula) (4.56) 


do 1u>(ZiZ2e")> 1 (Z,Ze?\* 1 
dQ 4 pak sinf $ ~~ 4\ m? sin? $ 
where we have used kh = uv. This is identical with the Rutherford formula obtained 
classically. 


208 4 General Properties of Nuclei 


4.1.4.5 Electron Scattering from an Extended Nucleus of Radius R 
with Constant Charge Density 


Lees a 
OS. 5 ape)? O<r<R (4.57) 
Ze? 
sel y, Pera (4.58) 
r 


Inside the nucleus the electron sees the potential as given by (4.57) while outside 
it sees the shielded potential due to point charge nucleus as given by (4.58). Insert 
(4.57) and (4.58) in (4.33) to obtain 


WZ 2 1 R 2 oo 
f@= F B) (3- ra )rsingrar + f singre™*"dr | (4.59) 


The second integral in (4.59) can be evaluated as follows 


oo oo R 
J singre “dr -f singre “dr -f singre “dr 
0 


R 0 
(Lima —> 0) 
R 
q . —ar 

= — singre © dr 
q? +a? I í 
1 R 

=— -f singrdr 
q 0 
1 

= —cosq R (4.60) 
q 


The first integral in (4.59) can be easily evaluated, we finally obtain 


2uZe? 3 | singR 

f@= 7 x zal JR — cosa R| (4.61) 
do do 2 
(33) = (<2) |F (q)| (4.62) 
finite size point charge 
where 
3 sing R 

F(q)= PR JR — cosa R| (4.63) 


The cross-section no longer falls off smoothly. In fact it exhibits sharp maxima and 
minima. The minima occur whenever the form factor F(q) vanishes, that is when 
the condition 


tang R =qR (4.64) 
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is satisfied. The maxima and minima are expected to be defined because of the sharp 
boundary of the charge distribution. An analogous situation exists in optics. If the 
obstacles have sharp edges then the maxima or minima in the diffraction pattern will 
be sharp. On the other hand if the refractive index changes slowly as in the case of 
a diffuse boundary, then the maxima and minima tend to be washed out. Likewise, 
for electron scattering from smoothly varying charge distributions, e.g. Gaussian or 
exponential type, the cross section falls off more or less monotonically. 

For small momentum transfer, (small incident energy or small scattering angle) 
it is readily seen that scattering is almost entirely given by the point charge nucleus. 
In the limit q R — 0, the form Factor (4.63) reduces to unity 


F(q) 3 (=e R) 
q4) = == | —— — cosq 
q’ R?\ q 


(Limg R > 0) 


q? R? 
10 


Jess (4.65) 


Conversely, the finite size effects begin to show up when qR ~ 1, i.e. 
2kR sin(0/2) ~ 1 or psin(0/2) ~ (h/2R). For small angles, this limit becomes, 
O~ a = ik/R. When |k| becomes large enough so that |k|R ~ 1, i.e. when the in- 
cident wave is so short that it oscillates several times as it crosses the region in which 
the potential is strong then the scattered wave sensitively depends or the details of 
the shape of the potential. On the other hand, at smaller energies or smaller scat- 
tering angles, the scattering is almost entirely independent of the nature of charge 
distribution. 

The limiting value of F(q), Eq. (4.65), also follows directly from (4.46). For 
small momentum gr < qR <1, singr > qr 


4 (00) 
FQ =— | ptrysingrirdr 
q Jo 
(Lim gr — 0) 
aan | p) =T Par 
qr 
= | pozrar 


1 
Saa 4nr7d 
=, | 60 Tr ar 


=1 (by definition) (4.66) 
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4.1.4.6 Mean Square Radius 
For a given charge distribution p(r), the mean square radius is defined by 
[0,6] 
(r?) = | r? p(r)4ar-dr (4.67) 
0 


For a homogeneous charge distribution the charge density po(r) is constant and is 
given by 


3Ze 
= 4.68 
M= rR (4.68) 
where R is the nuclear radius. Since p (r) = E 
4 R 3 
r= m / rdr= aR (homogeneous charge distribution) (4.69) 
e Jo 


4.1.4.7 Geometric Interpretation of the Form Factor 


We can expand the sine function in (4.46) and integrate term by term to obtain, 


An ie) 373 5,5 
r@=— | plar- T+T o rar 
q Jo 3! 5! 
lo.) q? (00) q* (00) 
s o(r)4ar7dr — tf r°p(r)4rr dr + — rto(r4rr dr 
0 6 Jo 120 Jo 
(4.70) 
or 
2 4 
qda q 4 
F=1-— — sae 4.71 


We conclude that in the approximation quadratic in q° the scattering results provide 
information only on nuclear size since the second term gives the mean square radius 
of the charge distribution. The shape of the distribution is determined by higher 
moments, the third and higher terms, which are important only for high momentum 
transfers. 


4.1.4.8 Form Factors and Their Fourier Transforms 
Scattering experiments determine the form factors. However, it is possible to invert 


the procedure and obtain the charge distribution from the experimental form factors, 
by using the Fourier transform. Now, F (q) is given by 


4n [%2 f 
F(q) = F / p(r)sin(gr)rdr (4.72) 
0 
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Set 
jaa @ (4.73) 
4r 
fr) =re(r) (4.74) 
Therefore 
F(q)= | f(r)sinqrdr (4.75) 
0 
then the Fourier transform of F (q) is 
J [0,0] 
fr)= z i F(q) sin(qr)qdq (4.76) 
Use (4.73) and (4.74) in (4.76) to obtain, 
1 (0,6) 
P= = | Fla)sintaryadg (4.77) 
Tr Jo 


The pair of expressions (4.72) and (4.77) are transforms of each other. Given the 
form factor F(q), we can deduce the charge distribution and vice versa. As an ex- 
ample consider the form factor of the type 


F(q) = Aet (4.78) 


where A and c are the constants. Insert (4.78) in (4.77) and integrate by parts to 
obtain 


p(r) ore (4.79) 


~ Bros? 


The normalization condition 
[0,6] 
| o(r)4ar7dr = | 
0 


yields, A = 1. Further, the mean square radius is given by inserting (4.79) with 
A = 1, in (4.67) to find 


Ir’) = 6c (4.80) 


In Table 4.1 are listed some of the important charge distributions and the cor- 
responding form factors. Also, included are the values of the mean square radius. 
Figure 4.4 shows the charge distributions as well as curves for the form factors. For 
the uniform distribution with a sharp boundary, the quantity F* becomes zero when- 
ever the condition q R = 4.5, 7.7 etc. is satisfied. For similar distributions with not 
too diffuse boundary, the zeroes will still be present, but F? would decrease much 
more rapidly at wide angles. Should the F? values decrease abruptly for large scat- 
tering angles, this would suggest that the associated charge distribution has a long 
tail. 
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Table 4.1 Charge distributions and the corresponding form factors 


Model Charge distribution, Form factor, F (q) Mean square 
p(r) Radius, (r?) 
: D N 3 sing R 3 p2 
1. Uniform apr < R zel aR —cosqR] 3R 
z 3 ,—-ar i 4 12 
2. Exponential “r Or >R am 2 
2p2 
3. Gaussian = IH ea 3p? 
2552: —q2a2 
: : 2 1 aq'a 0 3 2 2+5e@) 
4. Harmonic oscillator TETONS [1 — IOP le 340 OPa) 
(shell model) oI r2 ja? 
x ad + “ee 0 
0 
where a = }(Z — 2) 
5. Fermi (Wood-Saxon) 20) — — 
t =4.4b ee 
c= 107A? x 
10~!3 cm where the skin 
thickness is t 
Charge distribution p(r) Form Factor F(q?) Example 


B 
n 


al a k 
noe Oscillating Hypothetical 


Wood-Saxon Smeared oscillations Fe 
or Fermi 
ro la| —> 


(4.81) 


(4.82) 


(4.83) 
(4.84) 


(4.85) 


Fig. 4.4 Relation between the radial charge distribution and the corresponding form factor on 


Born approximation 
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Fig. 4.5 Nuclear charge 
density as a function of 
distance from the center of 
the nucleus found by electron 
scattering methods. Ordinate 
unit: 10!° Com~? [8] 


4.1.4.9 Differential Cross-Section 


For electron scattering we set Z; = —1, Z2 = Z. Listed below is the scattering 
formula in the order of increasing accuracy. 

All nuclei except the light ones exhibit oscillating form factor and the half den- 
sity radius is c. Figure 4.4 shows form factors for typical charge distributions with 
examples. 

A practical procedure is to assume a model for the charge distribution and fit the 
calculated cross sections with the observed ones, for example, Uniform, Exponen- 
tial, Gaussian, Yukawa, Wine bottle, Fermi type, Harmonic well, etc. But the choice 
is usually narrowed down to two or three types of distributions. It turns out that 
data on light elements, such as *He, !2C, 160 can be fitted well with the assumption 
of Gaussian or Harmonic well distribution. Figure 4.5 shows the theoretical curves 
based on Born approximation. It is seen that except in the regions of diffraction 
minima, the Born approximation applied to low Z elements gives surprisingly good 
accuracy. For, He the charge distribution can be described well by the function 


o(r)= -*/b” (Gaussian) (4.86) 


1 
(Jb) 
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Fig. 4.6 Fermi model 


r —> fm 


The data for '*C and !°O are in agreement with the Harmonic well, with the two 
parameter charge distribution 


ar 

7 (1+ 5 
53 

m 2d) (2 + 3a) ao 


p= Jer 4) (Harmonic well) (4.87) 


Note that for *He, since Z = 2, a is zero, and the Harmonic well reduces to Gaussian 
charge distribution. 
Medium and heavy nuclei are well represented by the Fermi model (Fig. 4.6) 


0 
mea (4.88) 
l+es 


where c is the half density radius, i.e. the distance from the centre of the nucleus at 
which charge density falls to half the value, and is given by the relation 


c=1.07x Al? x 1078 cm (4.89) 


The parameter b is given by 
t=4.4b (4.90) 


where f, the skin thickness is defined as the distance through which the charge den- 
sity falls from 90 to 10 % of the value at the centre (see Fig. 4.6). It is found that t is 
almost constant at a value of about 2.4 fm. The central charge density p (0) is given 
in units of 10!? Coulomb per cm’. It reaches maximum in proton, and falls down to 
relatively smaller values in heavier elements. 

From the form (4.88) we conclude that it is as if the heavier nuclei could be 
manufactured from the lighter ones simply by stuffing more nucleons in the centre 
of the nucleus and pushing the thickness outward. 

Prior to the high energy electron scattering experiments, it was assumed that the 
charge is uniformly distributed throughout the nucleus. Results based on the study 
of œ decay, neutron scattering, mirror nuclei etc indicated a value of rọ between 
1.4 and 1.5 fm. However, electron scattering experiments favour the tapering charge 
distribution (Fermi) for the heavy nuclei, and Harmonic well or Gaussian for the 
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light nuclei, and are in complete disagreement with the constant density model. 
Since the nuclear boundary can no longer be assumed to be sharp, the concept of 
nuclear radius must be modified. We have seen that for heavy nuclei, two parameters 
c and ¢ are necessary in order to specify the entire shape of the distribution. In other 
words, electron scattering experiments provide information not only on the nuclear 
sizes but also on the detailed shape of distributions. One can still talk about the 
nucleus radius ro corresponding to an equivalent radius of a spherical nucleus with 
uniform charge distribution. We can equate the mean square radius for the actual 
charge distribution to that of equivalent uniform charge distribution 


(jen 2a, = 3 R2 (4.91) 


where we have used (4.69). It follows that 


5 
ro = [aaz (4.92) 


When rọ is calculated from (4.92), it is seen that ro is no longer a constant but is 
a variable, its value ranging from 1.3 or 1.35 fm for light nuclei, to about 1.2 fm 
for heavy nuclei. The accepted value of ro is therefore about 20 % smaller than 
that derived from the older methods. The redetermination of ro based on the study 
of mirror nuclei is found to be in good agreement with the present value. Further 
the value of ro deduced from experiments on the absorption and diffraction of high 
energy negative pions (0.6-1.4 GeV) in complex nuclei are also consistent with 
these results. 

Electron scattering experiments are particularly suited for comparing the differ- 
ence in charge distribution in the neighbouring nuclei, e.g in the pair >8N i and SONi 
or °8Ni and >°Fe. The comparisons are based on the measurement of elastic cross- 
section for the two nuclei at the same angle. Since the ratio of the cross-sections can 
be determined more reliably than the individual cross sections and because the the- 
oretical ratio of the cross sections depend only slightly on the exact analytical form 
of the charge distribution, the method has distinct merits. From such experiments, 
it has been possible to conclude that in the pairs **Ni and °Ni and *°Fe and >®Ni 
the charge distribution is vastly different. Thus, two extra neutrons in Ni have a 
noticeable influence of the closed shell proton structure in Nickel. 

Most of the nuclei studied are spherical in that they possess low values of quadru- 
ple moments. Ellipsoidal nuclei are expected to give smooth scattering cross sec- 
tions, because their random orientations tend to reduce the angular dependence of 
scattering, and further their extension along the axis amounts to an increase in skin 
thickness, leading to the smearing of the diffraction pattern. 


4.1.5 Mesic Atoms 


In passing through a condensed medium a u~ meson (muon) rapidly loses its energy 
through excitation and ionization. When the energy is degraded to thermal level the 
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muon due to the Coulomb attraction of a nucleus will be captured in a Bohr orbit 
of a large principal quantum number to form a mesic atom, then by either radiative 
or non-radiative (Auger) transitions, the muon cascades down to lower orbits and 
finally reaches the K-shell in an estimated time of 10~'? to 10714 s [3]. According 
to the calculations of Wheeler, the transition probabilities per unit time for radiative 
transitions, 2s > 2p and 2s —> 1s go as Z*, while for Auger transitions, 2s > 1s, 
they are independent of Z. For low Z, Auger transitions from the 2s level dominate 
while for high Z, radiative transitions are more important. The ultimate fate of the 
muon is decided by the competition between the natural 6-decay and nuclear cap- 
ture (u- + p —> n + v). Because of its weak nuclear interaction the muon will be 
able to reach the K-shell with appreciable probability in all but the heavy elements. 
In vacuum the ~~ have mean decay times of 2.2 us. However in the presence of 
nuclear matter, this value is substantially altered. It is shown that the mean life- 
time for nuclear capture goes as Z~* for low Z elements and becomes saturated at 
around 7 x 1078 s for Z = 82. Therefore in light elements, the radioactive decay 
of ~~ strongly competes with nuclear captures, while in heavy elements nuclear 
capture is the dominant process. In contrast, the x~ meson owing to its strong inter- 
action with nuclear matter will rarely reach the K-shell except in very light elements 
(Z <9). 

The most outstanding peculiarity of the mesic atom is that the orbits for a given 
principal quantum number are shrunk by a factor approximately equal to the ratio of 
meson mass to the electron mass as compared to the ordinary atom. Consequently 
an appreciable part of the wave function corresponding to the lowest levels lies 
within the nucleus itself for intermediate atomic numbers. For a nucleus with Z = 47 
(silver) the K-shell orbit of the muon already grazes the nuclear surface (assuming 
ro = 1.2 fm). If for simplicity, we assume a uniform charge distribution for the 
nucleus then the muon experiences a simple harmonic oscillator potential which is 
quite different from that of a point charge nucleus. This leads to a shift in energy 
levels for the low lying orbits by an amount that depends on the nuclear radius. 
Because of the small magnitude of nuclear interaction compared with the Coulomb 
force, exact calculations for the energy levels are still possible. On the other hand, in 
light nuclei and for higher orbits the mesic orbits will be outside the range of nuclear 
forces, and therefore the energy levels of the mesic atom are hydrogen-like to a very 
good approximation. In this case Dirac’s theory which is applicable to muon allows 
the energy levels to be calculated with sufficient accuracy. 

The other peculiarity of the mesic atoms is that the radiative transitions between 
various levels yield X-rays or even y rays rather than ordinary photons. The mea- 
surements of transition energies for the low lying orbits in heavy elements (for ex- 
ample, 2p — 1s transitions) which are sensitive to the nuclear radius allow ro to be 
determined. On the other hand corresponding measurements in light nuclei which 
depend on the mass of the z~ meson but are independent of the nuclear radius yield 
a fairly accurate mass determination of the meson. 
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4.1.5.1 Energy Levels 


Treating the nucleus as a point charge, Bohr’s simple theory gives 


2 2 
—uc (Za) 
E, = (4.93) 
ae (4.94) 
i; =—S , 
uez 
acZ 
Un = —— (4.95) 
n 


where E, is the energy of the level characterised by the principle quantum number n, 
ry is the radius of the corresponding orbit, and v, the classical orbital velocity, œ = 
1 /137.04 is the fine structure constant, and u = Am,,/(m, + A) is the reduced mass 
of the meson-nucleus system. The dependence of E, and r, on u is clearly borne 
out by the formulae (4.93) and (4.94), Further, v, is independent of u. Relativistic 
effects for mesons will be as important as for electron. 

For pions (x mesons) with zero spin, the Klein-Gordon’s relativistic equation is 
appropriate; it has the solution 


(Klein-Gordon relativistic) (4.96) 


where higher order terms involving (Za) have been neglected. The formula gives 
the fine structure which arises due to the relativistic splitting of the states of different 
l for a given n. 

For u mesons solution of Dirac’s equation for spin (1/2) particles gives the ex- 
pression for the energy levels 


2 2 
uc 2 (Zæ) n 3 


z = 5) =] (Dirac relativistic) (4.97) 
n J + 5 4 

Formula (4.97) has the same form as (4.96) on replacing j with L. Thus spin splitting 
goes as Z4 and is therefore, small for low atomic numbers. The relative splitting for 
the levels j = l + 1/2 and j =/ — 1/2 is the same as that for the electron. 

The transition energy AE = E> — EF}, as calculated by Bohr’s formula (4.93) 
for the u mesic atom of lead is equal to 14.25 MeV. The more accurate formula 
(4.97) based on Dirac’s theory predicts for the transition 2p!/? —> 1s, a value 
of 15.39 MeV. The splitting of 2p state into 2p*/* and 2p!/? is calculated as 
0.425 MeV for the lead u mesic atom. Formula (4.97) predicts that the 2p level 
is higher than the 2s level, since in the former E is less negative than in the latter. 
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Fig. 4.7 Variation of 0 
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4.1.5.2 Nuclear Size Effects 


The finite size effects are most readily seen if it is assumed that the orbit is com- 
pletely immersed within the nucleus, so that the meson spends negligible time out- 
side. Under the assumption of uniform charge distribution, the potential is that of 
harmonic oscillator and is given by 


=—-—; r>R (4.98) 


Figure 4.7 shows the variation of the Coulomb potential with the radial distance r. 
Assuming, R = 1.2 x 107! A1/3, for lead the potential at the surface is V(R) = 
—16.6 MeV, and that at the centre is V (0) = —25 MeV. The potential resulting 
from the finite extension of the nucleus not only grossly alters the energy levels but 
also leads to the interchange of 2s and 2p levels. In other words the 2p level lies 
below the 2s level. Because of the inversion of levels, radiation transitions do take 
place from 2p to 1s level, further, the 2s level will be metastable. 
The Coulomb force is given by 


F = —-— = —-— r; r<R (4.99) 


Z 2 2 
AET UE (4.100) 


Bohr’s condition for the quantization of angular momentum gives the relation 
uvr =nh (4.101) 
Combining (4.100) and (4.101), we find 
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4 
= 4.103 
v ERS ( ) 
The total energy is given by 
ie oe en ee (4.104) 
i 2 RN FR 


Inserting the values of r? and v? from (4.102) and (4.103) 


E — 3 Ze | nhe Z (4.105) 
"2 R RBPNyu 


Therefore, the transition energy for successive levels for the case u meson orbits 
lying inside the nucleus is given by 


pe (4.106) 
R3/2 u ` 


Formula (4.106) clearly shows that the transition energies are sensitively depen- 
dent on the nuclear radius. For lead mesic atom, with the choice of R = 1.2 x 
10713 A1/3 cm we find AE = 10.1 MeV, a value which is much smaller than that 
given by Bohr’s formula or Dirac’s theory, for the point charge nucleus. 

From (4.94) and (4.102), the ratio 


(4.107) 


rn (finite size) uRZe? ae 
“(e 


r„ (point charge) 


which reduce to >, for A =2Z, ro = 1.2 x 107? cm. Note that for Z > 47 for 


47n2 
K-shell, the above ratio is larger than unity, but for higher orbits it is less than unity. 
The reason is that for finite size. r, x ./n, but for point charge nucleus r, «n?. 
It can be shown that the ratio of absorption probabilities from the 2p and 1s 


states 
(Pabs)2p a 
(Pabs)is 


for the u mesic atom with R = 1.2A!/? fm. We therefore conclude that the capture 
takes place almost exclusively from the 1s state. 


2 x 107! Z267 (4.108) 


4.1.5.3 Finite Size Effects on Energy Levels—Quantum Mechanical 
Treatment 


The finite extension of the nucleus modifies the Coulomb potential as compared to 
that for a point charge. This leads to a shift in energy levels which in case of light 
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nuclei can be calculated by applying the first order perturbation theory. The energy 
shift A Er can be written as 


AER = - f wevydr (4.109) 


where w is the unperturbed wave function and 


Were (4.110) 
Ze? . 
Vp =——— (point charge) (4.111) 
r 
ya 28 h- 2 (uniform charge distribution) (4.112) 
S =- = =—— nitorm ree distri 10n ; 
T RB uniform charg u 


The sign convention in (4.109) is that negative AER implies an increase in binding 
energy and hence a larger transition energy to a given level. The correction term 
Ep due to finite size effect is unimportant for all but 1s level. For the 1s level, the 
hydrogen-like wave function is 


Yo = e 7/40 (4.113) 


Combining (4.109) and (4.113), we find 


R n e 21/40 Ze? r2 Ze? 
AER al 4nr?dr — |- (3 = z) + | (4.114) 
0 TAG R R r 


As do > R, we may set the exponential to unity as a good approximation. Then a 
direct integration yields 


2 Ze? R? 
AErR=— (4.115) 
5 a 


Now, according to Bohr’s formula, the total energy of the 1s level (binding energy) 
is given by 


Z 2 
ias (4.116) 
2ao 
The relative shift is therefore given by 
AER 4/R\? 
= -| — (4.117) 
EB 5 \ ao 


For (Z = 10), the relative shift amounts to ~0.5 % only. The above formula is valid 
for the 1s state for Z < 10. Similer calculations for 2p state give the relative shift 
of 1076 which is negligible. 
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Table 4.2 Results for the 


= — —13 41/3 
2p3/2 and 1s energy levels R=0 R=1.3 x 1078A" 
for the nuclear radius Is 2p3/2 ls 2p3/2 
R = 1.3 x 1078A! — 

22 1.392 0.346 1.282 0.346 
51 7.707 1.874 5.22 1.81 
82 22.328 4.914 10.11 4.63 


For heavier elements (Z > 10) the energy shift of the Is level rapidly becomes 
large and the first order corrections are no longer adequate. It becomes necessary 
to solve the wave equation exactly with a suitable potential inside and outside the 
nucleus. The calculations have to be done numerically and have been carried out for 
a variety of elements by Fitch and Rainwater [4]. In Table 4.2 are included their re- 
sults for the 2p3/2 and 1s energy levels for the nuclear radius R = 1.3 x 10-" AY, 
The calculations refer to u meson with mass 210m,. Also for comparison are given 
the values by the Dirac equation neglecting the nuclear size (R = 0). 

The 2p doublet splitting (2p1/2 — 2p3/2) caused by the magnetic moment of ju 
meson can be roughly estimated by the formula 


AE = R (4.118) 
~ Au2c2 r dr 
which is applicable to an ideally heavy nucleus. We find, 
ldV Ze (4.119) 
rdr R? l 
AE= 3h? Ze? 
_ Au2c? R? 
3 1/Z\ P 
=- x (4.120) 
4 137\A rĝu?c 


For lead u mesic atom, insert (Z/A) = (82/208) and uc? = 106 MeV to obtain 
AE ~ 0.87 MeV. This value is considerably larger than the corresponding result 
for the point charge nucleus. 

By comparing the observed and calculated transition energies, Fitch and Rain 
water concluded that data are consistent only with ro ~ 1.3 fm. 


4.1.6 Half Lifetimes of « Emitters 


If the half lifetime of the æ emitter and the a energy be known then the nuclear 
radius can be found out from Eq. (3.70) which involves the Gamow factor. The 
value of R thus determined will be the sum of the radii of the daughter nucleus and 
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a particle. After the correction for the finite radius of œ particle, the value of rg is 
found to be little less than 1.48 fm, in agreement with values obtained from constant 
density model. 


4.1.7 High Energy Neutron Scattering 


High energy neutron cross-sections can be used to estimate nuclear radii. When a 
neutron beam is incident on target nuclei each nucleus would cast a shadow in the 
manner of an opaque disk intercepting a beam of light. This shadow results from the 
interference of waves scattered from the edge of the opaque sphere (Chap. 5). 

It can be shown that exactly the same amount of incident energy is diffracted as 
is absorbed by the opaque sphere. For fast neutrons with % < R this diffraction of 
“shadow scattering” corresponds to a small angle elastic-scattering for which the 
cross-section Osc is the same as Ogp, Where 


Ose > (R +1) (4.121) 
Then the total nuclear cross-section o; is 
Oi = Cabs + Ose X 20 (R + 1)? (4.122) 


which is double the effective geometrical area of the nucleus. When the measured 
total attenuations cross-sections are used in (4.122), the value of R is obtained. On 
the constant-density model R = roA!/3, whence a value of ro = 1.4 fm is obtained. 


4.2 Constituents of the Atomic Nucleus 


An atomic nucleus contains Z protons and N neutrons in a small space of size 
107!? cm. Z electrons orbit around the nucleus at distance of the order of 1078 cm. 
The total positive charge of the nucleus is compensated for by an equal negative 
charge of electrons so that the atom as a whole appears neutral. There are three 
reasons which exclude the electrons to stay inside the nucleus. 


(a) Suppose the electrons were to be contained inside a nucleus, then their de 
Broglie wavelength must be equal to the dimension of the nucleus and the min- 
imum momentum corresponding to this wavelength would be p = h/d. This is 
found to be equal to 120 MeV/c when we set A = 107!? cm. This implies a ki- 
netic energy of about 120 MeV—a value which is unreasonably large. With the 
discovery of neutron (1932), it was natural to assume that protons and neutrons 
were actually the constituents of the nucleus and electrons do not exist inside 
the nucleus. With this assumption, for a de Broglie wavelength à = 107!? cm 
momentum of the neutron would still be 120 MeV/c, but the corresponding ki- 
netic energy would be only 8 MeV—a value which is reasonably low as it is 
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comparable with the binding energy of the particle. Same conclusion is reached 
from the uncertainty principle. 

(b) The nuclear spin (intrinsic angular momentum) arises from the angular momen- 
tum of its constituents. The spins of the constituents may be parallel or antipar- 
allel to each other. The spin of each of the particles-proton, neutron and electron, 
is (1/2)h, where h = Planck’s constant divided by 27. Consider the example of 
nitrogen nucleus under the proton-electron hypothesis. It will have 14 protons 
and 7 electrons, the total number of particles being 21, i.e. an odd number. The 
spin of the nitrogen nucleus from odd number of particles is expected to be an 
odd multiple of (1/2)h. But experiments had revealed that the spin of the nitro- 
gen nucleus is Å, i.e. an even integral multiple of h/2. On the other hand, under 
the proton-neutron hypothesis this difficulty is removed at once. As the nitro- 
gen nucleus will contain 7 protons and 7 neutrons, total number of particles is 
even, so that the spin of the nucleus will be an even integral multiple of h/2 (in 
agreement with experiment). 

(c) If electrons were inside the nucleus, then one could not explain long lifetimes 
of beta emitters. 


4.3 Definitions 


Nuclide is a nuclear species. 

Nucleon (N) When proton and neutron are not to be distinguished, they are jointly 
called nucleon. 

Atomic number (Z) is the total number of protons in a nucleus. It is also equal to 
total number of electrons in a neutral atom. 

Mass number (A) is the total number of protons (p) and neutrons (N) in a nucleus. 
A= Z + N. In a nucleus X, the values of Z and A are specified by writing them 
as subscripts and superscripts, respectively 4x ; 

Isotopes are atoms with the same Z but different A, e.g. ['So, 170]; (1H, ise $H]. 
Chemically, isotopes of a given atom are indistinguishable. Isotopes may be stable 
or unstable against radioactive decay. 

Isobars are atoms with the same A but different Z, e.g. BHe, $H]; ['SN, Ch 

Isotones are the atoms with the same N but different Z, e.g. ['So, 14c]. 

Isomers are atoms with the same Z and same A but are capable of existing in differ- 

ent nuclear energy states for sufficiently long time to be observed, e.g. SeBr (4.5 hr) 
and S0Br (18 min). 
The 18 min lifetime is associated with beta activity while 4.5 h lifetime goes into 
the regime of delayed gamma emission. Isomers are metastable excited levels. 
More than hundred examples of them are known. Gamma emission is usually asso- 
ciated with short mean lifetimes, 107 1° s or less. In the case of isomers, the gamma 
activity can range from 107!° s to few years. It exists only because direct gamma 
emission is not possible. 
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Isodiaphes are characterised by constant difference of neutron and proton number, 
120 14,7 16 
e.g. [ C, 7N, g0]. 
In a decay, the parent and product are isodiaphes. 
Mirror nuclei are a pair of nuclei, in which proton and neutron numbers are inter- 


changed, e.g. [AL 7ISi], (7H, 3He]. 


4.4 Atomic Mass Unit 


Atomic masses are measured accurately by mass spectrographs. Formerly, atomic 
mass (weight) was referred to the hydrogen atom and later to the oxygen-16 iso- 
tope. Since 1960, the atomic mass unit (amu) has been defined as one-twelfth of 
the mass of carbon-12 atom. The new standard was chosen because carbon has only 
two stable isotopes and their proportions are constant in the naturally occurring car- 
bon. Further, the fact that carbon-12 forms numerous compounds is an advantage in 
modern mass spectroscopic work. 1 amu = 1.66 x 10774 g. On the carbon scale, the 
masses of electron, proton and neutron are me = 0.000548 amu, m p = 1.0073 amu, 
Mn = 1.0087 amu respectively. 


4.5 Nuclear Force 


In a nucleus, the nucleons are held together by nuclear force. The characteristics of 
nuclear force are: 


(a) They are attractive. 

(b) They have short range, of the order of 1 fermi, i.e. their sphere of influence 
is limited to very small distances. Nuclear forces are said to have saturation 
property. This behaviour is in marked contrast with other types of fundamental 
forces like Coulomb forces and gravitational forces which obey inverse square 
law and are therefore of long range. 

(c) At small distance, of the order of a fermi, nuclear forces are stronger by a factor 
100 than electric forces, by a factor 10!* than the weak force such as the one 
associated with beta decay of a radioactive nucleus and by a factor 10°° than the 
gravitational force. 

(d) They are charge independent, i.e. the nuclear force between proton and proton 
is identical with that between a proton and neutron or a neutron and a neutron, 
p-p = p-n=n-n. 

(e) Nuclear forces are spin dependent, i.e. they depend on the orientation of the 
nuclear spins. 


4.6 Mass Defect, Packing Fraction and Binding Energy 


The mass of an atom is nearly, but not exactly, integral multiple of mass of hydrogen 
atom. The departure from the integral number is due to two reasons: 
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(a) Nuclei contain both protons and neutrons and neutron is slightly heavier than 
proton. 

(b) The mass of a nucleus is not equal to the sum of the masses of neutrons and 
protons, but is actually smaller by a few tenths of a per cent. We may write 


M (nucleus) = Zmp + (A — Z)mn — A (4.123) 


where A is called the mass defect. The quantity A arises because some energy 
is required to break the nucleus into its constituents. In effect, it represents the 
binding energy B = Amc? for the nucleus. Another quantity which is frequently 
used is the separation energy. It is the nuclear analogue of the first ionization 
potential of atom. 


The quantity (M — A)/A is called the packing fraction. By definition, this quan- 
tity is zero for C!*. For other nuclei it can be either positive or negative. The heavier 
is the nucleus, the larger will be the binding energy since more nucleons are in- 
volved. A related quantity of interest is the binding energy per nucleon defined by 
f = B/A. Figure 4.8 shows the variation of f with the mass number A. For small 
values of A, there are some irregular fluctuations in f, after which it slowly in- 
creases up to A = 50, then it settles down practically to a constant value around 
8.5 MeV up to A = 150. Beyond this, it decreases to a value of 7.4 MeV for 
uranium-238. It follows that the total binding energy of a nucleus is roughly pro- 
portional to A. This is a direct consequence of the short range character of nuclear 
forces. Each nucleon added increases the total binding energy by an equal amount. 
We can then assume the nuclear density, i.e. the number of nucleons in a given 
volume to be independent of the size of nucleus 


A «x (4/3)nR?, or 


R=nAi? (4.124) 


where A is the mass number, R the nuclear radius and rp = 1.3 fm, a constant. For 
the gold nucleus R = 1.3 x (198)! ~ 8 fm. We can qualitatively understand the 
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Fig. 4.9 Mass excess 

(A = M — A) and 
packing-fraction 

P = (M — A)/A based on 
mass-spectrographic and 
nuclear data for beta-stable 
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based upon the mass formula. 
Ordinates are in millimass 
units [5] 


f—A curve given in Fig. 4.8. While the nucleons are held by short range attrac- 
tive forces, protons repel one another by Coulomb’s long range forces. Although 
the electrostatic forces are generally weaker than the nuclear forces by two or- 
ders of magnitude, they become quite important in heavy nuclei as the repulsive 
Coulomb forces which are proportional to Z? tend to counteract the attractive nu- 
clear forces which are only linearly proportional to A. This effect becomes clearly 
important in heavy nuclei and has the effect of reducing the binding energy per 
nucleon. 

For very low values of A, a smaller value of f arises due to surface tension effect. 
The nucleons at the surface are less strongly bound than those in the interior. The 
number of nucleons; lying on the surface of a nucleus of radius R, is proportional 
to surface area 47 R?, while number of nucleons in a nucleus is proportional to 
the nuclear volume (4/3) R?. Hence the fraction of nucleons on the surface is 
proportional to 4 R?/(4/3) R?, or 1/R. The smaller is the nucleus, the greater 
will be the fraction of nucleons at the surface. This then explains the lowering of f 
for very low mass numbers. 

The packing fraction P is defined as 


P= 
A 
where M — A is the mass excess, P can be positive, zero or negative. Note that P 
has a minimum value of about —8 x 1074 in the vicinity of iron, cobalt and nickel 
(Fig. 4.9). This corresponds to maximum value of binding energy per nucleon (f). 
Fluctuations in f for small A are attributed to shell structure of nuclei. 


4.7 Mass and Energy Equivalence 


According to Einstein, the energy equivalent to mass m is given by E = mc?. In 


nuclear physics the basic mass unit is amu, the atomic mass unit which is 1/12 of 
the rest mass of carbon-12 atom 
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E = moc? = (1.66 x 10-27 kg) x (3 x 108 m/s)” 
= 1.49 x 107'!° J = (1.49 x 107!°/1.6 x 1071?) MeV = 931 MeV 
1 amu = (1/12)C” mass = 1.66 x 1077’ kg = 1.49 x 107!° J = 931 MeV/c? 


Thus, a unit of energy may be considered as a unit of mass. It is usual to express 
the masses of fundamental particle in MeV. For example, the mass of electron is 
0.51 MeV and that of proton is 938 MeV (actually MeV/c’). 

The mass energy equivalence was first verified in the experiment of Cockroft 
and Walton, which was concerned with the nuclear reaction induced with protons 
accelerated to 300 keV 


Tr: 1 4 4 
3Li + ıH > >5He + = 5He 
7.0160 amu 1.0078 amu 4.0026 amu 4.0026 amu 


Total mass of initial particles = 8.0238 amu 
Total mass of final particles = 8.0052 amu 
(Total initial mass) — (Total final mass) 
= (8.0238 — 8.0052) amu 
= 0.0186 amu 
= (0.0186 amu) x (931 MeV/amu) = 17.3 MeV 


If the kinetic energy of 300 or 0.3 MeV of the bombarding protons be added, we 
find the total energy released as 17.6 MeV. From the range measurements in air, 
each alpha particle was found to have energy equal to 8.6 MeV so that the energy 
carried by the two particles is 17.2 MeV, which is in agreement with the calculated 
value (within experimental errors). 

Observe that the masses used in the above problem are atomic masses rather than 
nuclear masses. But this does not affect the result since the total number of electrons 
are identical for the initial as well as the final products, and the ionisation potential 
of electrons is too small to be of any consequence. In nuclear reactions, what is 
conserved is not mass alone but mass + energy. On the other hand, in chemical 
reactions the energies absorbed or evolved are so small that the conservation of 
mass alone is sufficiently accurate. 


4.8 Nuclear Instability 


Stable nuclei contain only a certain combination of protons and neutrons. Fig- 
ure 4.10 is the plot of N (neutron number) versus Z (proton number). In light stable 
nuclei Z = N = A/2, e.g. He, 12C, 160 are stable. But in heavy nuclei there is 
significant departure from the N = Z line, stable nuclei having neutron excess. 
There are two opposite tendencies in a nucleus. First, the tendency is for N to 
be equal to Z, which is due to the application of Pauli’s principle to protons and 
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Fig. 4.10 Chart of all 
beta-stable nuclei ina ZN 
plane 
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neutrons. In analogy with the electrons in an atom, nucleons in a nucleus can occupy 
certain discrete energy levels. Owing to Pauli’s principle, not more than two protons 
or neutrons can occupy the given energy state. Various energy levels are filled up in 
sequence, to give rise to maximum stability for the nucleus. Thus, in absence of the 
Pauli’s principle, a stable nucleus should have contained neutrons only. 

The second tendency for neutrons to exceed protons is due to the repulsive 
Coulomb forces between various protons, which tend to weaken the nuclear bind- 
ing. In order to compensate for this effect, which is more important in heavy nuclei, 
a nucleus must be supplied with extra neutrons. The binding energy is maximised in 
light and medium elements for N = Z. As A increases, the neutron number N ex- 
ceeds the proton number to overcome coulomb repulsion. Those nuclei which have 
proton number in excess of that corresponding to the stability curve, tend to lose 
their charge by emitting positrons. Effectively one of the protons becomes a neutron 
through 


p>n+ß*+ve (4.125) 


Alternatively, the proton captures an orbital electron of the atom, usually the K-shell 
electron and transforms itself into a neutron through 


pte —>n+ve (4.126) 


In both the cases, the neutron remains lodged within the resulting nucleus. On the 
other hand, those nuclei which have neutrons in excess of the number corresponding 
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to the stability curve tend to gain positive charge by B-decay. This is accomplished 
through the process 


n—> p+B- +¥e (4.127) 


Thus, the unstable nuclei transform via 6 decay along lines of constant A, i.e. 
diagonally towards the centre of region of stability. Here v is the antiparticle of v. 


4.9 Stability Against B Decay 
The criterion that a nuclide (Z, A) is stable against negative beta decay is 


M(Z, A) = Myuc + (Z, A) + ZM(e) < Mnuc(Z +1, A) + ZM(e) + M(B) 
(4.128) 


where M yNuc refers to the mass of the nucleus alone, M (e) to the mass of an atomic 
electron and M (£) to the mass of 6 particle. Since the negative £ particle is an elec- 
tron, the right-hand side represents M(Z + 1, A), the atomic mass. The condition 
for the stability against £ decay is 


M(Z,A)<M(Z+1,A) (4.129) 


where M is the atomic mass. 
For the B* decay, the corresponding condition for stability is 


M(Z+1,A)< M(Z, A)+2M(e) (4.130) 


In the right-hand side, the mass of electron appears twice because one electron will 
be less in the daughter atom and also positron mass which is equal to electron mass 
must be provided. 

A third type of 6 process occurs in the decay by the capture of an atomic electron 
by the nucleus, accompanied by neutrino emission. Considering that the neutrino 
may have zero energy, the condition for stability becomes 


M(Z +1, A) < M(Z, A) (4.131) 


In all the three expressions for the stability of nucleus in the beta process, the change 
in the binding energy of atomic electrons has been ignored. This is justifiable, since 
the binding energy of electrons is quite small to affect the results. The corresponding 
equations for the Q of the decays are 


Qp- =[M(Z, A) — M(Z +1, A)| = Tmax + Ty = To (4.132) 
Qg+ =[M(Z+1, A) — M(Z, A)|? = 2mec* + Tmax + Ty 
= 2mec* + To (4.133) 


Que =[M(Z +1, A) - MZ, A]? =T, +T, =T (4.134) 
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In case y-rays accompany B~ and Bt decays and precede the electron capture, To 
is the total kinetic energy of the decay products. Note that in (4.131) me does not 
appear on the left hand side. This becomes quite obvious when we consider nuclear 
masses rather than atomic masses, as was alone for B~ decay in Eq. (4.128) 


[(Z+ 1M’ +m, |e? = ZM'c* + myc? +T, + Ty + Ty = ZM'c? +T, + Ty 


(as m, = 0 and Ty = nuclear mass) 


Add Z electrons to both the sides. Then nuclear masses are converted into atomic 
masses as in (4.128). 


4.10 Stability Against Neutron and a Decay and Fission 


The criterion for the stability of a nucleus, against disintegration via neutron emis- 
sion is that the binding energy of the neutron in the nucleus shall be positive. The 
binding energy of a neutron in a nucleus 


B(n) =[M(A — 1, Z) + M(n) — M(A, Z)|c? (4.135) 


This quantity is found to be positive for the stable elements, indicating thereby the 
stability against spontaneous emission of neutron. Same conclusions hold good for 
proton emission. However, in the case of fission fragments (nuclei of the fission 
products) which are invariably rich in neutrons, decay can occur via neutron emis- 
sion. Fission is a special type of nuclear disintegration in which a nucleus is split up 
into two large fragments and sometimes three. 

The binding energy of «œ particle in a nucleus is 


Bia) —[M(A—4, Z—2) + M(a) — M(A, Zyl\e (4.136) 


This quantity becomes negative in the middle of the periodic table long before the 
natural œ emitters are reached. The intervening elements are stable against a decay 
only because the «œ energies are so small that their lifetimes are prohibitively long 
(Gieger-Nuttal law). The periodic table ends beyond Z = 92 because of the increas- 
ingly negative values of the binding energy for a particles and fission fragments. 


4.11 Charge Independence of Nuclear Forces 


It is found that in low-energy nucleon-nucleon scattering experiments the n—p and 
p-p nuclear forces are virtually identical (Chap. 5).This aspect is also evident in 
the properties of mirror nuclei, such a 3H, 3He; "Li, ’Be; 7 AI, 2’Si, etc. which are 
obtained from the other by transforming all neutrons into protons, and vice versa. 
Owing to difference in proton number the Coulomb forces in the mirror nuclei are 
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Fig. 4.11 Excited energy 
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necessarily different. When corrected for electrostatic energy, the nuclei have the 
same mass. For the mirror nuclei with atomic number Z + 1 and Z 


3e? 2 „2 3elZ+1) 
AM = —[(Z+1)* — Zz’ ] = = 
5R [2+ 5roA!/3 


(4.137) 
where R is the nuclear radius. After correcting for the coulomb forces, the energy 
levels of mirror nuclei bear a remarkable similarity, Fig. 4.11. The similarity of the 
energy levels in mirror nuclei of the type N = Z + 1 shows the equality of n—n and 
p-p forces. This is the principle of charge symmetry which says nothing about the 
n-p force. The study of energy levels in even A nuclei with neighbours differing by 
one unit of Z gives evidence for the equality of n—n, n-p, p-p forces, that is the 
principle of charge independence which is much more stringent than the principle 
of charge symmetry. Examples for this equality are provided in Figs. 4.12 and 4.13 
for (140, !4N, !4C) and (He, ®Li, Be). The correspondence between levels is clear 
and the differences in energy are mainly explained by Coulomb effects. Thus, the 
experiments or N—N scattering and the similarity of energy levels in the isobaric 
triads strongly support the principle of charge independence, enunciated by Heisen- 
berg et al. [7]. However, the charge independence is only approximate as it does not 
take into account electromagnetic effects or the neutron-proton mass difference. The 
principle of charge independence was later generalized to pions by Kemmer [10], 
and also to the strange particles. 


4.11.1 Iso-spin 


The principle of charge independence is mathematically expressed by isospin for- 
malism. The nucleon is endowed with another degree of freedom apart from the spa- 
tial coordinates and spin, known as isospin or i-spin, designated by T. The T -spin 
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Fig. 4.12 The level schemes for the nuclei with A = 14. The relative energies represent atomic 
masses 


operates in a fictitious space and has no relation with ordinary spin. For nucleon, 
T = 1/2. It is a dichotomic variable in that it can take two values. Along the third 
axis, 73 = +1/2 for proton and 73 = —1/2 for neutron. Neutron and proton are 
the two aspects of the same particle, nucleon. The isospin operators are the Pauli 
matries, just as they are for ordinary spin (S) of electron although there is no con- 
nection between S and T. They obey the same commutation relations. Furthermore, 
the algebra for the addition of isospins is identical with that for ordinary spins. This 
subject is discussed in great detail in [9], Chap. 4. 

Pauli’s principle is more generalized by incorporating the isospin. It now states 
that the overall Eigen function for a system of two nucleons is antisymmetric with 
the exchange of the particles in spatial, spin and isospin coordinates. For a system 
of particles we shall use Z in place of T and the third component /3 in place of 73. 
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Fig. 4.13 Nuclear levels in 6He, SLi, and Be 


It can be shown that for a two-nucleon system 
1+ $+ I = odd integer (4.138) 


where / is the orbital angular momentum, S the spin and Z the isospin for the two- 
nucleon system. Calling the total isospin of a system of particles by J and its third 
component by 73, the system of two protons will have /3 = +1 and J = 1, a system 
of two neutrons will have Z3 = —1 and J = 1, while neutron-protons system will 
have /3 = 0, but J = 1 or 0. 
The charge of a system of nucleons is related to the third component 13 by 
E ER (4.139) 
e 2 
where A is the mass number or the number of nucleons and Q/e is the charge in 
units electron charge. As an example, it is easily verified that 33 = —1,0, +1 for 
SHe, STi and Be, respectively. The ground level of Li has T = 0 and occurs only 
in this nucleus, but the excited level at 3.56 MeV has T = 1 and occurs in three 
nuclei corresponding to the ground levels of "He, °Li and Be. All corresponding 
levels with the same J also have the same angular momentum and parity, irrespective 
of T; as expected from the postulate of charge independence of nuclear forces. They 
form an isospin multiplet. 
When the states belonging to a given multiplet are corrected for electrostatic 
interaction, all of them will have the same wave function. 
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In so far as the nuclear forces are concerned, the total isospin is a constant of 
motion, in the same way that the total angular momentum is a constant of motion for 
an isolated system. The foundation of this principle is empirical and its conservation 
is only approximate as it is violated by electro-magnetic and weak interactions, its 
use, specially in particle physics is invaluable. 

From the nucleon-nucleon scattering experiments it is known that the nuclear 
forces are identical in the 'Sg state for both p-p and n-p systems both of which 
correspond to J = 1 but each of which corresponds to different 73 (1 and 0, respec- 
tively). It is, therefore, postulated that the nuclear forces depend on Z but not on /3. 
Mathematically, charge independence is equivalent to invariance with respect to ro- 
tation in isospin space because rotation leaves J invariant and changes only 73. This 
also amounts to the statement that the Hamiltonian commutes with 7; IH — HI =Q, 
or that J is a constant of motion. 

The conservation of J gives rise to approximate rules that forbid transitions be- 
tween states of different isospin under the action of nuclear forces. Some examples 
are given in [9], Chap. 4, others follow here. Consider the collisions of deuteron and 
proton with the light nuclei. In the collision with deuteron the isospin cannot change 
because deuteron has T = 0. In proton collision the isospin can change by 1/2. It 
is impossible to form !°B in a state at 1.74 MeV which has T = 1 by bombarding 
12C with deuterons because T = 0 for both d and !?C. But the same level can be 
realized by bombarding °C. 

A stringent test of isospin conservation in nuclear reactions is provided by the 
angular distributions of a reaction of the type A + B > C+ C’ where B has T =0 
and C and C’ are the members of the same multiplet [1]. Zero isospin for B implies 
that the system is in an isospin state with T = T4. In the isospin formalism particles 
C and C’ are the same except for different 73. Particles C and C’ are both fermions 
or bosons according to their mass number (fermion if A = odd and boson, if A = 
even). In a given Z state, the scattered amplitude must contain only waves with / 
even or / odd, but not / odd at the same time. Only even powers of cos@ appear 
in the intensity (square of the amplitude). Thus the angular distribution is expected 
to be symmetric with respect to a plane at 90° to the initial direction in the centre 
of mass system. This prediction is verified with fair accuracy in Fig. 4.14, for the 
reaction He + d > *He + 7H. 


4.12 Ground and Excited States of Nuclei 


A nucleus is capable of existing in discrete energy levels—a property of a bound 
quantum mechanical system. Figure 4.15 shows for example the low lying energy 
levels of 774Ra. The energy value (in MeV) is indicated at the left side of each energy 
level. The lowest state of energy is called the ground state. Under normal conditions 
a nucleus like an atom is found in the ground state. If the nucleus is brought into 
an excited state then it cascades down to lower energy states and ultimately to the 
ground state via y, 6 or even particle emission under various circumstances. 
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Fig. 4.14 Angular distribution of the ratio of 7He to 3H yields. The differential cross-sections for 
the process He + 7H — *He + °H at 82 MeV beam energy. Open circle represent *He yields, 
while closed circles 3H yields. According to the Barchay-Temmer theorem, this ratio ought to be 
1.0 at all angles [6] 
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Fig. 4.15 œ-particle transitions observed in the decay of ?7°Th 


4.12.1 Nuclear Spin 


Protons and neutrons, the constituents of nuclei both have spin quantum number 
(1/2) (.e. Sp = Sn = (1/2)h). The spin of the proton is represented by a vector op- 
erator sp such that the eigenvalue of ce is (1/2)[(1/2) + 1]h and of sp, = (1/2)h 
or —(1/2)h and similarly for S„. Further, the nucleons may also have orbital angu- 
lar momentum by virtue of their motion in the nucleus. This is represented by an 
angular momentum quantum number / (= 0, 1,2...) for each nucleon. 

The sum total of the spin and the orbital angular momenta of the nucleons com- 
bine to give rise to the total intrinsic angular momentum of the nucleus, which 
is referred to as the nuclear spin and the associated quantum number is denoted 
by J. 
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Since an odd number of spin (1/2) particles always combine quantum mechan- 
ically to give a half-integer total spin and even number of spin (1/2) particles to 
integer total spin, it follows that 


odd A nuclei have J = 


even A nuclei have J =0,1,2,... 


These facts are in agreement with the experimental measurements of nuclear spins 
based on the studies of atomic hyper-fine structure, molecular spectra, nuclear mag- 
netic resonance and other techniques. Furthermore, for even-even (Z even, N even) 
nuclei the nuclear ground state always has J = 0. 


4.12.2 Nuclear Parity 


The wave function for a nuclear energy state is a function of the coordinates 
r1, ř2,...,ra Of the A nucleons. Under the reflection of coordinates through the 
origin (Parity operation P) the wavefunction may change its sign or may remain 
unchanged, its magnitude staying constant 


Pw(r1,ro,...,74 =EW(-"1, —ro,..., —rA) (4.140) 


where P = +1. A state with P = +1(-—1) is said to have even (odd) parity. The 
nuclear state can be labeled with both its spin and parity, the symbol being J? 
(e.g. 0*,17, 27). The ground states of even-even nuclei are found to be 0*. By 
convention both neutron and proton have the even parity (+). The parity arising due 
to orbital motion is given by (—1)! so that for a system the overall parity is given by 
the product of intrinsic parity and that due to orbital motion. Thus, for deuteron in 
the ground state, the overall parity will be 


jelly =41 


If the nuclear Hamiltonian satisfies 


As r2,..., rA) = H(=r1, ye) 
(4.141) 
PH = HP 
then the parity operator P commutes with H, i.e. 
[P, H]=0 (4.142) 


This means that parity is a constant of the motion, parity is conserved in nuclear pro- 
cesses (as well as electromagnetic processes). However, in the weak nuclear force 
(~1077 times weaker than the strong force) it changes sign invalidating (4.141), 
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parity is not conserved. The parities of nuclear states is obtained, by studying the 
angular distribution of particles and photons in nuclear processes, especially in £- 
and y-decay (see Sect. 3.6.6). 


4.13 Determination of Nuclear Spin 


4.13.1 Nuclear Spin from Statistics 


Identical particles obey either Fermi statistics or Bose statistics, that is a wave func- 
tion Y (X1, X2) of particles 1 and 2 will be either symmetrical or antisymmetrical. 
Under exchange of X; and X2, where X; and X2 are space and spin coordinates 
W(X2, X1) = +W(X1, X2) (Bose) 
= —w(X,,X2) (Fermi) (4.143) 
Indeed all the particles without exception having even values of spin obey Bose 
statistics and odd values of spin obey Fermi. 
To determine the statistics we shall investigate how an exchange of identical 


nuclei will effect the wave function of a molecule. Consider a diatomic molecule 
with identical nuclei. Its wave function may be written as 


W = Welec§vibProtOnuc spin (4.144) 


Let P be the operator to exchange space and spin coordinates. Then P Wetec = 
+Welec. It is known from molecules spectroscopy, usually in the ground state it 
is positive. Also vib = +& jp, because Eip depends on r, the internuclear dis- 
tance (specifically, the solution of radial wave equation is of the form R(r) = 
const -exp(—const -r) x r! x L(r), where L(r) is the Laguerre function). Now 


p ~ P” (cos@)e'"? (4.145) 


where P;"(cos@) is an associated Legendre polynomial, 6, the polar angle and 
the azimuth angle are the polar coordinates of the two nuclei. Exchange of x > —x, 
y—> —y, Z > —z, implies 


6-1-9, g>r+¢ (4.146) 

Now 
P?” (cos(x — 0)) = (—1)!*" P7” (cos@) (4.147) 

and 


a E (4.148) 
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so that 
Po = (— pi” P" (cos 6)(— ‘ier 
= (-1)"(-1)'p = (—1} p (4.149) 


where m is an integer. Thus p is symmetrical for even / and antisymmetrical for 
odd /. Analysis of Po 


(i) Spin = zero 

The total wave function w is antisymmetrical for odd / and symmetrical for 
even /. Now the nuclei must certainly obey either Fermi or Bose statistics. It 
follows therefore either only the states with even / or only those with odd / can 
exist. Evidence for this conclusion is obtained from the band spectra of diatomic 
molecules. These show that if the nuclei have spin zero, every second rotational 
state of the molecule is absent. Indeed it is found that in every instance only 
the even rotational states exist, indicating that all the nuclei of zero spin (which 
have been found previously to have even A) obey Bose statistics. Similarly it has 
been found that all nuclei of even A, including those with non-zero spin, obey 
Bose statistics and all those of odd A obey Fermi statistics. The result has been 
of significance in deciding the model of the nucleus, that is favoring the neutron- 
proton model and discarding the electron-proton hypothesis (see Sect. 4.1). In 
case of an even number of particles the exchange of nuclei is equivalent to an 
even number of changes of sign and y must be symmetrical to an interchange 
of nuclei (Bose statistics). If each nucleus contains an odd number of particles, 
the exchange of nuclei is equivalent to an odd number of changes of sign, that 
is y is antisymmetrical to nuclear exchange (Fermi statistics). 

(ii) Nuclei of non-zero spin 

A nucleus of total angular momentum J can have a component M in any 
prescribed direction taking 27 + 1 values in all (J,/ — 1,...,—J), that is 
21 + 1 states exist. For two identical nuclei (27 + 1)? wave functions of the 
form Wy1(A)Wy2(B) can be constructed. It the two nuclei are identical, these 
simple products must be replaced by linear combination of these products 
which are symmetric or antisymmetric for interchange of nuclei. If Mı = M2, 
the products themselves are (27 + 1) symmetric wave functions. The remain- 
ing 27(27 + 1) functions with Mı 4 M2 have the form Wy 1(A)Wy2(B) and 
Wmu2(A)Wyi(B). Each such pair can be replaced by one symmetric and one 
antisymmetric wave function of the form Wy (A)Wy2(B) + Wu2(A) mi (B). 
Thus half of 27(27 + 1) functions that is /(27 + 1) are antisymmetric and 
an equal number symmetric. The total number of symmetric wave functions 
= (27+ 1)+/7(27+ 1) = (21 +1)U +1). Number of antisymmetric functions 
= I (2I + 1). Therefore, the ratio of the number of symmetric and antisymmet- 
ric functions is (J + 1)/T. 

If the electronic wave function for the molecule is symmetric it was shown 
that interchange of nuclei produces a factor (—1)! in the total molecular wave 
function, where / is the rotational quantum number. Thus if the nuclei obey 
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Fig. 4.16 Intensity alteration 
in band spectra of 
homonuclear diatomic 
molecules 


Occupation number 


Bose statistics, symmetric nuclear spin functions must be combined with even 
l rotational states and antisymmetric with odd /. Because of statistical weight 
attached to spin states, the intensity of even rotational lines will be (J + 1)/J as 
great as that of neighboring odd rotational lines. 

For Fermi statistics of the nuclei the spin and rotational states combine in a 
manner opposite to the previously stated and the odd rotational lines are more 
intense in the ratio (J + 1/1). Thus by determining which lines are more intense, 
even or odd, the nuclear statistics is determined and by measuring the ratio 
of intensities of adjacent lines the nuclear spin is obtained. The reason why 
adjacent lines must be compared is that the rotational lines vary in intensity 
with / in accordance with the occupation number of rotational state according 
to the Bultzman distribution, (2/ + 1) exp[—const -/(/ + 1)/kT] (Fig. 4.16). 


4.13.2 Nuclear Spin from Hyperfine Structure 


Fine structure of spectral lines is explained by the electron spin while the hyperfine 
structure can be accounted for by assigning a spin to the nucleus. The nucleus be- 
haves as if it was a miniature magnet, and interacts with the magnetic field just like 
a magnet. It may be seen that the magnetic effects produced by nuclei are very much 
small compared to those produced by electrons, even though the spin values are of 
the same order of magnitude. A many-electron atom can be replaced, from the point 
of view of magnetism, by three magnetic dipoles. 


(1) u: resulting from orbital angular momentum of all electrons 
(2) ws: resulting from spin of all electron 
(3) u4: resulting from nuclear angular momentum 


ju’, is very small compared with jx, or u’, . Magnetic moment always refers not to the 
magnitude but to maximum projected value the moment can have in any direction. 
The orbital angular momentum is Lh where L is an integer and magnetic moment 
of electron is (e/2mc)lh, where m is the mass of electron. The quantity (eh/2mc) 
is called one Bohr magneton. In analogy with the Bohr magneton for electron, we 
define a nuclear magneton, (eh /2Mc) where M is the mass of the nucleon, the 
nuclear magnet being less by a factor of 1836 compared to the Bohr magneton. 
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Fig. 4.17 Vector addition 


4.13.2.1 Vector Addition 


The quantities L and S and also the magnetic moments are space quantized that is 
their values take up discrete values in definite directions. The total angular momen- 
tum of electron, J = L + S, where L is the orbital part and S is the spin of electron. 
The nuclear angular momentum J may be combined with J to yield the resultant 
F =J + 1. F takes values 


J+I,J+I—1,...,J—I (J>I1) (2I +1 values) 


or 
I+J,I+J—1,...,I—J (I>J) (2J +1 values) 


As an example consider J = 2, I = 3. F= 5, 3, 3, 5 as in Fig. 4.17. It is well 
known that the interaction between u}, and ws (spin-orbit coupling) splits the 
atomic levels and leads to fine structure in spectrum. In just the same way each 
of those split levels splits further by J — J coupling leading to hyperfine splitting in 
spectral lines as in Fig. 4.18. But the hyper-fine splitting is much smaller than the 
fine structure splitting. The value of nuclear spin can be ascertained directly from 
the number of hyperfine components of the spectral terms provided the angular mo- 
mentum in the electron system is large enough and is known. 


Example 4.2 In praseodymium (Pr) spectrum the energy level >K7 corresponding 
to J =7 is known to be split into 6 components. Find the nuclear spin. 


Solution As the number of sub-levels is less that 2J + 1, that is 15, 27 + 1 = 6; 


f=9/2, 
Another example is the hyperfine structure of sodium atom. 


4.13.2.2 Selection Rule for F 


AF=+1,0 
F=0 ws» F=0 
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Fig. 4.18 The lowest states of the sodium atoms as modified by hyperfine splitting (J = 3/2) 


Consider states with the same J and the same J but different F. Let 0 be the angle 
between the unprojected magnetic moment jz’, and w}. These quantities lie in the 
direction of the angular momentum vectors. If either H’ or u’, were zero then there 
would be no splitting and all the quantum states in question would have the same 
energy Eo. 

In general 


Ep = Eo + kuzui cos 0 (4.150) 
where k is a constant 


, h 
tants D(A) (4.151) 


where g7 is the nuclear g-factor. Also 


Ta =g VIU FD) (4.152) 


2mc 


Ep — Eo = k'y J(J +I V1IC + 1)cos8 (4.153) 


From Fig. 4.19 


F(F+)=J(J +1) +10 +1) +2/I + DVI + 1)cos0 (4.154) 


Er- Ey = 5 [FF +1) -JU 4-10 40] (4.155) 


where k’ = const. It is readily seen that 


k = Erp + Er_2—2Er_| (4.156) 
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Fig. 4.19 The addition of J 


and J to form F JITFI JFE +1) 
é 
‘i > 
ee VIJ +1) 


Also from (4.156) we have prediction of the energy spacing between states with the 
same J and Z but different F values as follows 


Er — Epa =kKF (4.157) 


Note that (4.157) predicts unequal spacing of energy levels. In fact it is in arithmetic 
progression. Hence the experimental knowledge of hyperfine spacing of energy lev- 
els allows the determination of F and hence that of J. Equation (4.153) also shows 
that there is no fine structure splitting if J = 0 or I =0. 


4.13.3 Nuclear Spin from Zeeman Effect 


When the magnetic field is so great that the velocity of precession of F about the 
field direction becomes greater than that of J and J about F, a Paschen-Back effect 
takes place as for multiplet structure. In the case of hyperfine structure on account of 
weak coupling between J and Z they are independently space quantized in the field 
direction, the components being Mz and M7. The space quantization of J gives 
the ordinary Zeeman effect, see Fig. 4.20. Each term with a given M; is, however, 
once again split up into a number of components corresponding to different values 
of Mq that is 27 + 1 components. This number of components is the same for all 
the terms of an atom, since Z is constant for a given nucleus. For a transition which 
without field gives rise to one hyper-multiplet, the selection rules in a strong field are 
AM, =0, +1 and AM; = 0. The first of these rules gives the ordinary anomalous 
Zeeman effect if at first we disregard the nuclear spin. Because of nuclear spin, 
however, each of the magnetic levels with a certain My value has 27 + 1 equidistant 
component, the separation being different in the upper and lower states. Therefore, 
considering AM; = 0, each anomalous Zeeman component is split into 27 + 1 lines. 
The splitting dues not depend upon the field strength so long the latter is sufficiently 
great to produce an uncoupling of J and I. Thus simply by counting up the number 
of line components the nuclear spin J can be determined. For example, in a strong 
magnetic field each of Zeeman components of Bi consists 10 components due to 
nuclear spin so that, 27 + 1 = 10 or I = 9/2. 


4.14 Nuclear Magnetic Dipole Moment 


Any charged particle moving in a closed path produces a magnetic field which at a 
large distance can be described as due to a magnetic dipole located at the current 
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Fig. 4.20 Splitting of spectral lines due to Zeeman effect 


loop. For an electron of charge —e and mass m an orbital magnetic moment is 
associated with it and is given by 


ürz =L (4.158) 


us =- S (4.159) 


where g is known as the g-factor and Dirac’s equation gives precisely g = 2.0000. 
However, quantum-electro-dynamical effects modify this value slightly to g = 
2.0023192. It is remarkable that the experiments are able to match the theoretical 
value to one part in 107. 

The value of the proton magnetic moment up and that of neutron magnetic mo- 
ments Un are defined as 


e 
Up =8pz— Sp (4.160) 
2mp 
e 
HUn = 8&nz ~ Sn (4.161) 
2Mn 


where mp and m, are the masses of proton and neutron, respectively, with different 
g-factors for each particle. We may rewrite (4.160) and (4.161) as 


1 

Hp = 58pHN (4.162) 
1 

Mn = Z 8EnUN (4.163) 


2 
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where the nuclear magneton is defined as 


h 
in — = 5.05078 x 10727 JT-! (4.164) 


Mp 
The experimental values of g-factors are gp = +5.5856--- and gn = —3.8262--- 
so that the corresponding magnetic moments are 


Up = +2.792S---uy and un =-—1.9131--- pn 


Similarly, for the electron spin magnetic moment 


US =—=~8-— =—=8UB (4.165) 
where ug = eh/2m is known as the Bohr magneton with the value 
ug = 9.2742 107 IT (4.166) 


Because of the inverse dependence on the mass of the particle, the nucleon mag- 
netic moments are three orders of magnitude smaller than the magnetic moment of 
electron. Furthermore, they differ significantly from the value predicted for a spin 
(1/2) particle (up = lun, Un =0). This is in contrast with the electron for which 
u is Close to the Dirac value. This is explained by the fact that nucleons are of finite 
size and have a complicated structure. 

In a complex nucleus, the intrinsic magnetic moments of the constituent neu- 
trons and protons will contribute to the total magnetic moment and there will be an 
additional contribution from orbital motion of charged protons. The total magnetic 
moment uy is given by 


My =8JUNJ (4.167) 


where g, is the nuclear g-factor. It is found that the nuclear magnetic moments are 
spread approximately in the range —2 uy to 6uy. 

The techniques used for the determination of magnetic moments of nuclear 
ground state as well as excited states include hyperfine structure studies, microwave 
spectroscopy, nuclear magnetic resonance, use of nuclear alignment and atomic 
beams. 

We shall consider the magnetic resonance method which uses molecular beam. 
It depends essentially upon the resonance between the precession frequency of the 
nuclear magnet about a constant magnetic field direction and the frequency of an 
impressed high frequency alternating magnetic field. The magnetic moment 


h 
u=el( > ) (4.168) 
2M pC 


where g is the nuclear g-factor and J the spin. When a nucleus of magnetic mo- 
ment u is in a constant magnetic field of intensity B, it will precess about the field 
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Fig. 4.21 Schematic diagram of the apparatus used by Rabi et al. [11] for molecular beam mag- 
netic resonance experiments 
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Fig. 4.22 The paths of four molecules in a molecular-beam magnetic resonance apparatus [12] 


direction with a frequency v given by Larmor’s theorem 


_ 4B 


= 4.169 
Th ( ) 


v 
Thus the magnetic moment u of a nucleus can be found by determining v which the 
nucleus of spin J acquires in a known constant magnetic field B. Instead of working 
with nuclei alone, Rabi used beams of neutral molecules whose electronic angular 
momentum is zero. A narrow stream of molecular beam issues from the source, 
which is an oven O, Fig. 4.21. A very small fraction of these molecules will pass 
through the collimating slit S and reach the detector at D. The beam passes through 
three magnets, A, C and B. In both A and B the field is strong but inhomogeneous, 
while in C the field is uniform. 

In the absence of any inhomogeneous magnetic deflecting fields the molecules 
will pass through the collimating slits and traverse the straight line paths OSD and 
form the direct beam (Fig. 4.22). The magnetic fields of A and B are in the same 
direction but their gradient d B/dz are in opposite directions. A molecule with mag- 
netic moment u will be deflected in the direction of the gradient if uz, the projection 
of u in the field direction is positive and will be deflected in the opposite direction 
if uz is negative. Molecules which leave o at some angle with the line OSD will 
follow paths indicated by solid lines and reach the detector D. The force experi- 
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enced by any such molecule in the inhomogeneous field due to the magnet A is 
F = z(0B/0Z),. A similar expression holds for the force due to magnet B. The 
actual deflection produced by each magnetic field can be established from a knowl- 
edge of the velocity of molecule which is determined by the temperature of source 
and geometry of arrangement. It no change occurs in uz as the molecule goes from 
A to B field, the deflections in these fields will be in opposite directions. The mag- 
netic field gradients can be adjusted to make these deflections equal in magnitude 
and thus to refocus the beam at the detector. Magnet C produces a homogeneous 
field of intensity B. In the same region there is a high frequency alternating mag- 
netic field Bı (not shown in the figures) at right angles to the homogeneous field B 
produced by magnet C. When a molecule of magnetic moment u enters this region 
it will precess around B with Larmour frequency v. Consider the oscillator whose 
frequency is f flooding the field space with photons of energy hf. The interactions 
with the oscillating magnetic field Bı will produce a torque which may either in- 
crease or decrease the angle between u and B. In general if f the frequency of 
alternating magnetic field is different from v the net effect will be small since the 
torque produced by the alternating field will rapidly get out of phase with preces- 
sional motion. But when f = v the increase or decrease produced in angle might be 
quite large. 
The separation between adjacent levels in magnet C is 


eh gehB 
AE =gAM,= B= 
2Mpc 2Mpc (4.170) 
(> AM;=+1) 
Therefore 
B 
hf = — or (4.171) 
uB 
zys 4.172 
f=v Th ( ) 


The transition probability is maximum when f = v. 

The molecule will then follow one of the dotted paths while it enters region 
B and escape from the detector. In some experiments f is kept constant and B 
(homogeneous magnetic field) is varied. Resonance occurs at a definite value of B 
as shown in Fig. 4.23 


_@2Mc _vh2Mc _ 4nMc f 
Teh Bh eB 


E (4.173) 


If J is also known from some other experiment then jz can be found out from u = 
gI, where u is expressed in nuclear magneton. 
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Fig. 4.23 A curve showing 
the occurrence of magnetic 
resonance for ’Li [13] 
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4.14.1 Magnetic Moment of the Neutron 


Classically, neutron is not expected to have a magnetic moment as it has no charge. 
However, magnetic moment depends on the current rather than charge. It is possible 
for the charge to cancel but not the current. Such is the case of the hydrogen atom. 
which is electrically neutral but does have a magnetic moment. It turns out that the 
neutron has a magnetic moment, un = — (1.91354 + 0.0006) nm. The negative sign 
means that the magnetic moment is oppositely directed to the spin. 

The value of un was determined by Block et al. using the magnetic resonance 
beam method at Stanford. The apparatus used by them is schematically shown in 
Fig. 4.24. In the place of the magnets A and C they used steel plates as polarizer and 
analyzer. Deuterons accelerated in a cyclotron on hitting a Be target produce neu- 
trons which are thermalized in paraffin. The thermal neutrons are collimated along 
the axis of the polarizer and are detected by B F3 proportional counter on the right. 

The microcrystals of magnetized steel plate act as polarizer as the emerging neu- 
trons tend to be aligned with their spins opposed to the direction of magnetization. If 
the analyzer is magnetized in a parallel fashion then the transmission of the neutrons 
will be greater. However, if the polarization of neutrons between the steel plates is 
spoilt then there will be a dip in the neutron intensity at the detector. Magnetic res- 
onance transitions induced in this region can cause a neutron spin to ‘flip’ from 
either spin orientation to the other. However the spin orientation that is more heav- 
ily populated initially will have more transitions just in proportion to its population. 
Thus if the neutrons undergo magnetic resonance transitions in the region between 
the plates, there will be a drop is the intensity of the beam emerging from the sec- 
ond plate. The depolarization is accomplished by employing RF fields. The field 
strength in the central magnet was measured by observing the proton resonance. 
Figure 4.25 shows the neutron resonance curve observed by Block et al. 

NMR technique has been invaluable in the studies of magnetic properties of ma- 
terials, the chemical shifts and the structures of certain organic molecules and diag- 
nosis. 
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Fig. 4.24 Apparatus used by Block et al. to measure the magnetic moment of the neutron [2] 
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4.15 Electric Quadrupole Moment 


The concept of quadrupole comes from the classical electrostatic potential theory. 
Assume that the nuclear charge is rotating about the nuclear spin 7. Then on time 
average it would appear cylindrically symmetric about Z, regardless of the distribu- 
tion. Because V7 = 0 outside the nucleus, we can expand ¢ in terms of Legendre 
polynomials 


(0,6) 


1 an 
o(r,0) =- 2 7 Pn (C088) (4.174) 


The quantity (2a2/e) is called the quadrupole. It is given by 


O=Q)= : [oe —r”)p(r’)dt! cm? (4.175) 
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Fig. 4.26 Nuclear (a) (b) (c) 
quadrupole shapes for which 
(Z?) = 1/3(r?) 
% 
Spherical Prolate Oblate 
(Qo=0) (Qo>0) (Qo<0) 


The first term of (4.174) is ordinary coulomb term ¢. The second term the perma- 
nent dipole is not generated by nuclei in the static case because of parity consid- 
erations. The third giving a measure of the departure from spherical symmetry is 
the quadrupole term. A nucleus of the shape illustrated in Fig. 4.26(a) would have 
Q £0. This is of more common occurrence. 

Expression (4.175) is simply the average of 3z? — r? taken over the charge density 
distribution. That is, it could be written as 


Qo = Z(3(z”) — (r°) (4.176) 


where Z is the total nuclear charge measured units of e. The dimensions of Qo are 
(length)? and is expressed in units of (meter)? or Barn. In the quantum mechanical 
approach the charge density p(r) must be replaced by probability density w*y. 
Expression (4.175) then can be written as 


2 = | vB -r°)ydt (4.177) 
e 
This leads to the result 
21-1 
z QI - 1) Qo (4.178) 
2 +1) 


where Z is the nuclear spin. Now 
(r?) = (x?) + (y?) + (2?) (4.179) 


If the nucleus is spherical, (x7) = (y?) = (z?) so that (z?) = (1/3)(r?), and for 
spherical charge distribution, Qo = 0. The quantity (r?) is the mean square radius. 
It the nucleus is non-spherical then (z?) Æ (1/3) (r?°). There are two possibilities 


1 

(2°) > a (Prolate ellipsoid) for which Qo > 0 (4.180) 
1 

eis ~ (Oblate ellipsoid) for which Qo < 0 (4.181) 


Nuclear quadrupole shapes for which (Z*) 4 1/3(r?) are shown along with the 
spherical shape in Fig. 4.26. 
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Fig. 4.27 Quadrupole distortion Q/ZR?(~ A R/R) for odd-A nuclei plotted vs. the odd nucleon 
number N [14] 


For an orbiting neutron Q = 0 


If |Y |? is spherically symmetric, Q = 0 
If |y |? is concentrated in the xy-plane (z = 0), then Q = — (r°) 
If |y]? is concentrated along z-axis, Q ~ +2(r?°) 


For J = 0, Q vanishes as no symmetric axis is defined. Also, Q vanishes for J = 
1/2. Notice that for large values of 7, much greater than h, Q approaches Qo, as it 
should in accordance with Bohr’s correspondence principle. 

Quadrupole moments for numerous nuclei have been measured using optical 
hype-fine structure and atomic beam techniques, their values are found to range 
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from —1 x 10778, to +8 x 10778 m?, the values being particularly high for the 
rare earths Fig. 4.27. The quadrupole moment values are of great importance for the 
nuclear models. 


Example 4.3 Use the uncertainty relation to estimate the kinetic energy of the nu- 
cleons, the nuclear radius is about 8 x 10~!3 cm and the mass of a nucleon is about 
940 MeV/c?. 


Solution 
h 
Apx ~ es 
but 


he _ 197 (MeV fm) 
Ax  8(fm) 

_ cp? _ (24.6) 
T 2Mc2 2x940 


= 24.6 MeV 


cApx = Cp = 


= 0.32 MeV 


Example 4.4 Singly-charged lithium ions, liberated from a heated anode, are ac- 
celerated by a difference of 625 volts between anode and cathode. They then pass 
through a hole in the cathode into a uniform magnetic field perpendicular to their 
direction of motion. The magnetic flux density is 0.1 Wb/m? and the radii of the 
paths of the ions are 8.83 cm and 9.54 cm, respectively. Calculate the mass numbers 
of the lithium isotopes. 


Solution 


p=qBr=V2MT = /2MqV 


S q B?r? 
~ OY 
1.6 x 107! x (0.1)? x (8.83 x 1072)? 
p CO ee si 
2 x 625 x 1.66 x 10727 
1.6 x 107! x (0.1)? x (9.54 x 1072)? 


2 x 625 x 1.66 x 10727 


Example 4.5 A narrow beam of singly charged !°B and !'B ions of energy 3.2 keV 
passes through a slit of width Imm into a uniform magnetic field of 1200 gauss and 
after a deviation of 180° the ions are recorded on an photographic plate. (a) What is 
the spatial separation of the images? (b) What is the mass resolution of the system? 


2MV\!? 
To 
(e) 


Solution 
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2x 11 x 1.66 x 10727 x 3200 
AS —19 2 
16 x 10-!9 x 0.12 


10 10 
rio = ris y 77 * 0.2252 m= 0.2147 m 


(a) Spatial separative of images 


1/2 
) = 0.2252 m 


= (r11 — r10) x 2 
= 2(0.2252 — 0.2147) m= 0.021 m 


=2.1cm 
(b) Mass resolution 
M 
~ AM 
M xr? 
AM 2Ar 
M r 
r 22 cm 
~ 2Ar 21cm nes 


Example 4.6 By considering the general conditions for nuclear stability show that 
the nucleus 22oTh will decay and decide whether the decay will take place by a or 
B emission. 

The atomic mass excesses of the relevant nuclei are 


4 225 229 229 229 
Element He ggRa gghc goth 9)Pa 


Mass excess amu x 107° 2603 23528 32800 31652 32022 


Solution When *”?Th decays via œ emission the daughter nucleus is 7*>Ra. 
A body of mass Mı will decay into M2 + ma if Mı > M2 + ma. Now, M — A = 4A, 
where A is the mass excess. Mı = A+ A = 229 + 0.031652 = 229.031652 amu. 
For œ decay, Mz = 225 + 0.023525 = 225.023525 amu 


Ma = 4 + 0.002603 = 4.002603 
M2 + Ma = 229.0249558 


Since Mı > M2 + mg, *oorh will decay via œ emission. If 229TH decays via 67 


emission then the daughter nucleus would be 7*?Pa. The criterion for B~ decay is, 
Mı > M2. Now, M2 = A+ A = 229+ 0.032022 = 229.032022 amu but this value is 
greater than Mı = 229.031625 amu for 7*4Th. Therefore B7 decay is not possible. 
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If 7?°Th decays via B+ emission then the criterion for decay is, Mj > M2 + 
2me. Here, Mı = 229.031652 amu, and M2 is 228Ac for which the mass M> = 
229 + 0.032800 = 229.032800 and M2 + 2me = 229.032800 + 2 x 0.000548 = 
229.03389, a quantity which is larger than the mass of 7?°Th atom. Therefore B+ 
emission is not possible. 


Example 4.7 Consider the B* decays 


'21Sb — '25Te + B* + 1.60 MeV 
recs — xe + Bt + 1.06 MeV 


Using liquid drop model state which of the isobars ral or xe is stable against 


B-decay. 


Solution The liquid drop model gives the value of Zo for the most stable isobar 
of mass number A (Chap. 6) by 


A 


me  — 
0 240.01542 


For A = 127, Zo = 53.38, the nearest Z is 53. Hence l is stable. On the other 
hand, IXe will be unstable against B* decay or e~ capture. 
Example 4.8 Estimate the ratios of the major to minor axes of Ta and 1 SDs 


The quadrupole moments are +6 x 1074 cm? for Ta and —1.2 x 10774 cm? for Sb. 
(Take R = 1.5A!/3 fm.) 


Solution 
Q= 4 ZR? 
where 
a> b 

TR 

R=1.5 x (181)! =8.48 fm for Ta 

R=1.5 x (123)! =7.458 fm for Sb 
Tantalum 


50 5x6x 10” 


= ee 
"= ZZR? 4x73 x (8.48 x 10-22 


ajya 
pes 
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Antimony 


5 (=1.2 x 1074) 


x = —0.053 
4 ^ 51 x (7.458 x 10713)2 


n = 
a 
i 1 — 0.053 = 0.947 


Example 4.9 Use the fact that the form factor is the Fourier transform of the charge 
density distribution to find an expression for F(q) for scattering from a particle 
whose charge density is given by p(r) = (A/r)cos(zr/2R) forr < R and 0 other- 
wise, where A is a constant. The values of g which produce zeros in the differential 
cross-section can be used to find the size of the particle. Find the condition for the 
occurrence of minima in the differential cross-section. 


Solution 


ra= | i) ae 
0 


gr/h 
RA 2R) si 
x | COEL N a 
o F gr/h 
4c Ah1 fÈ 
see l sin SANE La + sin ee. dr 
q 2/Jo h 2R h 2R 
827 ARP R 2qgR . qR 
F(q) = — sin 
qg(4q2R2 — m2h?) \ rh h 
. GR  2qR 
F(q)=0 wh — = — 
(q) when sin i wh 


Example 4.10 The charge distribution in proton may be written as p(r) = 
Aexp(—r/a) where A is a constant and ‘a’ is known as the characteristic radius. 
Show that the form factor is proportional to (1 + g7a?/h?). 


CO 
F(q) ~f re /4 sin( rar 
0 A 


Integrate by parts twice. Following definite integrals will be useful to get the desired 
result 


Solution 


| e “cosbxdx = ———, l e “sinbxdx = ——— 
0 GED 0 a* +b? 


Example 4.11 Show that “Ra is unstable against a-decay. Use the masses 
7aeRa = 226.025360 amu, *s¢Rn = 222.017531 amu, 4He = 4.002603 amu. 
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Fig. 4.28 Decay of ?SAl;3 to 
28Si,4 via 8T emission which 
in turn decays to the ground 
state via y-emission 


ground state 


Solution The decay is 
226Ra —> Rn + 4He + Q 


The decay is feasible if the mass of ?7Ra is larger than the sum of the masses of 
22Rn and *He 


222Rn + He = 222.017531 + 4.002603 
= 226.020134 amu 


Thus, the decay is feasible. 


Example 4.12 BAI decays to ast via 6~ emission with Tmax = 2.865 MeV. aa 


is in the excited state which in turn decays to the ground state via y-emission, see 
Fig. 4.28. Find the y-ray energy. Take the masses 78Al = 27.981908 amu, 78Si = 
27.976929 amu. 


Solution 


Q = (27.981908 — 27.976929) x 931.5 = Emax + Ey 
= 4.638 MeV 
E, = Q — Tg = 4.638 — 2.865 
= 1.773 MeV 


Example 4.13 {Na decays to {jNe via B* with Tmax = 0.542 MeV, followed by 
y decay with energy 1.277 MeV. If the mass of 7*Ne is 21.991385 amu, determine 
the mass of 7*Na in amu. 


Solution 


Tmax + T, 
22 22 max y 
Na=““Ne+2 ee 
oe ee iets 
0.542 + 1.277 
21.991385 + 2 x (0.000548) + E i 


= 21.994434 amu 
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Example 4.14 {Be undergoes electron capture and decays to aL, Investigate if it 
can decay by the competitive decay mode of B* emission. Take the masses {Be = 
7.016929 amu, {Li = 7.016004 amu. 


Solution For E.C. the difference in atomic masses is 7.016929 — 7.016004 = 
0.000925 amu. This difference is short of 2m, = 2 x 0.000549 = 0.001098 amu 
necessary for B* decay. Hence minimum energy needed for B* decay is not avail- 
able. 


Example 4.15 Find the energy shift of the ground state of the hydrogen atom due to 
the finite size of the proton, assuming that the proton is a uniformly charged sphere 


of radius 1 fm. 


Solution Using Eqs. (4.116) and (4.117) and putting z = 1 


4 e (R\? 4 1058 y? 
ipa. s xua 
iog (3) z% (saa) 


=3.9 x 107° eV 


Example 4.16 A Ds/2 term in the optical spectrum of 19K has a hyperfine structure 
with four components. Find the spin of the nucleus. 


Solution Let J be the electronic angular momentum and / the nuclear spin. The 
multiplicity is (2J + 1) or (27 + 1), which ever is smaller. 

Now 2J/ + 1=2 x 3 + 1 = 6. But only four terms are found, 27 + 1 = 4 —> 
T =3/2. 


Example 4.17 In Example 4.16 what interval ratios in the hyperfine quadruplet are 
expected? 


Solution The energy shift in hyperfine structure arises because of the interaction 
of the nuclear magnetic moment with the magnetic field produced by the electron. 


AE~2I-J=F(F+1)-I(I+1)-J(J+1) 


where F = I + J takes on integral values from 4 to 1 
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25 
F=; ASET 


The intervals are 8, 6 and 4, the ratios being 4:3: 2. 


Example 4.18 Obtain an expression for the potential at a distance r from the centre 
of a sphere of radius R in which charge q is homogeneously distributed. 


Solution 
Region I (r > R) 


q 
4T éor 


Vy= 


The charge is assumed to be concentrated at the centre. 

Region II (r < R) 

Let q’ be the charge within the sphere of radius r. Then q’ = q (5). The electric 
field will be 


$ 


Aner? 4regR? 
1 grdr 
V= -f Edr = — 2 +c 
4r Eo R? 
eee 
~— -8rEgR3 
At 
R (ViPS 
4megR 
a ee +C or 
4r egoR 8SmeoR 
a 
~ 24reoR 


Example 4.19 Given that the proton has a magnetic moment of 2.79 magnetons 
and a spin quantum number of one half, what magnetic field strength would be re- 


quired to produce proton resonance at a frequency of 50 MHz in a nuclear magnetic 
resonance spectrometer? 


Solution 
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vIh 50x 10° x 1/2 x 6.62 x 107% 


B= 
u 2.79 x 5.05 x 1077 


= 1.167 T 


4.16 Questions 

4.1 Why are there no mirror nuclei with A = 40? 

4.2 Give four characteristics of nuclear forces. 

4.3 In what region of A is the B/A value maximum? 

4.4 How do you account for the drop of B/A for low A and larger A? 
4.5 Distinguish between charge symmetry and charge independence. 
4.6 Give two examples of mirror nuclei. 


4.7 Give two examples of isobaric triplets to justify charge independence of nuclear 
forces. 


4.8 List four methods for the determination of nuclear radii. Which method would 
you rank as most important? 


4.9 One method to determine nuclear radius is to measure Emax for 6 energy in the 
decay of mirror nuclei. What is the merit of choosing mirror nuclei? 


4.10 What information is obtained from the sign and magnitude of quadrupole 
moment? 


4.11 If the quadrupole moment of a nucleus is zero, what do you infer? 


4.12 What value of quadrupole moment is expected for nuclide with J = 0? with 
I=}? 
4.13 What is the cause of alternating intensities of rotational lines in the band 
spectrum of homonuclear diatomic molecules? When will be the alternating lines 
missing? 


4.14 The kinetic energy of the two nuclei produced in the fission of 7°>U is about 
200 MeV. Approximately what fraction of the original mass appears as kinetic en- 


ergy? 
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4.17 Problems 


4.1 Calculate the binding energy of the last neutron in !°C, given the atomic masses 
based on !2C 


bn = 1.008665 amu, 1C = 13.003354 amu 


[Ans. 4.95 MeV] 


4.2 The radius of !®Ho is 7.731 fm. Find the radius of *He. 
[Ans. 2.238 fm] 


4.3 What is the mass number A of an element whose nuclear radius is 2.71 fm 
(ro = 1.3 fm). 
[Ans. 9] 


4.4 Calculate the total binding energy of 3He and >He. Which one of these nuclei 
is more stable? Use the following atomic masses 


M (3He) = 4.003873 amu; M (He) = 5.013888 amu 
M(;H) = 1.008145 amu; M (n) = 1.008986 amu 


[Ans. 28.3, 27.4 MeV, *He more stable] 


4.5 Determine the density of a nucleus. Given that the mass of proton/neutron = 
1.67 x 107? kg. Radius of the nucleus = 1.3A!/> fm. 
[Ans. 1.8 x 10!” kgm73] 


4.6 Show that when a nucleus of rest mass M absorbs a photon of energy hv, the 


2hv 
Mc2 1). 


excitation energy of the nucleus is given by, Ee, = Mc*(,/1+ 


4.7 Show that if E(> mc?) is the laboratory energy of electrons incident on a 
nucleus of mass M, the nucleus will acquire kinetic energy 


E? (1 —cos@) 
Me ee cee 

U + FC — cos@)] 
4.8 Using the uncertainty principle and the fact that the maximum energy of a $- 
particle is of the order of 1 MeV, show that a free electron is not likely to be found 
inside a nucleus, whose dimension ôx is of the order of 1071? cm, by using the 
uncertainty principle. 


4.9 Singly charged chlorine ions are accelerated, through a fixed potential differ- 
ence and then caused to travel in circular paths by means of a uniform field of 
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magnetic induction of 1500 gauss. What increase in induction is necessary to cause 
the mass 37 ion to follow the path previously taken by the mass 35 ion? 
[Ans. 42.26 G] 


4.10 Two isotopes of silver !°7Ag and !°" Ag are to be separated electromagneti- 
cally. The singly charged ions are first accelerated through an electrostatic potential 
of 10 kV and then deflected in a uniform magnetic field through a semi circular path 
of radius 1 m. 


(i) What magnetic field intensity is required? 
(ii) If the entrance and exit slits have the same size, calculate the maximum slit 
width for which the two isotopes will be completely separated. 


[Ans. (i) 1.497 kg, (ii) 1.86 cm] 


4.11 The scattering amplitude by a spherically symmetric potential V(r) with a 
momentum transfer q is given by 


he (i sin(gr/h) 
o  agr/h 


Assuming a Yukawa type potential show that the scattering amplitude is propor- 
tional to (q? + mc?)7!" 


V(r)4ar7dr 


4.12 From the B+ decay of '4O an excited state of '4N is formed. The !4N y- 
rays have an energy of 2.313 MeV and the maximum energy of the positrons is 
1.835 MeV. The masses of !4O and electron are 14.008623 amu and 0.000548 amu, 
respectively. Calculate the mass of !4N. 

[Ans. 14.003074 amu] 


4.13 Estimate the ratio of the major and mirror axis of SAE and He The 


quadrupole moments are 7 x 10774 and —2.86 x 10774 cm? for Lutecium and Io- 
dine. (Take R = 1.5A!/3 fm.) 
[Ans. (a/b)Ly = 1.18, (a/b); = 0.97] 


4.14 The empirical mass formula is 
4M =0.99198A — 0.000841 Z + 0.01968 A7/? 


A 2 
+ 0.0007668Z7 A~!/3 + 0.09966 (z = =) As 


in atomic mass units, where 6 = +0.01204A~'/? or 0. Investigate the B-decay sta- 
bility of the nuclide 7}Mg. 
[Ans. Unstable] 


4.15 Verify that the Coulomb repulsive energy in 7>8Pu is about 70 % of the total 
binding energy. 
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4.16 Use the uncertainty principle to show that a nucleus which is confined to a 
region of the order of Ax ~ 1 fm must have a kinetic energy of the order of 20 MeV. 


4.17 By what factor must the mass number be increased in order to double the 
nuclear radius? 
[Ans. 8] 


4.18 In a magnetic resonance experiment using water as sample what would be 
the magnetic field in glass if the resonance frequency is 30 megacycles per second 
(magnetic moment of the proton = 2.85 nuclear magnetons). 

[Ans. 6.9 kg] 
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Chapter 5 
The Nuclear Two-Body Problem 


5.1 Deuteron 


Deuteron consists of a proton and a neutron. It is essentially a loose structure as 
implied by its low binding energy at around 2 MeV, i.e. 1 MeV per particle, in con- 
trast with a value of 8 MeV for the average binding energy per nucleon in medium 
and heavy nuclei. The binding energy of deuteron has been determined by various 
methods. 


5.1.1 Binding Energy of Deuteron 


(a) Photo-Disintegration of Deuteron (hv +d —> p +n) The threshold energy 
for this reaction is equal to W, the binding energy of deuteron. For y-ray energy 
and E, greater than W, the surplus energy, E, — W appears as the kinetic energy 
shared between the product particles. For E, not much above the threshold energy, 
the deuteron would receive negligible momentum. Consequently, proton and neu- 
tron would be projected with equal and opposite momentum, and they would share 
nearly equal energy. The binding energy is then given by W = hv —2Ep, where Ep 
is the kinetic energy of proton which can be measured either from ionization mea- 
surements or range measurements. Chadwick and Goldhaber [4] using 2.62 MeV 
y-rays from Th C” obtained a value of 2.14 MeV for the binding energy, while 
Stetter and Jentschke determined it to be 2.19 + 0.03 MeV. 


(b) Threshold Energy of the Photo-Disintegration Reaction The neutron yield 
from the photo-disintegration reaction is measured for various y-ray energies. In 
practice, electrons accelerated from a Van de Graff generator, on bombarding a 
heavy target produce the y-rays. The y-ray energy was calibrated from the known 
electron energy. By extrapolating the neutron yield to zero value corresponding to 
the threshold of the reaction, a value of W = 2.226 + 0.003 MeV is obtained. 
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(c) Inverse Reaction (n + p —> hv +d) When slow neutrons are absorbed in 
hydrogen, deuteron is formed and a y-ray is emitted. This reaction corresponds to 
the inverse of photo-disintegration of deuteron and is also called radiative capture. 
The energy that is released is equal to W. This is shared between the photon and the 
deuteron. The latter carries negligible amount of energy. From the conservation of 
momentum and energy, it is easily shown that 


E2 


W=E 4 5.1 
UT (5.1) 


The second term on the right side corresponding to the deuteron energy, is small, 
being about 0.0013 MeV. A precise measurement of y-ray energy for example by a 
y-ray spectrometer, yields the binding energy. From the observations of the radiative 
capture of slow neutrons from reactors in hydrogen, Bell et al. [1] obtained a value 
of 2.23 + 0.007 MeV. 


(d) Mass Spectrography The most accurate method for the estimation of binding 
energy is based on the direct mass determination of deuteron from mass spectro- 
graphs. Since the proton mass is accurately known and that of neutron is fairly 
well-known from the measurements of end-point energy of 6-rays in the decay of 
free neutron, the binding energy of deuteron is simply given by 


W = (mp + my —ma)c? = 2.225 + 0.015 MeV 


Collecting the results of various recent measurements, the accepted value of W is 
2.2246 + 0.0002 MeV. 


5.1.2 The Ground State of Deuteron 


By convention, the intrinsic parity of both proton and neutron is positive. It follows 

that the intrinsic parity (777) of deuteron must also be positive. Now, the nucleons by 

virtue of their motion can have the relative angular momentum values / = 0, 1, 2. 
The parity of deuteron is then given by 


Td = Tp ` Tn(—1)' (5.2) 


But the intrinsic parities, 7g = 1p) = Xn = +1. Consequently, only even angular 
momentum states can exist. In particular, the two lowest possible states for deuteron 
are the S- and D-states, corresponding to l = 0 and / = 2, respectively. We shall 
see that the experimentally measured value of J, the total angular momentum of the 
deuteron, is effectively contributed by the spins of neutrons and protons lined up 
parallel, i.e. the total spin of the particles s = Sn + Ss = 1 (triplet state), so that the 
ground state of deuteron is predominantly the S-state (/ = 0) and the corresponding 
wave function is spherically symmetrical. 
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The nuclear forces that provide the necessary binding of the nucleons have a 
short range character, the characteristic range of interaction being of the order of 
h/m,,c = 1.4 fm. Corresponding to the force we may introduce a potential V given 
by F = —(0V/or). Because the nuclear forces are attractive, the sign of the po- 
tential must be negative. We assume that the forces between the two particles are 
essentially central forces, i.e. the force is directed along the line joining the two par- 
ticles. We start with the time-independent Schrédinger equation in spherical polar 
coordinates in the CM system of proton and neutron 


2 
Vyto, p) + = [E — V(r) ]W(r, 6,6) =0 (5.3) 


where r is the distance between neutron and proton, and u is the reduced mass given 
by 
M,M M 
tS ae (5.4) 
M,+M, 2 
with M as the proton or neutron mass. 

The total energy E is negative and is numerically equal to the binding en- 
ergy W. Under the assumption of central forces, the w(r,@,) function is spher- 
ically symmetric and consequently the angular derivatives in the Laplacian vanish. 
The Schrodinger equation (5.3) is then reduced to 


Lafad M 
ag r YOt BlE-VOl¥o =0 (5.5) 


With the introduction of the radial wave function u(r) defined by 


u(r) 
y(r) = Po (5.6) 
Equation (5.5) is simplified to 
ap “ [E-V@)]u=0 (5.7) 
dr? R2 E l 


Because of the short range nature of nuclear forces, the potential is assumed to 
vanish for all practical purposes beyond a distance r > R, where R is of the order 
of 3 fm. The simplest choice of the potential is the square well potential defined by 


V=-V, r<R 
=0, r>R (5.8) 
The parameters Vo and R are called the depth and range of the potential respectively. 


Writing E = —W and V = —V for the region r < R and V = 0 for the region, 
r > R, with both W and Vo positive, the equations become 
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Fig. 5.1 Wave functions uzy Asinkr 
and uz in the square well 
potential 


Cexp(-yr) 
3S, (bound) 


7 4 Ku =o, r<R (5.9) 
with K? nmr ua and (5.10) 
du _ yy =0, r>R (5.11) 
.. 2 MW 

with y^ = RD (5.12) 

Equation (5.9) has the solution 
uy = Asin Kr + BcosKr, r<R (5.13) 

and Eq. (5.11) has the solution: 
ug =ue" + Det", r>R (5.14) 


where A, B, C, and D are the constants of integration. The boundary condition im- 
posed on the solutions is that uy must vanish as r — 0 and that uzy must vanish as 
r — oo. The first condition when used in (5.13) yields B = 0; and the second con- 
dition when applied to (5.14) gives us D = 0. The physically acceptable solutions 
are then 


uy = Asinkr, r<R (5.15) 


uy=Ce”’’, r>R (5.16) 


The wave functions uy and uz in the square well potential are shown in Fig. 5.1. 
Equation (5.16) shows that the wave function outside the range of nuclear forces is 
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completely determined by W. The quantity Ro = (1/y) = (h/v MW) = 4.36 fm is 
loosely called the size of deuteron. 

Since the wave function must be single valued and continuous throughout, we 
require the amplitude and first derivative of the functions uy and uy to be equal at 
the boundary r = R, i.e. 


(ur )r=R = (u1 )r=R 
dug dur 
dr r=R 7 dr r=R 


Asin K R = Cexp(—y R) (5.17) 
AK cos K R = —yCexp(—y R) (5.18) 


Therefore 


On dividing (5.18) by (5.17), we obtain the relation 
K cot K R = —y (5.19) 


which does not contain the unknown constants A or C. Figure 5.1 shows the radial 
wave function u in regions r < R andr > R. Inserting the values of K and y from 
(5.10) and (5.12) in (5.19) we obtain 


cot K R = = ——/W/(W — W) (5.20) 


It is plausible to assume that W < Vo, in which case we conclude that cot K R is 
negative and small numerically. This means that K R is only slightly larger than 
(n+ 1/2), with n =0,1,2,.... The correct solution for the ground state is K R ~ 
(1/2). For, if we accept the second solution K R ~ (37/2), the corresponding wave 
function in the region r < R would produce a node at kr = zr, and would not be 
consistent with the ground state. Equation (5.19) is essentially a relation between 
the depth Vo and the width R of the potential. We can approximate Eq. (5.20) to 
obtain a more direct relation between K and R. Multiplying both sides of (5.19) 
by R, we get 


KRcotKR=—yR (5.21) 


we have already seen that K R is slightly larger than (7/2). Put the value 


KR=7 +e (5.22) 


where € is a small quantity 


Z +e)cot(=+e)=—-yR 
W a +e} =—y 
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But cot(7/2+¢e) = —e. It, therefore, follows that € ~ 2y R/z. This value of € when 
used in (5.22) yields the formula which is a good approximation: 


kaza (5.23) 
2R x 
A very simple relation between Vo and R follows if we use the following approxi- 
mation: 


T 
KRY— or 
2 
2 
K?R? ~ G) or 
2 
M(Vo-W) (nry? 
R? = 5.24 
n (3) (5.24) 
Further, using the approximation W < Vo, we get 
h2 
VoR? = — 
j 16M 
= 103 MeV fm? (5.25) 


With an arbitrary value of R = 2 fm, we find Vo = 103/ (2)? or 26 MeV. The cal- 
culated value of Vo is quite sensitive to the choice of R. In general, the smaller the 
width of the well, the deeper is the potential depth and vice versa. For an assumed 
value of R, a more precise value of Vo is obtained by the use of Eq. (5.23). 


5.1.3 The Probability that the Neutron and Proton Are Found 
Outside the Range of Nuclear Forces 


The expression 42 |y |?r?dr or 4r |u|7dr represents the probability that the neutron 
and proton are at a distance r and r + dr apart. We shall first determine the constants 
from the normalization condition 


OO (oe) (0:0) 
/ IW |*dt =f Iy] 4rr?dr = an | ludr = 1 (5.26) 
0 0 0 


using the relevant wave functions for the region r < R and r > R, we can re-write 
the above condition as: 


R ee) 
sn | urar + 4x | lun| dr =1 
0 R 
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Inserting the wave functions uz and uj; from (5.15) and (5.16) we obtain 


R foe) 1 
A’ | sin? krdr + C? J e dir= (5.27) 
0 R 4r 
A straightforward integration yields the result 


sin2K C? 1 
A?( R- ELST eee) ae (5.28) 
2K y 27 


We also have another relation between A and C either from (5.17) or (5.18). There- 
fore 


Asin KR — Ce”? =0 (5.29) 
Solving (5.28) and (5.29) for A? and C?, we get 


E E (5.30) 
2m(1+yR) 
2Y sin? K Re?” ® (5.31) 
In(1 + yR) : 


where we have used (5.19) in simplifying the expressions. The probability P of 
finding the neutron and proton separated by a distance larger than R is given by 


lee) lee) 2 C2 —2yR 
ee 4r un?dr = 400? f e`?" dr = aa ll 
R R y 


where the value of uj; has been used from (5.16). Inserting the value of C 2 from 
(5.31), we obtain 


sin? K R 
= (5.32) 
1+yR 
Since K R ~ x /2, we find the approximate value 
T (5.33) 
~ 1l+yR l 


From the experimentally measured value of W = 2.225 MeV, we find 


_VMW _ VMc2W 4939x 2.225 
— àù OR 197 


Therefore, with the assumed value of R = 2 fm, we find P = 1/(1 + 0.232 x 2) = 
0.68. This means that 70 percent of time the neutrons and protons are found out- 
side the range of nuclear forces. This is caused by the quantum mechanical ‘tunnel 
effect’, the wave function leaks into the forbidden region. The size of the deuteron, 
represented by R = (1/y) = 4.31 fm is comparable with a nucleus containing 20 nu- 
cleons. 


y = 0.232 fm! 
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5.1.4 Excited States of Deuteron 


For / = 0 there are no bound excited states. This is because if we had accepted 
the solution K R ~ (37/2) corresponding to the possible first excited state, then we 
would have got the result analogous to (5.25) 


9 2 
KOR? = or (5.34) 
nome (5.35) 
OT TSA MR l 


where W; is the binding energy of the first excited state. But the corresponding 
relation for the ground state given by (5.26) can be rewritten as: 


wy -wa rt (5.36) 
0 AMR? 
Comparing (5.35) with (5.36) 
Wı =9W -8Vo 
~ 20 — 8 Vo (5.37) 


where we have used the value W = 2.225 MeV. 

For any reasonable value of Vo, the binding energy W is certainly negative, 
indicating thereby that the first excited state is not a bound state. Higher excited 
states would have increasingly large negative values of binding energy. 

We can also prove the above result from a different angle. We may set W; = 0 
as a criterion for giving the minimum well depth. Comparison of (5.36) (wherein 
W is neglected compared to Vo) with (5.35) shows that the required well depth for 
the first excited state is about nine times that for the ground state, a result which is 
untenable. 

We shall now prove that deuteron has no bound states for higher values of /. It 
will be assumed that the nuclear forces between neutron and proton for the / 4 0 
states are identical with that for the ground state / = 0. The Schrodinger’s equation 
for the / £0 state is modified as: 


du 


+u _ 
dr? 7 


M 
+ pe — V)u — z 0 (5.38) 


This is equivalent to the s-wave radial equation (5.7) with the effective potential 
given by 

RIM + 1) 
Mr 
The second term on the right side represents the potential arising from the cen- 
trifugal force which is essentially positive and therefore repulsive. Physically, the 


Vert (r) = V(r) + (5.39) 
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centrifugal barrier has the effect of making the particles run away from each other. 
Since the binding of neutron and proton is provided by the negative potential V(r), 
the / Æ 0 states would cause a decrease in the binding energy of the lowest bound 
state compared to that for the / = 0 state. For / = 1, we obtain the result: 


KRsinKR=0 


but K R #0 since neither K nor R is zero. It follows that sin K R = 0. The smallest 
positive root of this equation is KR = x or K*R* = 2. Using the value of K? 
from (5.10) and setting W = 0, we find the relation 


ci 
M 4m 


Vo R? = (5.40) 
Comparison of (5.40) with (5.27) shows that the minimum well depth required for 
the / = 1 state is four times the actual value for the ground state. Therefore, we 
conclude that the state cannot be a bound state. Similarly, it can be shown that higher 
values of / would require larger values of KR and hence still deeper well depths. The 
result that the deuteron cannot have bound excited states follows simply from the 
fact that the binding energy for the ground state itself is already very small. 

It must be conceded that the square well potential chosen in the deuteron prob- 
lem is unrealistic, and has been adopted for mathematical simplicity. However, the 
results obtained from the assumed potential are atleast qualitatively correct. Calcula- 
tions have also been made for other forms of potentials, for example the exponential 
function e~”, the error function e`” ° and the Yukawa’s potential (e~’/r). But, the 
results are insensitive to the choice of the potential. 


5.1.5 Root Mean Square Radius 


It might appear that any arbitrary well depth with an appropriate width can be 
choosen to satisfy the relation (5.19) or (5.23), or the more approximate version 
(5.25). But, other considerations such as the root mean square radius of deuteron 
and the results on neutron proton scattering, remove this arbitrariness and allow the 
values of Vo and R to be defined within a narrow range. Since the distance of proton 
or neutron from the centre of mass is half the distance separating the two particles, 
the mean square radius of the deuteron is given by 


1 
ra)= gt") (5.41) 


Thus 


A R C2 oo 
(r3\ = — / Arr? sin? Krdr + — J 4nr’°e "dr (5.42) 
4 Jo 4 JR 
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Using the values of A? and C? from (5.30) and (5.31) and simplifying the trigono- 
metric functions through the application of (5.19), we find the following after some 
algebra: 


1 1 RA+yR) | Roy 


=a- gat 


M 5.43 
8y? 8K? 8y 24(1+ yR) One 


So far we have considered proton to be point charge. On the other hand, if the charge 
distribution of proton is also taken into account then under the assumption that the 
charge is spherically symmetrical, the actual mean square radius of deuteron is then 
given by 


1 1 R(1+yR) Roy 


ON ety Ee ane iad er 2 
"l= 53 ar? 8y maryn") 6% 


p 


The high energy electron scattering experiments have determined the root mean 


square radius of proton, ,/(r2) = 0.8 fm. Inserting the measured value of (r3) = 


P 
2.1 fm (MC Intgre et al.) and the accepted value of y = 0.232 fm! Eq. (5.44) 
yields a relation between K and R. Another relation between K and R is provided 
from (5.19) or its approximate version (5.23). On solving the equations, we find 
R = 2.08 fm, and K = 0.902. This value of K and the experimentally known value 
of W = 2.225 MeV when used in (5.10) yield Vo = 35.8. 


5.1.6 The Inclusion of Hard Core Potential in the Square Well 


The square well potential may be modified to include the ‘hard core’ potential in- 
finitely high for r < b, which effectively prevents the particles from approaching 
each other within distance b (region I). Evidence on the existence of hard core is 
furnished by high energy scattering experiments. The solution to this problem is 
illustrated in the following example. 


Example 5.1 A ‘hard core’ potential for the interaction between two nucleons is: 


Vir) =o, O<r<b 
=73 MeV, b<r<R 
= 0, r>R 


(a) If b = 0.4 fm is the radius of the hard core and the binding energy of deuteron 
W = 2.225 MeV, calculate the value of R. (b) What is the most probable distance 
between the proton and neutron in the deuteron ground state? (c) Calculate the root 
mean square radius of deuteron. 
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Fig. 5.2 Square well I Il WM 
potential with a “hard core” 
potential 
vin 
— 
-Vo 
o b R 


Solution (a) Figure 5.2 shows the potential as a function of r for the three regions. 
We write down Schrodinger equation 


u M 
Pe zz lE —V(r)]u=0 


For region II, this equation takes the form 


ee ee cee (Vo — W) 
— u=0, wi = — (Vo — 
dr? poo 
The general solution is: 
u = Asin Kr + B cos Kr (5.45) 


We now impose the boundary condition, u > 0 at r = b 


0= AsinKb+ BcosKb or 


a= Panes (5.46) 
7 cos Kb l 


Using the value of B from (5.46) in (5.45), the solution simplifies to 
ur = Asin K (r — b) (5.47) 


where the factor SEE has been included in the constant A. 


For region III, the equation has the form 


d?u 
dr2 


2, r: 2 MW 
— y u =0, with y =a 
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The physically acceptable solution with the boundary condition u — 0 as r —> œ is 
uj = Ce" (5.48) 


We now match the solutions uz and uz both in amplitude and the first derivative at 
the boundaryr=b+R 


Asin KR = Ce77@t®) (5.49) 
AKcosKR= —yCexp[—y(b+ R)] (5.50) 


Dividing (5.71) by (5.70), we obtain, as before, the relation 


KcotKR=-y or 


l =) 
R = — arc cot| — (5.51) 
K K 
2.22 
E ae 1 SAT and 
K Vo—-W V73—2.225 
M(Vo — W 939(73 — 2.225 
ga ee -VMV Spa ) L131 fm! 
h2 1.9732 x 10-1 


1 
= — arccot(—0.177) = 1.33 fm 
1.31 


where we have chosen the angle in the second quadrant corresponding to the bound 
ground state. 

(b) Since the probability that the neutron and proton are between r and r + dr 
apart is given by 47 |u|?dr, the most probable value of r is the one for which the 
wave function is maximum. From Fig. 5.2 it is seen that this condition is deter- 
mined by finding the maximum value of uzr = sink(r — b). Obviously, uzy will be 
maximum when K (r — b) = (1/2) or 


T 
‘most probable = aK +b = ai + 0.4 = 1.24 fm 
(c) With the inclusion of hard core potential of radius b in the square well poten- 
tial, the mean square radius of deuteron can be calculated similar to the treatment 
given in Sect. 5.5 


A2 b+R C2 lee) 
(r3) = a | r? sin? K(r — b)dr + Fa ree 2!" dr (5.52) 
0 b+R 
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where the radial functions uj; and uj; defined by (5.47) and (5.48) have been used. 
The constants A? and C? are determined from the normalization condition: 


a+b ee) 
A? / sin? K (r — b)dr + C? / eV" dr =] (5.53) 
a b+R 


together with the relation (5.49) or (5.50). We obtain 


2y 
= Em (5.54) 
2y sin? KR 
C2 = TA SA exp[2y(b + R)] (5.55) 


1+yR 


The integrals in (5.52) can be readily evaluated by partial integrations. The values 
of A? and C? are substituted from (5.54) and (5.55) and the trigonometric functions 
are removed by the use of (5.51). After some algebraic manipulations we finally 
obtain the expression 


1 1 (2+R)\1+yR) b? yR? 


2% _ 2 
la) = ga BRe By i we OO 


P 


As before, the quantity (ra) has been added to correct for the charge distribution of 


proton. In the limit b — 0 expression (5.56) reduces as it should, to (5.44) which was 
derived without the inclusion of ‘hard core’. As before, if we use the experimental 
values, we find 


v(rq)=2-1fm,  „àr2)=0.8fm, b=0.4fm, y =0.232 fm! 


Equation (5.51) provides another relation between R and K. Solution of Egs. (5.56) 
and (5.51), yields R = 1.337 fm and K = 1.31 fm which implies Vọ = 73 MeV. 


5.1.7 Use of the Exponential Wave Function in the Solution 
of a Square Well Potential Problem 


If we make the drastic approximation that the outside wave function of the form 
(5.16) may be used in the inside region as well then calculations are considerably 
simplified. The approximate wave function together with the actual wave functions 
are shown in Fig. 5.3. It is seen that most of the area under the curve is contributed 
from the region II, r > R. Although, the wave function e~”” when extended into 
region I does not satisfy the boundary condition U; — 0 as r — 0, but a normalized 
wave function of the exponential form adopted for the entire region 0 < r < œo, 
would atleast give results of a qualitative nature. Its use in crude calculations is 
found justified regardless of the details of potential provided the forces decrease 
rapidly with distance. 
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Fig. 5.3 Exponential wave 
function 


Example 5.2 Find the root mean square distance of separation of neutron and pro- 
ton in deuteron under the assumption that the ground state can be described by the 
approximate wave function Y = (1/r)./y/27e-”", with G) = 4.3 fm. Further es- 
timate the error by the use of this approximation. 


Solution Since the wave function is normalized the mean square distance of sep- 
aration of the neutron and proton is given by 


(0.6) (0,0) 
(= | 4rr?°|y|’r’dr = ay | rel" dr = — 
0 0 2y 


The root mean square distance of separation is given by 


1 4.3 
y(r?) = ET = i = 3.0 fm (5.57) 


We can estimate the fractional error introduced through this approximation. The 
wave function can be written as: 


u = Be" (5.58) 


vbs] E (5.59) 


20 


This is to be compared with the more exact constant for the square well poten- 
tial (5.31) 


yo ee [y e 
C = ,| — —— sin KR x | — — 5.60 
2x f/l+yR 2m f/l1+yR oe) 
where the approximation, KR œ 2/2 has been used in the simplification; if 
yR < 1, then approximately we have the result: 


C eY R 


B Ji}yR 


B yR 2 yR 
=(l+yR+---) Lest Se 
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This shows that the constant B used in this approximation is smaller than C used 
for the square well potential. The fractional error incurred is, 


C-B yR _ 0.232 x 2.0 


zZ Z = 0.23 ~ 23 % 
B 2 2 


Inspite of a large error on B, the qualitative conclusions deduced earlier by the use 
of more exact wave function, remain unaltered. For example, the root mean square 
distance of separation given by (5.57) implies a value of about 3 fm (for y = 0.232), 
which is much larger than the range of nuclear forces (R ~ 2 fm). Furthermore, 
when the value of y given by (5.12) is used in (5.57), we find that y (r2) œ (1//W). 
Thus, a low value of the binding energy implies a loose structure expressed by the 
large magnitude of the root mean-square distance of separation. 


5.1.8 Magnetic Dipole Moment of Deuteron 


Hitherto, the ground state has taken no account of the fact that the total angular mo- 
mentum has the value 1. It was supposed that the ground state is an S-state, i.e. the 
orbital angular momentum / = 0. The total angular momentum then arises exclu- 
sively from the combined intrinsic spins of the nucleons aligned parallel (triplet). 
In the spectroscopic notation the ground state is designated as 7S, state. The po- 
tential which has been studied in the preceding sections is the triplet potential. The 
magnetic moment of deuteron is contributed partly by the intrinsic moments of the 
nucleons and partly by the orbital motion. Then in the S-state for the parallel spins 
the magnetic moment of deuteron is expected to be the sum of intrinsic magnet 
moments of the nucleons, 4p + Hn, since in the S-state proton does not contribute 
to the magnetic moment from its orbital angular momentum and neutron because 
of absence of charge does not contribute to the magnetic moment from any orbital 
state for that matter. Now, the measured magnetic moments are, 4p = 2.792716 and 
Un = —1.913148 nuclear magnetons, so that up + Hn = 0.87961 nm which is to be 
compared with the experimentally measured value, ya = 0.85739 nm. 

The discrepancy of about 0.022 nm, is completely outside the experimental er- 
rors. We, therefore, conclude that the deuteron magnetic moment is not exactly given 
by the simple addition of the neutron and proton intrinsic magnetic moments in the 
351 state. 

Because the discrepancy between the expected and measured value of fg is 
small, it follows that to a good approximation, the ground state of deuteron is es- 
sentially the, >; state with a small admixture of other states. Since the total spin 
of the neutron and proton can take on values 0 (singlet) or 1 (triplet), and the total 
angular momentum J = 1, then in accordance with the rule of vector addition of 
angular momentum, the orbital angular momentum values are limited to / = 0, 1 
and 2. Apart from the 3S1 state, the other conceivable states are ! P} and ? P; and 
3 D; states. However, since the P states have odd parity their mixture with even par- 
ity states cannot be considered. We, are therefore left with the mixture of 351, and 
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3 Dj, states. The wave function can be written as 


y =avs +bvp (5.61) 


where ws and wp are the 3S1 and? D4 functions respectively. We shall now estimate 
the contribution to the magnetic moment from the orbital motion of the proton in the 
D state in the presence of non-central forces (with central forces, states of different 
values of / cannot be mixed). 

The intrinsic magnetic moment operator of proton is given by Mp = HpOp, 
where øp is the Pauli spin operator. Similarly, My = Unon. 

Assuming additivity of moments the deuteron moment operator is given by 


Where Lp = (1/2)L, is the angular momentum of the proton relative to the centre 
of mass of the system. As already mentioned, neutron does not contribute to the 
magnetic moment by virtue of orbital motion. We can consequently rewrite (5.62) 
as follows: 


1 1 L 
M= zn + Up)(On + Op) + 5 Hn — Up)(On — Tp) + 5 (5.63) 


where S = (1/2)(o» + on) is the total spin angular momentum operator. Now, the 
anti-symmetric operator op + on transforms a singlet spin state (anti-symmetric) 
into a triplet (symmetric) spin state, and a triplet into a singlet spin state. Therefore, 
both in the triplet and singlet spin states, the eigen value of op + on is zero. We can 
then write 


1 
M = (in + Hp) S+ 5L 


1 
= (Un + Lp) J a (1, + Lp — IE (5.64) 


since the total angular momentum J = L + S. The magnetic moment of deuteron 
is given by the expectation value of the operator M in the state for which the total 
angular momentum has maximum projection along the z-axis 

((M - J) Jz) 


(Mz) = TUFO (5.65) 


since J; = J = 1 and J? = j (j + 1) and L - J = IGF DHE D -seti 


1\(fG+D4+104+1)-sot+1 
Mi= nt He) (mti) SG 


5 | (5.66) 


We give below the value of the expectation value of the deuteron magnetic moment 
in nuclear magnetons for various states calculated from (5.66). Using the spectro- 
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scopic notation 2S + 1, , 


Se CH HUs=); Sig +08 
lP; (G=1,l=1,s=0); (M,)=0.5 


1 1 
he Gallas) (Ma) = 5 (up + Hn + 5) =0.689 


; 3 1 
D; G=1,1=2,s=1); (M:)=7 -5p + Mn) =0.310 
Note that each of the last three states if considered as pure states would make the 
discrepancy in the expected and observed magnetic moment of deuteron still worse. 
On the other hand, if we consider the deuteron moment to arise from the mixture of 
S and D states, then 


(Mz) = |a|?(Mz)s + |b|” (M:)p or 
0.85739 = 0.879|a|? + 0.310|b|? (5.67) 


The quantities |a|? and |b|? are the probabilities of finding the system in the S 
and D state, respectively. We have another relation provided by the normalization 
condition: 


la? + |b? =1 (5.68) 


Solving (5.67) and (5.68), we find, pp = Ib]? = 0.039, i.e. there is about 4 % proba- 
bility for the system to be found in the D state. It must be pointed out that relativistic 
corrections have been ignored in the foregoing analysis. Furthermore, it is plausible 
that the intrinsic magnetic moments of the nucleons may be altered by the meson 
field with which they interact. Considering various, uncertainties, it is reasonable to 
conclude that pp lies between 2 percent and 6 percent. 


5.1.9 Tensor Force 


We have seen that the binding energy and angular momentum are consistent with 
the assumption of central forces and that the deuteron is essentially in the 3S4 state. 
But an S state implies a spherically symmetric wave function which gives uniform 
density distribution and has no angular dependence. Such a state cannot account 
for the quadrupole moment of the deuteron. In 1939, the observed fine structure of 
radio-frequency magnetic resonance spectrum of deuterium revealed that it could be 
explained only by ascribing a non-spherical charge distribution to the deuteron (Rabi 
and Nordsieck). The quadrupole moment corresponding to this charge distribution 
results in an additional energy E = —(1/4)(0E/0z)Q(j), to the deuteron in the 
inhomogeneous electric field of the molecule. A value of the quadrupole moment 
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Q = (2.74 + 0.02) x 10777 cm? was found necessary to explain the experimental 
results. The existence of quadrupole moment of deuteron shows that the ground state 
of deuteron is not a pure Ì S; state. On the other hand, the fact that the magnitude of 
the quadrupole moment is small implies only a small admixture of higher /-states. 
This can be seen by comparing the magnitude of the quadrupole moment with the 
mean square radius of the deuteron which is of the order of 2 x 10775 cm?. Thus Q is 
two orders of magnitude smaller than the mean square radius, implying thereby that 
the ground state is essentially spherically symmetrical and only slightly distorted by 
higher angular momentum states. It does not of course follow that the non-central 
part of the force is also very small. For, a very appreciable, non-central part of 
the force will, in general, cause a relatively small asymmetry of the wave function 
corresponding to the ground state. 

While the central force depends only on the distance between the particles and 
the spin alignment, the tensor (non-central) force depends on the angles between 
the spin directions and the line joining the particles. Under the central forces, the 
magnitude of angular momentum L is a constant of motion, since the orbital angular 
momentum is conserved if the potential is solely dependent on r. On the other hand, 
with non-central forces the total angular momentum is a constant of motion but L 
is not. Since parity is a good quantum number, states of the same parity belonging 
to different values of / (e.g. 3 S13 D1) but the same value of total angular momentum 
J may be combined together. Thus the tensor force can explain the quadrupole 
moment. 

We now consider the general form of the potential. We shall again assume that 
the nuclear forces are derivable from a potential and that they are velocity indepen- 
dent. The potential must include apart from the relative position vector r the spin 
coordinates on and op in order to account for the quadrupole moment. The choice 
of the potential has a restricted form because of the requirement that it must be in- 
variant under rotations and reflections of the coordinate system. In other words, it 
must be a scalar. Thus, the number of conceivable potentials is limited due to the 
following conditions. 


1. The vector r changes sign under inversion (reflection followed by rotation), and 
hence can occur only in even powers. 

2. The vectors øn and ø p remain unchanged under reflection since they transform 

like angular momentum under reflection r x p —> (—r) x (—p). 

. The components of o, and op are not invariant under rotation but op - Ø p is. 

4. Higher powers of on and op can always be reduced to the first power by applying 
the commutation rules for the Pauli operators. 

5. Derivatives of r must not occur since the velocity dependent forces have been 
excluded. 

6. (ø -r) is invariant under rotation but not under inversion. We must therefore have 
even moments of ø -r such as (on : r)(0 p : r). 


09) 


The number of scalars satisfying all these conditions are limited to the terms: 
V(r); On-Op; (On r)(0p: r); (On xr): (Fp Xr) (5.69) 


or their products. 
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The last one can be simplified by the vector identity: 


(ax b)- (c x d) = (b-d)(a-c) — (b-c)(a-d) or 


(On Xr): (Op Xr) =r 0n: 0p > —(on r) p-r) 


and can, therefore, be represented in terms of the remaining three. 
It can be readily shown that terms with higher powers like (ø - r)? can be reduced 
to those already assumed. Thus 


(o -r)?? = (Oxx + oyy + 0:2) 
= olx? + ay + og + (0, Oy + OyOx)xy 
T (050z + 0z0y)yZ + (020% + Ox0z)ZX 


But 


2 


2 ESS 
0, =o, =0; =l; 


(0x 0y + 0y0x) = (0y0z + 0z0y) = (0z0x + 0x0z) = 0 
(0 = xy Hzr 

The first two terms of the potential (5.69) are invariant not only under combined 
rotation of space and spin coordinates but also under separate rotations of these co- 
ordinates. Such potentials are called central potentials. However, the third potential 
is different in that it couples the space and spin coordinates of the particles belong- 
ing to the two-body system, and hence to the orbital and spin angular momenta, 
with the result, the orbital angular momentum is no longer a constant of motion, 
although the total angular momentum is a constant of motion. Such a potential is 
called tensor or non-central potential. 

It is convenient to define the non-central potential in such a way that it vanishes 
when averaged over all directions. Now 


1 1 
a fo, : r)(0p ‘rdQ= 4r fions + Onyy + OnzZ|lOpxx + Opyy + Opzzļd 2 


1 2 1 2 
= An nx 9 px x dR + Jr OIP y d2 
1 2 
+ in nz0pz | 2 dR 


The cross products terms xy, yz, zx vanish upon integration. Using the substitu- 
tions x = r cosġ sin, y = sin ġ sin, z = r cos; dQ = d(cos@)d¢@, each of the 
integrals gives the result (47 /3)r? 


1 1 
in fo, T)(Op-rdQ= Br on ‘Op 
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Hence we define the tensor operator 

Snp = Zon ‘T)(Op-T)—On- Op (5.70) 
We may rewrite (5.70) as: 

Snp = 3(6n + &r)(Tp +r) — On Tp (5.71) 


where e, is a unit vector along the vector r. The non-central potential then has the 
form V = Vr (r)Snp. The complete potential is given by 


V = Vr(r) + Vo(r)o102 + Vr (rT) Snp (5.72) 


The subscript T has been used to denote the tensor interaction, which is actually a 
scalar product of two second-rank tensors. The first two terms comprise the central 
potential Vc; the second term is the spin-dependent part so that it allows for the fact 
that the central potential for triplet and singlet states is different as in low energy 
neutron-proton scattering. We can then write 


V = Ve + Vr (r)Snp (5.73) 
with Ve = Vr (r) + Vo (r)onop (5.74) 
Now 
OnOp =+1 for the triplet state 
=-—3 forthe singlet state 
Consequently 
Vc (trip) = Vra(r) + Vo (r) (5.75) 
Vc (sing) = Vr(r) — 3Vo(r) (5.76) 


It is seen that the triplet state is lower than the singlet. 

The operator S12 has been defined in such a way that its average over all direc- 
tions is zero. In the singlet state, the spins have no preferential direction and so we 
expect Snp to be zero. That this is so can be easily verified 


1 
S= 3 (On +0p)=0, implies that on = —op 


S = —3(0p0r) + opop = —3 +3 =0 


5.1.10 Constants of Motion for the Two-Body System 


Since central forces are invariant under rotation of space and spin coordinates sepa- 
rately, L?, S*, L3, Sz are constants of motion. The non-central forces are invariant 
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only under coupled rotation of space and spin so that the total angular momentum 
is a constant of motion. That L and S separately are not constants of motion can 
be demonstrated from the fact that the potential Vr (r)Snp does not remain invariant 
under a rotation of space coordinates or spin coordinates separately. Another con- 
stant of motion is the parity. The operator Snp has been constructed in such a way 
as to remain invariant under space inversion. In the special case of two particles 
of spin (1/2) it turns out that S? is a constant of motion even under non-central 
forces. To demonstrate this, examine the behavior of the potential Vr (r)Snp under 
the exchange of on and oy. Clearly it remains unchanged. This then means that the 
states associated with the system must be either symmetric or anti-symmetric with 
respect to the spin exchange. But in our special case of two (1/2) spin particles, 
only two states are possible, the symmetric triplet state and the anti symmetric sin- 
glet state. Hence, the classification into symmetric and anti-symmetric states under 
the exchange of spin coordinates of the two particles is actually a classification into 
triplet and singlet states, proving thereby S? is a constant of motion. Thus 7°, J3, P, 
S? are constants of motion. 

We may classify the states according to whether they are singlet or triplet. States 
with even (odd) parity will consist of a linear combination of even (odd) / states. It 
is apparent that the non central forces do not affect the singlet states. 

We now use the normalized “Spin angle” wave function yp. belonging to state 
of total angular momentum J whose z-component is /,, and which results from the 
combination of orbital angular momentum / and a spin s. Expanding yi, by the use 


of Clebsch-Gordon coefficients: 


Z 
J = Y Ce Imm aKos (5.77) 
Ths 


mj +ms=I, 


From the tables of Clebsch-Gordon coefficients, for I = J, = s = 1, and l = 0 and 2, 
we find respectively. 
Normalized wave function for 


1 
35, state => Yin = Yo 0X11 = Jr" (5.78) 
JT 


Normalized wave function for 


6 3 1 
°` Dı state > Y= y 1022X141 =y To 21X10 +y To 20X11 (5.79) 


We have arbitrarily assumed J, = 1, since J, is a constant of motion and there is no 
preferred direction. Table 5.1 shows that the application of the tensor force operator 
Snp on the 3§; wave function can lead only to a linear combination of 351 and ?D, 
wave functions. Thus 


SnpYio1 = AYior + BYi21 (5.80) 
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Table 5.1 Application of the 


tensor force operator Sn p on Singlet (s =0) Trip let (s = 1) 
the 3S; wave function Even parity Odd parity Even parity Odd parity 
O tSo - - 3 po 
= ! pi 3S1, 3 Di 3 pi 
2 ! D, = 3 Da 3p, 3 Fa 
Table 5.2 First few spherical 
harmonics Yoo= Tz Yo2.=,/ oe sin? 0e”? 
Y.=- gy sin pet Yo,1 = —4/ È sind cos 0e’? 


Yio = x cos Y20 = / È (3 cos? 0 — 5) 
Yi, -1 = \/ ¢ sinde# Y2 -1 =,/ g> sin8 cosbe'* 
Y2-2=,/ oe sin? 0e~2/¢ 


where A and B are constants. Now, on averaging over all directions in space, we 
find using the orthonormal property of spherical harmonics 


av S12Yt01 = 0, av HH Æ 0, av ybi = 0 


It follows that A = 0. One way of evaluating B is to consider a special case in which 
r points in the z direction so that 0 = 0. First few spherical harmonics are listed in 
Table 5.2. 

Since r is pointing in the z-direction Snp = 30nz0pz — Ono p = 3 — 1 = 2, where 
we have used the fact that in the triplet state 


Onz=Opz 80 that onz0Opz = a =lando,o,=+1 


Direct evaluation of (5.80) with A = 0, yields 


2 1 5 
—— vy = Byl, (0 =0 = FL | 
Ja Yi21( ) y 10V 47%! 


Sad V8y to (5.81) 


or B= v8 


Similar to (5.80) we must have 


SnpYin1 = BYto + Ora (5.82) 


where B is the same B appearing in (5.80) since the tensor operator S12 is Herme- 
tian. Using the values, B = V8, S12 =2, yh (0 =0) = /C//8z), yl = /G/4z) 
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1 1 1 
2,/ —x11 = v8,/ — 7 mee 
ga Xu i Xil tE Bz Xu 


Si2¥}21 =V8yi91 — 2yh (5.83) 


in (5.82) 


or c = —2 


We shall now write the complete wave functions for the S and D states with space 
and spin dependence. Corresponding to the S-state 


bs = = iti (5.84) 


where u*(r)dr is the probability of finding neutron and proton in the S-state be- 
tween r and r + dr apart 


OO 
ps= | u?(r)dr (5.85) 
0 
Similarly 
w(r) 
op = ‘ Jia (5.86) 


Corresponding to the D-state, where w*(r)dr represents the probability of finding 
neutron and proton at a distance between r and r + dr apart 


Po= / œ (r)dr 
j (5.87) 


Ps + PpD = / [w?(r) F œ (r)]dr =1 
0 


The mixed § and D state, corresponding to the deuteron ground state can then be 
written as: 


g=¢s+pd (5.88) 


2 
[DV +E- Vc(r) — Vr(P)Sp|o=0 (5.89) 


Now, the Laplacian has the value 


idi+1 
v=: (6) - ae (5.90) 


r2 


with /(/ + 1) =0 for the s-state 


=6 forthe D-state (5.91) 
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Using (5.88), (5.90), (5.91) and (5.84) and (5.86) in (5.89), we find 
1 
{Ore Fa o(r)yi | 
r 


R dÊ E V 
| = Ob yt = VOS 


Mr dr? r p 
Rd 6 E Ve i 
F | Mr (i 7 =) a ro r loyh = (5.92) 


Upon using (5.81) and (5.83) in (5.92), we find 


R da? 
= a veo juyi — V8yh ulr) — Ver) {V8y 191 — 2yh jol) 


Rd 6 
+ ee — 5) +E -— Vow) jooi =0 (5.93) 


This equation must be valid for all the angles 0 and @, and therefore the coefficients 
of Fiu and yh must vanish separately. The following system of two coupled dif- 
ferential equations in u(r) and œ(r) are obtained: 


he d2u 


ua Ve(r)u + Eu =~V8Vr(r)o (5.94) 
2 2 
“(3 = $) zio- oosa C 


These equations were first derived by Schwinger and Rarita. The total energy E is 
negative and is equal to — W , corresponding to the ground state. The above coupled 
equations do not lend themselves to exact solutions. Detailed numerical solutions 
exist only for the cases where both the potentials Vc and Vr have the square well 
shape or both of them have Yukawa well shape. Calculations are rendered difficult 
not only because of the nature of the coupled differential equations, but also owing 
to the increased number of parameters. In fact, there are four parameters, the depth 
and range for each of the potentials Vc(r) and Vr (r) which are to be adjusted. In 
principle, the four sources of experimental data viz., the binding energy of deuteron, 
the quadrupole moment, the magnetic moment, and the effective range of neutron- 
proton scattering in the triplet state, enable the four parameters to be fixed up. But in 
practice, these parameters cannot be determined uniquely. Indeed, there are a large 
sets of well parameters which are in agreement with the known experimental data on 
deuteron. Thus, for example, the strength of the tensor force can be increased with 
a corresponding decrease in the strength of the central force, without contradicting 
the known properties of the deuteron. 


5.1.11 Quadrupole Moment 


The electric quadrupole moment of deuteron can be explained by invoking for the 
tensor forces which depend on the angle 0 between the line joining the particles and 


5.1 Deuteron 287 


the axis of the total spin. Pure central forces offer no solution as states with different 
L cannot mix. By definition 


[0,6] 
Q -f $7 r° (3cos?0 — 1)ġr, z, dt 
A 


4n (OP 4 9 
=2 = | 7.7 Y2,0(0)o1,1,dT (5.96) 
0 z 


where r is the distance of the proton from the centre of mass of the deuteron. How- 
ever, it is desirable to measure the distance relative to neutron, so that the wave 
functions which have been previously derived can be readily used in the calcula- 
tions. Thus, replacing r by r/2 in (5.96) 


0= — [ 71.7 Yo,0()br,1,dt (5.97) 


As the ground state of the deuteron is assumed to be the mixture of 3 3S4 and ° D1 
states, the expectation value of Q will be given by, 


(0, Ob) = (bs, QOs) + 2(s, QD) + (bp, VoD) 


The first term is zero, since the s-state is spherically symmetrical and cannot give 
rise to a quadrupole moment. This can also be checked by the direct evaluation of 
the integral: 


(os, Obs) = 5 i per? ¥r,0(p)t (5.98) 


writing dt = d 2r?dr and using the value 


os (5.99) 
($s, 06s) = z Tp, EA Í Y o@d2 =0 
0 


since fy Y2,0(0)d 2 vanishes. 
The second term can be evaluated as follows: 


2(ġs, Qp) a Par f 2" yin, (0) yh r? 


N parf A ay, 90) 22 35 Y2000)xu1d2 


where ġs and gp are inserted from (5.84) and (5.85), respectively. Terms involving 
cross products of spin eigen functions are dropped off since they are orthonormal. 
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The only terms which survive are those which involve square of the spin eigen func- 


tion x11. But integration over spin variables yields unity because of normalization. 
Further 


i Y39(@) ¥2,0(@)d2 =1 
Therefore 
1 (0.6) 
2(¢s, Odd) = 5l u(r)w(r)dr (5.100) 


We shall now evaluate the third term: 


xf 4 = ee 1 
(pp, Oop) = 5 r°dr dow (r)Y¥ 131 ¥2,0(P)¥ 104 
0 0 
oo 6 oo 
= =f r-@°(r)dr =f Yž Y2 0Y2 dN 
\ 5 0 10 0 ; ; ; 
a. fh 1 f% 
+5 Y> Y2, 0Y2 2+5 S Yž 0oY2,0Y2,0d 2 (5.101) 
Diy rana 4g oo 


Using the general result: 


(2h + 1I)Ql2+ 1) 
| inim Yama eae : m1, ms)C (11, l2, l3 : 0, 0) 


(5.102) 
and the Clebsch-Gordon coefficients: 


|2 |2 1 
C (2, 2; 2,0, 0) = -y 55 CQ, 2,2,2, 2) = = C (2, 2, 2, 1, 1) =A A 
7 7 14 


“Emme EAO 
(pp, Qp) = 5 ; r-o(r) eNO. TIA ta aF 
1 2 2 
+a(-¥5)(-¥3)] 
tt O 22 
= a Pee (5.103) 


Note that a pure D-state (5.103) would give a negative quadrupole moment contrary 
to the experiment. Adding (5.100) and (5.103), we find 


(¢, 06) = 5 f “rugodi- = Í Ad (5.104) 


We have seen that the deuteron ground state is predominantly an S-state. Therefore, 
in (5.104) the first term which is linear in w(r) predominates over the second term. 
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Further, the contribution to the integral i r-u(r)w(r)dr comes mainly from the 
region outside the nuclear forces. Now for the outside region, both the potentials Ve 
and Vr vanish, and consequently, the coupled equations (5.94) and (5.95) become 
independent and have the solutions: 


u(r) = Ns exp(—yr) (5.105) 


3 3 
0) = Noew-yn| Sa + =+ | (5.106) 
yer yr 


substituting (5.105) and (5.106) in the first term of (5.104) we obtain 


NsN oa 3 3 
Q> 3 2f orl os ; + tivar 
V50 Jo y'r yr 


1 NsN 
a5 ee ee (5.107) 
8 y? 


we can make a rough estimate of Ns by neglecting the D-state probability compared 
to unity, and by using the asymptotic form of u(r), (5.105), throughout the region. 
The normalization condition is approximately given by 


oo oo N2 
/ u-(r)dr = vè f e’"dr =$ =1 
0 0 


or 
2y (5.108) 
Ns xy 2y 
on using (5.106) in (5.105), we find, 

2 

Np ~ 20y’? = aS (5.109) 
/2 
Ro 


with (1/y) = Ro, the size of deuteron. Thus, the wave function, w(r) outside the 
range of nuclear forces is to the first approximation, is completely determined by 
the quadrupole moment. 

For small values of r,@(r) behaves roughly as the D-state function, and goes 
like r? near the origin, whilst u(r) behaves like an S-state function and goes like r. 
However, outside the range of forces w(r) goes roughly like r~? as indicated by 
Eq. (5.106) (Fig. 5.4). Therefore, there will be a sharp maxima in œ (r) just outside 
the region r ~ Rr beyond which it goes into the asymptotic form (5.106). It is seen 
that most of the contribution to Pp, the D-state probability (5.87) comes from the 
region near ~ r = Rr. On the other hand, the contribution to Ps the S-state proba- 
bility, comes mainly for values of r ~ Ro, the range of nuclear forces. In Fig. 5.4 is 
plotted the function w*(r) against r for two different values of Ry. The behaviour of 
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Fig. 5.4 Plot of function 
œ (r) and r, for two different 
values of Rr 


the curve for r > Rr is identical. For a smaller value of Rr the maximum becomes 
larger. Hence, the D-state probability Pp becomes larger for a smaller range Rr. In 
what follows, we shall assume that Rr < Ro, where Rr is approximately the po- 
sition of the maximum and Ro is the size of the deuteron. Neglecting all the terms 
save the first one in the parenthesis of (5.106), setting the exponential equal to unity, 
and putting Ro = (1/y) 


lore) le) Ro 4 R4 
J a (r)dr > J ova ( 2) dr = 3Np5—> 
Rr Rr r Ry 


120? 
RoR} 


(5.110) 


where we have inserted the value of Np from (5.109). Multiplying the integral 
f i w(r)dr by a factor of 2, we find very approximately the value of Pp with 
say 20 % uncertainty from 


lee) 7 lee) 2 24 Q? 
Po= | w (ryan =2 | o (rdr > -——— (5.111) 

0 Rr RoRy 
Inserting the value of Pp = 0.04 obtained from the analysis of magnetic moment of 
deuteron, Ro = 4.3 fm obtained from the binding energy of the deuteron, and from 
the experimental value of the quadrupole moment Q = 0.274 fm?, we find from 
(5.111) an approximate value, Ry = 2.2 fm, a value which is much smaller than the 
size of the deuteron (4.3 fm) but is somewhat larger than the range of central forces. 
The fact that the measured quadrupole moment is positive implies that a stretched- 
out configuration like, cigar-shaped, is more favored than the prolate configuration 
in Fig. 5.5a. Both the figures correspond to the triplet state. In Fig. 5.5a the spins 
are aligned, one behind the other while in Fig. 5.5b, they are aligned side by side 

perpendicular to r. Now the tensor operator Sap in Fig. 5.5a has the value 


Snp = 3(One) (ope) — (Onop) = 302, -1 =3 -1 =+2 


since the spins point out in the z-direction, and the value of onop = | for the triplet 
state. 

In Fig. 5.5b the spins are perpendicular. Therefore, the term 3(0,e)(ope) van- 
ishes, and consequently Snp = —1. We, therefore, conclude that Snp is positive in 
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Fig. 5.5 In the deuteron the A 
tensor force favours the i 
prolate shape ! 
configuration (a) over the 

oblate shape configuration (b) 


(a) (b) 


the stretched out configuration (Fig. 5.5a) and negative in the prolate configuration 
(Fig. 5.5b). Therefore an attractive (negative) V7 (r) will deform the deuteron wave 
function from a spherical shape into a cigar-shape and because the observed quadru- 
ple moment is indeed positive, we conclude that V7 (r) is attractive (negative). 

To a first approximation the function œw (r) outside the range of the forces is deter- 
mined completely by the value of the quadruple moment. This then implies that the 
D-state probability Pp depends strongly on the tensor force range Rr and increases 
rapidly as Rr is shortened. 

For r > Rr, the curves coincide. Near the origin, r = 0, both the curves are pro- 
portional to (r°)? = rô, but with different constants. Thus there is a very sharp max- 
imum of œ? (r) just inside the range of the tensor force, and most of the contribution 
to the integral h w? (r)dr comes from the neighborhood of this maximum. Fig- 
ure 5.4 shows that the maximum becomes rapidly raised as Ry is decreased. Thus 
the D-state probability Pp for a given Q increases sharply with decreasing Rr. 
Equation (5.111) implies that the tensor force cannot have an arbitrarily small range, 
otherwise the ground state would become a predominantly D-state rather than a pre- 
dominantly S-state. This argument was first advanced by Schwinger. 


5.2 Nucleon-Nucleon Scattering: Phase Shift Analysis 


5.2.1 Introduction 


Study of nucleon-nucleon scattering provides valuable information on the nature 
of nuclear forces. It is easier to handle the problem of neutron-proton scattering 
rather than that of proton-proton scattering. The latter is complicated due to the 
superposition of coulomb scattering on nuclear scattering and secondly due to the 
application of the Pauli’s principle on the system of two identical particles. We shall 
first study the neutron-proton scattering. 
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5.2.2 Neutron-Proton Scattering 


In the scattering problem we abandon the classical concept of well defined trajec- 
tories of particles, since according to the uncertainty principle, particles with well 
defined momenta cannot be precisely localized. In quantum mechanical description 
of scattering, we consider a beam of particles incident along the positive z-direction 
represented by a wave packet which is essentially a plane wave which we take as 
of unit amplitude, y; = e’<, where k = (p/h) is the wave number and is the recip- 
rocal of à, the rationalized de Broglie wavelength. Here, the time dependent factor 
e~'“t has been omitted for brevity. We consider the scattering in the centre of mass 
of neutron and proton so that the two-body problem is essentially reduced to the 
scattering of the reduced mass u by a fixed scattering centre. The scattering caused 
by the nuclear forces is represented by any suitable choice of potential V(r) which 
guarantees their short range character. The forces are assumed to be central, and 
the scattering to possess an azimuthal symmetry. The origin is taken at the scatter- 
ing centre and the scattered wave is assumed to be a spherical wave of the form 
Ys =(1/ rje" f(0, p) where the factor (1/r) accounts for the fact that the inten- 
sity of the scattered particles diminishes inversely with the square of radial distance 
from the scattering centre. The factor f(6,) is in general some function of the 
scattering angle 0 and the azimuthal angle ¢ and is called the scattering amplitude. 
By virtue of the assumption of azimuthal symmetry f will be a function of 0 only. 
The total wave function w which describes the scattering is then the superposition 
of the incident wave and the scattered wave (Fig. 5.6), i.e. 


Y = Yi + Ys 


P 


=e 4 £06) (5.112) 


F 
Note that because the scattering is assumed to be elastic, the momentum in the 
C-system before and after the scattering is unchanged, and consequently the wave 
number k appearing in the scattered wave ws is identical with that for the incident 
wave. 

We shall now derive a formula for the differential cross section. The probability 
of finding the scattered particles in the volume element dt, is equal to |W, [d Ts Or 
ICF (0)/r) |? x 2mr? sin @dédr, the last expression can be rewritten as | f(@)|?dQdr, 
where d 2 is the element of solid angle. 

The probability current of the scattered particles, which is the probability for the 
particles to be scattered in the element of solid angle d2 per second is given by 
| f (@)|?d2(dr/dt) or v| f (@)|?d2 where v = (dr/dt) is the velocity of the scat- 
tered as well as incident particles in the C-system, since in the elastic scattering the 
velocity does not change. The rate at which the particles are scattered per unit solid 
angle is then given by v| f(6)|?. Now, the probability for finding the incident parti- 
cles in the volume element d7; is given by |¥;|?dt; or simply dxdydz. The proba- 
bility current of incident particles, which is the rate at which the particles cross unit 
area perpendicular to the incident direction, per second is given by (dz/dt) or v. 
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Fig. 5.6 Superposition of the 
incident wave and the 
scattered wave 
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By definition, the differential cross-section is given by 


do _ Number of particles scattered per unit solid angle per second 


d2 Number of incident particles crossing unit area per second 
IFO! 2 
= = (5.113) 


5.2.3 Phase-Shift Analysis 
We start by writing down the Schrodinger’s equation in the C-system 


vy + KE- voy =0 (5.114) 


where E is the energy of the relative motion and m is the reduced mass. Equa- 
tion (5.114) may be interpreted to represent the collision of a fictitious particle of 
mass u by a scattering centre through a potential V (r). The radial distance r is then 
the distance of separation of the particle of mass u and the origin located at the 
centre of the scattering potential. 

When the incident particles are well outside the range of nuclear forces, the po- 
tential V(r) is zero, and Eq. (5.114) in that case essentially represents the incident 
wave and reduces to 


V2UE 


Vwtkew=0 withk= - 


(5.115) 
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As before E is the energy of the relative motion and is related to the Lab energy 
by E(Lab) = 2E. Since the particles are incident along the positive z-direction, the 
Laplacian in (5.115) reduces to (d7~/dz) and the solution as expected, is the plane 
wave y; = e'*, Introducing spherical polar co-ordinates (5.115) becomes 


1 0/50 1. df. əy 2 
- 2 (P24) 4+ = sine ( sino \ +24 =0 
5ž(- L) + sin Z (sin a) + Y 


which by virtue of an azimuthal symmetry does not contain the @ term. Let 
w(r, 0) = R(r)F (0); the above equation is separated into radial and angular parts 


1 d (5dR ACE 
fas (eae Gil ee R=0 5.116 
a5(" Ral r2 | ( ) 
a OF 
~ (sing) +104 DF =0 5.117 
sind sp (si a) + ee ee 


where / is an integer. The solution of (5.117) are the Legendre functions, i.e. 
F (0) = Pi(cos@) (5.118) 
Further, with the change of variable x = kr (5.116) is easily brought in the form 


dR dR 

2 2 

— +2x— —I/¢+1)|R=0 5.119 
xy tx TED] (5.119) 
The physically acceptable solution of (5.119) are the spherical Bessel functions 
Ji (x) 


Re) =e = J4400 (5.120) 


where Jj+1/2(x) is the ordinary Bessel functions. The other solution is the spher- 
ical Neumann function nj(x) which at small r starts as x~“+!/2) and is therefore 
inadmissible. 

The most general solution of (5.115) is then 


Wi = X Ar ji(kr) Pi(cos0) (5.121) 
l=0 


which has axial symmetry, i.e. does not involve the azimuthal angle ¢ and is finite at 
the origin. The A;’s are constants which need not be real. Since y; = eik, we have 
the expansion for the plane wave 


[0,0] 
elkr cos? — > A, ji (kr) P; (cos @) (5.122) 
1=0 
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where we have put z = r cos. We shall now calculate the constants A;’s. Multi- 
plying both sides of (5.122) by P;(cos@)d(cos 0) and integrating between the limits 
—land-+1 


+1 +l Z 
J el kr 089 P (cos 0)d(cos0) = P;(cos6)d (cos) X` A; ji (kr) P; (cos6) 
= -1 1=0 
(5.123) 


We now make use of the orthonormal properties of Legendre polynomials ([6], Ap- 
pendix C) 


+1 2 
P 0) Py 6)d cos(@) = ——— $y) 5.124 
L (cos @) Py (cos 0)d cos(@) agi ( ) 


where ôy is the Kronecker delta. On the right side of (5.123) only one term survives 
upon integration 


+1 2 
ikr cos0 . 
P 0)d 0) = —— Aj ji (k 5.125 
L e 1 (cos 0)d (cos 0) TES 1ji(kr) ( ) 
Integrating the left side by parts 
+1 1 


+1 
ikrcos@ p’ 
P S P e P; (cos 0)d (cos 0) (5.126) 


l 
oeM (cos 0) 


where P/ (cos@) means differentiation of P;(cos@) with respect to cos@. Since we 
are interested in the behaviour of the wave function at large distances r from the 
scattering centre, the second term upon integration involves (1/r”) which may be 
neglected compared to the first term 


L Fet P(t) —e™ P(—1)] = ais (5.127) 
ikr 21+ 1 
But A; (1) = 1 and P;(—1) = (—1)! 
1 ik l —ik 2 : 
— [ikr _ —1 ikr] — A k 
mA (ale | THI 1Ji(kr) 
Further, we use the identity 
inl l 
Poa (5.128) 
A, ji (kr) -= e D jie zl) —e i(kr 2] 
LK’ 
sin(kr — Z} 
= (2l + je (5.129) 
2 sin(kr — 24 
wi => 2+ pi (cos) (5.130) 


1=0 
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This may be rewritten as 
1 (0.0) 
ikz _ ikr _ ¢_4\l,—ikr 
Mes 2 aa (=1) e=] (5.131) 


This expresses the unscattered wave as a superposition of outgoing and ingoing 

spherical waves. Now, the total wave function w is the solution of (5.114), which 

may be rewritten as 

2uV (r) 
h2 


Upon introducing the spherical polar coordinates, the solution is found to be 


V?y + je- [v=o (5.132) 


Y = X Bigi(kr) Pi(cos0) (5.133) 
l=0 


where g(kr) satisfies the differential equation 


ld dg 2uV(r) d+) 
a5 (7) +{e- mo le=0 (5.134) 


and Br’s are arbitrary constants. Setting, gı (r) = (1/r)u(r), Eq. (5.134) reduces to 


2 
d'u e 7 2uV(r) 7 Ld + ar = (5.135) 


ae 2 z 


For large values of r, the last two terms in the parenthesis tend to zero, and the 
asymptotic solution is expected to be of the form 


u ~ Asin(kr + ô) (5.136) 


where A and 6 are constants. That this is so may be tested by setting u = F(r)e!*” 
and substituting it in (5.135), we obtain 


(5.137) 


d? F dF 2uV(r) d+) 
—— +2ik— — F=0 
dr2 clea dr | h2 7 r2 | 


For large r, F may be assumed to be nearly constant and (d*F / dr*) <k(dF /dr). 
Neglecting the first term in (5.137) and integrating, we obtain 


zimr = f PAO P ias Par (5.138) 
0 


Fe E7 


The integral on the right side approaches a constant value if r V (r) — 0 as r > oo. 
Clearly, this condition can be satisfied if the potential varies faster than (1/r). Thus 
for fields which fall off more rapidly than the Coulomb potential, the asymptotic 
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solution of u has the form (5.136). Since V(r) > 0 as r > on, Eq. (5.134) reduces 
to (5.116) appropriate for free particle. We, therefore, expect the asymptotic solution 
of (5.133), to be similar to (5.121) except for a difference in phase and a multiplying 
constant. Accordingly, the asymptotic solution for w which is finite at the origin may 
be written in view of (5.130) as 


(oe) 
Bı . ml 
Wro = 2 T sin( kr = + i) P;(cos@) (5.139) 


where ô; is a constant which is real and depends on k and on the shape of the 
potential. 
Inserting (5.131) and (5.130) in (5.112), and rearranging the terms, we obtain, 


f@e™ =r — Wi) 


1| < l 
= r bs Bı sin( kr — S + s) P;(cos@) 


1=0 


= y i! (21 + 1) sin( kr — >) Pı (cos J or 


1=0 


CO 
foe = 5D Picos o) [Bi [e 02+ — either 4490) 
l 
1=0 


— (1+ [ei Ti ~ i(kr Dy} (5.140) 


where the sine functions have been expressed as exponentials. Equating the coeffi- 
cients of e~'*" in (5.140) 


(oe) 
TL Posof lOl lez = Bye) 
1=0 


It follows that 
B, =i! (21+ le! (5.141) 


Inserting the value of B; from (5.141) in (5.140) and equating the coefficients of 
elk’ | we find 


ly ;l SULF Jiel 
f@) = ma aii x (ee 1) 


ae 5p + 1) P;(cos 6) (e”"*! — 1) (5.142) 
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where we have used (5.128) in simplifying the above expression. We can rewrite 
(5.142) as 


ie ; 
fO=; Y “(21 + De’ sin 6; P;(cos 4) 
1=0 


The scattering amplitude f(@) is in general a complex function 


2 


=|f@| = Ha + 1)e'® sin ô; P; (cos 0) (5.143) 
1=0 


Upon using (5.142), (5.112) and (5.131), we can write an expression for y in the 
form 


I Š eps - 
ae 2 (21 + 1) P; (cos 0) |e” e — (-1)'e*"] (5.144) 
Comparison of (5.144) with (5.131) shows that for large r the ingoing spherical 
waves are unaffected by the potential. The amplitude of the outgoing wave is also 
unaffected. However, a phase factor has been introduced for each wave. The total 
cross section o is given by 


do +1/ do 
o= [(Z)ae- 2r f (<)ate0s0) 


2 
d(cos@) 


[0.0] 
50i + Le’ sin 6; P; (cos 0) 
1=0 


An = 2 
= ge I+ 1) sin? ô 
1=0 


(0.6) 
=4r3 Y l+ 1) sin? ô; (5.145) 
1=0 


where by virtue of the orthonormal property of Legendre polynomials ([6], Ap- 
pendix C) all the cross products drop off. 

The above method is called the method of partial waves and was originally em- 
ployed by Rayleigh, for the analysis of scattering of sound waves. 


5.2.4 Physical Interpretation of Partial Waves and Phase-Shifts 


In view of the similarity of the angular dependent factor P;(cos@) occurring in 
(5.117) with the one which arises in the bound state central field problem, it is 
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reasonable to associate an orbital angular momentum .//(/+ 1) with a vanish- 
ing z-component (because of azimuthal symmetry, the azimuthal quantum number 
m = 0) with the /th partial wave in expression (5.121) and (5.131). Using the spec- 
troscopic notation, the wave function with / = 0 is called s-wave, that with / = 1 is 
called p-wave, that with l = 2 is d-wave, etc. 

The angle ô; is called the phase shift of the /th partial wave, since it represents the 
phase difference between the asymptotic form (5.144) with the potential and (5.131) 
without the potential. It can be determined by imposing the boundary conditions on 
the solution of differential equations in particular problems of interest. The set of ô; 
completely determine the scattering. 

It is seen from (4.143) and (4.145) that both the differential and total cross- 
section would vanish when all the 6;’s are zero or 180°. If the potential vanishes, 
i.e. no force acts between the particle then all 5;’s must identically vanish, and there 
will be no scattering. That this is so is readily seen from the integral expression for 
the phase shift which relates the phase shift and the potential. This expression is 
derived in the next section. 

At low incident energies only a few waves contribute to the cross-section. This 
can be seen by a semi-classical argument. If p is the momentum and b is the impact 
parameter, then the angular momentum is given by 


b 
= 5.146 
7 ( ) 


b 
bp=lħ or a= 


Now, the interaction will take place if b is smaller than the range of nuclear forces, 
i.e. if 
R 


be 5.147 
ar ( ) 


Thus, at a given incident energy and hence at a definite wavelength only a limited 
number of /’s contribute to the scattering cross-section. The said criterion is equiva- 
lent to the statement that a classical particle is not scattered if its angular momentum 
is too high to penetrate the potential region r < R. A useful numerical relation be- 
tween X (the rationalized de Broglie wavelength in the C-system) and E, the neutron 
kinetic energy in the Lab-system, can be readily obtained 


1 h h h he 
i= = = 


k p“ /2M E* noe / 1 Mc?Eo 


Inserting ñc = 197 fmMeV and Mc? = 939 MeV 


à (fm) = aH (MeV) (5.148) 
0 


Another useful relation is 


k? (in 10°% cm?) = 1.206 Ep (in MeV) (5.149) 
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We can find the energy up to which the s-wave alone is important. It is shown in 
example (5.4) that the p-wave begins to show up only beyond 20 MeV neutron en- 
ergy. Similarly, the d-wave would contribute for energy greater than about 40 MeV, 
and so on. The method of phase shift analysis finds useful application only at low 
energies at which the partial waves are limited in number, and consequently only a 
few phase- shifts contribute to the cross-section. 


5.2.5 Integral Expression for Phase Shift 


The same result will now be proved from quantum mechanical considerations. The 
radial equation (5.135) is 


d 1(i+1) wv) 2 
È a n2 +k fu (r) = (5.150) 
and has the asymptotic form 
: ml 
uj(r) => sin( kr - + +31) (5.151) 
r= J: 


We shall now derive a useful expression for the phase shift. The field free equation 
corresponding to (5.150) can be written as 


d? (l+1 
5 = Pref i(r) =0 (5.152) 
dr? 
and has the asymptotic form 
, . ml 
u(r) =krji(kr) > sin( tr — >) (5.153) 
r>oo 2 


Multiplying (5.150) by u(r) and (5.152) by u(r) subtracting and integrating the 
resultant expression over r from 0 to oo 


CO du d?v 2u Tr 
Í (0 oo -u — iF = Ty )ar= = F] V (r)ui(r)vi(r)dr (5.154) 
Integrating by parts, the left hand side becomes 


du, | [ du) dv} 
— — dv; — uj — 
0 0 


ý dr dr 


oo oo 
d 
+f lio 
o J dr 


the second and the fourth term get cancelled—we are left with 


du; dv; me 
Uv] —— — ul — = 
dr ldr 0 


where we have used (5.154). 


2u 


z V (r)ujvi(r)dr (5.155) 
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We shall now show that u;(0) = v;(0) = 0. 
If R <X then 


2 I+D _ 
FE R ere 
k2 


For example at 4 MeV, à = 4.5 fm which is the range of nuclear force. The con- 
dition (5.156) is certainly fulfilled if r < /%. Neglecting the last two terms in the 
parenthesis of (5.150), the differential equation reduces to 


1+ 1)% (5.156) 


dur 1(l+1) 
= u 


J72 z2 1=0; r<Ilk (5.157) 


which has the solution 
ujp=Cr'*!, reli (5.158) 


where C is the constant of integration. Thus for r —> 0, u:(0) = 0. Similarly 
vj (0) = 0. We are therefore concerned only with the upper limit in (5.155). Using 
the asymptotic expressions (5.151) and (5.153) in (5.155) 


l l l l 
ksin( kr — >) cos( tr — S F a) — ksin( kr = a + i) cos( kr — >) 


-f vo (ryu(r)d 
= 3 ‘ r)uy(r)ujy(r)dr 
Simplifying the L.H.S. 


2u f” 
—k sin ô = a V(r)ui(r)vi(r)ìdr or 
he Jo 


2 oo 
sinô; = = i Vu(nu(rdr (5.159) 


Since ô is also contained in the function u;(r) under integral, the above expres- 
sion does not yield the phase shift explicitly. However, some useful information is 
provided by the above identity. 

We shall now show that at low neutron energy (<10 MeV) all 67’s, save 59, would 
be small. 

Equation (5.158) shows that u; decreases rapidly with decreasing r where r is 
smaller than ZA. Since the range of forces R has been assumed to be smaller than 
à the foregoing remarks are clearly valid for r = R. In other words, u; (l Æ 0) 
will have a very small value in the region where the potential is significant. Similar 
conclusion is reached for the field free function v;. In view of the identity (5.159), it 
follows that the integral will be negligible if R < /X, i.e. l > (R/X) and consequently 
the corresponding ô; will be very small. Thus the interaction corresponding to the 
[th partial wave will be effective only if l < R, a result which is identical with the 
condition (5.147) derived from classical argument. 
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We shall now investigate the sign dependence of the phase shift on the nature of 
the potential (i.e. attractive or repulsive). Replacing v; by the asymptotic form, for 
a square well of depth Vo (5.159) becomes, 


—2uVo f” 
ia / rju(kr)uy(r)dr (5.160) 
h? Jo 
where V = —Vo for attractive potential and V = +Vo for repulsive potential, Vo 


being positive. 

Now, in the limit of very large energies, such that k? >> (2u|Vo|/A2) the solution 
for (5.150) approaches that for the free particle equation (5.152), i.e. in this limit 
uj > vı = kr ji (kr) since kh = ./2wE, and E = Eo/2. This condition is equivalent 
to Eo >> 2|Vo|. In this case, the corresponding phase shift becomes very small, so 
that sin ô; — 6; and (5.160) reduces to 


2uVok fF 
ee | r? j?(kr)dr (5.161) 
fe Jo 


Because the integral is positive, in the high energy limit, the phase shift tends to zero 
as a positive or negative quantity depending on whether the potential is attractive or 
repulsive, respectively. 

If on the other hand when Vo — O then ô — 0, and there is no scattering. The 
dependence of the phase shift on the potential and energy is quite clear from (5.161). 
The approximation (5.161) is valid not only in the limit k — oo for any value of l, 
but also in the limit l — oo for any value of k. This result follows from the fact that if 
(idl + 1)/ r?) (2u|V| / h) for all r, kr Ji(kr) is a sufficiently good approximation 
to ug. 

Another interesting result which follows from (5.161) is the limiting k depen- 
dence of 6; for the square well potential. When the potential falls off sufficiently 
rapidly as r —> o© (this is certainly true of the square well potential), we can ap- 
proximate jı in (5.161) by the asymptotic formula 


l 
X 
Det 5.162 
i> Bayh coke) 
where (21 + 1)! = (214+ 1)(21—1)---5-3-1 


—2uVọo t+! R ae 
OI(IS>kR) ~ R2 oe) r dr or 


2uV, R2 kR 21+1 
a~-( HVo ia (5.163) 
h2 [(27 + 1)!!]2(21 + 3) 
It follows that 
ô kR)? 
I+ (kR) (5.164) 


ôr  (2L+3)(21 +5) 
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V< 0, 5,>0 
(b) 


Fig. 5.7 Schematic plots of the effect of (a) positive (repulsive) potential and (b) negative (attrac- 
tive) potential, on the force-free radial wave function j; (kr), the range of the potential is R is each 
case 


As mentioned earlier, the phase shifts corresponding to / >> kR fall off rapidly and 
can be ignored in the calculation of cross section. So long as kR < 1, i.e. à > R, 
6, itself will be much smaller than unity, for Vo of the order of 30 MeV. Higher phase 
shifts will be still smaller. In a similar way, we can estimate ô; for Yukawa’s potential 


R 
V(r) =—Vo—e7/* 
P 


pas 2uVoR kt! (i pit -t/R gy 
he [Ql+ DN Jo 


The integral can be evaluated by successive integration by parts. We finally obtain 


i CRE) (21 + 1)! 
| 


ag z (kR) +! (5.165) 


[21+ 1)! 


If the potential decreases as r™” (n > 2) for large r, the above limiting energy 
dependence of ô in general does not apply. 

The effect of phase shift on the wave function g/(r) is shown schematically in 
Fig. 5.7 for the positive (repulsive) and negative (attractive) potentials, separately, 
as compared to the function j;(kr) corresponding to the free particle. In Fig. 5.7a, 
gi(r) in the presence of positive potential is pushed out, i.e. has a retarded phase 
(negative ô) compared to j; (kr) whilst in Fig. 5.7b, g(r) in the presence of negative 
potential is pulled in, i.e. has an advanced phase (positive ô) compared to j;. The 
scattering is completely determined by the phase shift although the amplitudes have 
no direct physical significance. Note that both the functions vanish at the origin. The 
difference between the neighbouring nodes of j; and g; when the former has gone 
through several oscillations, is given by (6;/k). 


5.2.6 Angular Distribution of Scattered Neutrons at Low Energies 


In the very low energy region, k — 0, so that kR < 1 in which case the s-waves 
alone contribute to the scattering. In the formula (5.143) we need to accept only one 
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term corresponding to / = 0. In this limit, we find 


do 1 


sin? ôo 
ia = pl 


k2 


iĉo sin 59 Po (cos 6)|? = (5.166) 
since Po(cos 0) = 1 for all 0. Equation (5.166) shows that the differential cross sec- 
tion is independent of the scattering angle 0. Therefore, at very low bombarding 
energies, the angular distribution is isotropic in the C-system. This has been con- 
firmed in various experiments on n-p scattering at very low energies. 

As the incident energy is raised, say Eo > 20 MeV, the p-wave can no longer be 
neglected. If we do not go to much higher energies, so that d and higher waves may 
be ignored, then we can express the differential cross section (5.143) in the presence 
of s- and p-waves only 


d lay i 
S = A sin dp + 3e’?! sin 5 cos6|? 

1 i ; ; ; 
= ge” sin dg + 3e’*! sin 51 cos 0) (eĉ sin ôo + 3e7!*! sind) cos 0) 


1 
= alsin” ôo + 6 sin ôo sin 81 cos(5p — 5) cos 6 + 9 sin? 5; cos 6] (5.167) 
where we have used the fact that Po(cos@) = 1 and P;(cos@) = cos@. Expres- 
sion (5.167) is of the form 


do 2 

— = Á + B cos0 + C cos“ 0 (5.168) 

d2 
where A, B and C are constants. The first term in (5.167) arises for s-waves alone 
and the third one for p-waves alone. On the other hand, the second term which is 
the cross product term, results from the interference between the s- and p-wave. 
Suppose that ĉo >> 4; so that the cos? @ term may be neglected. The cos@ cross- 
product term may change the angular distribution in a significant way from spherical 
symmetry, which is expected for s-wave alone. The question of interference terms 
does not arise in the total cross section and the total cross section contributed by s- 
and p-waves only will be given by 


o= f (sin? ôo + 3 sin? 51) (5.169) 
If the condition 59 > 4, is satisfied, then it is seen that the p-waves contribute but 
little to the total scattering cross-section. On the other hand the presence of p-waves 
affects the differential cross-section in a marked way at a lower energy, than that at 
which it becomes significant in the total cross section. For example, if ôo = 30° and 
5, = 3° at a particular incident energy, the p-wave contributes only 3 % to the total 
cross-section while it makes the ratio ae do so") = 3.5. Figure 5.8 shows the 
predicted angular distribution for the above choice of phase shifts. In general if L is 
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Fig. 5.8 Angular distribution 
for 59 = 30° and 6; = 3° 


o(8) in arbitrary units 


0° 30° 60° 90° 120° 150° 180° 0 => 


the largest value of / for which ô; is appreciably different from zero, then the largest 
power of cos @ appearing in the differential cross section is (cos 6)*". 

Scattering experiments serve to determine the phase-shifts and they in their turn 
afford the determination of the sign and magnitude of the potential V(r). Since 
the angular distribution contains interference terms, the relative signs of the phase 
shifts can be measured. On the other hand, if we reverse the sign of all the phase 
shifts, i.e. make the substitution 6; —> —ô; for all Z, then the scattering amplitude 
f — —f* which leaves the differential cross-section (5.143) unaltered. Hence, by 
the use of angular distribution, the overall sign of the set ô; remains indeterminate. 
The knowledge of the sign of ô; is important since it affords the determination of 
the sign of the potential. If V(r) is attractive everywhere then ô; > 0 and repulsive, 
if 5; < 0, a result which is rigorously correct if V(r) never changes sign as r is 
varied. The overall sign of 6; can be determined only by having recourse to further 
interference experiments such as those which are involved in Coulomb scattering in 
p-p collisions or coherent scattering of neutrons with molecular hydrogen. 

Formula (5.145) imposes restrictions on the value of o; for the /th wave; the 
cross-section attains maximum value for 6; = (5). Thus 


ol (max) = 473° (21 + 1) (5.170) 


This is called unitary limit. 


5.2.7 Optical Theorem 


The total scattering cross-section can be related to f (0), the scattering amplitude in 
the forward direction (0 = 0). Now the imaginary part of the amplitude is given by 
(5.142) as 


Im f (0) = -> 5a + 1)(cos 26; — 1) Pı (cos 8) (5.171) 
1=0 
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Since for 0 = 0, cos@ = 1 and P;(1) = 1 for all values of l, the above expression 
becomes 
1 CO 
Im f(0) == Di + 1) sin? ô (5.172) 


On comparing (5.172) with (5.145), it follows that 


Ar 

ca Im f (0) (5.173) 
This relation between the total elastic cross-section and the forward scattering am- 
plitude is due to Bohr, Peierls and Placzek and is called the optical theorem and 
derives its name from the fact that a similar result holds good in the scattering of 
light by spherically symmetrical obstacles. Actually Eq. (5.173) is valid much more 
generally, when f depends on 0 as well as ¢ and when ø includes inelastic scatter- 
ing, absorption as well as elastic scattering. A physical interpretation may be given 
to Eq. (5.173). There is interference between the contributions of various partial 
waves to the differential cross-section but not to the total cross-section. This is to 
be expected since the total cross-section is just a measure of the total number of 
partials scattered per unit beam flux. However, the fact that the scattered particles 
appear at angles 0 > 0 means that there is depletion of the beam behind the scatter- 
ing region (0 = 0) than in front of it. This can occur only by interference between 
the two terms in the asymptotic expression (5.112), i.e. this redistribution is pro- 
duced by destructive interference between the incident plane wave and the scattered 
wave in the forward direction. This close connection between the forward scattering 
amplitude and the total cross section finds an expression in the optical theorem. 


5.2.8 Total Cross Section 


In the deuteron problem with a square well the inside and outside radial wave func- 
tions uy = Asinhr and uzr = ce~" were matched at the boundary r = R. The con- 
dition that these wave functions must join smoothly at the boundary is equivalent to 
identify the logarithmic derivatives 


u’ i; 
(2) = (<) S (5.174) 
UIJ r=R Ull/+=R 


where dash means differentiation with respect to r 


J/2u(Vo + E) ZW 
K= E and y= : 


W being the binding energy of deuteron. In the deuteron problem E = — W, since a 
bound state exists, while for n-p scattering at very low energies, E ~ 0 or slightly 
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positive. Since the potential well Vo which is known to be of the order of 30 MeV, 
is much greater than W, we expect that the value (u5 /ur)r=r Will not be drastically 
altered, when the energy E is changed from —2.2 MeV (corresponding to the bind- 
ing energy of deuteron) to a value zero or even slightly positive. Thus by using the 
approximation 


u’ 
(=) = K cotk R 
UIJ r=R 


Juo FE) R 
= moe cot $ /2utWo FE) 


—-y (5.175) 


y is altered between 20 percent and 50 percent depending mainly on the choice 
of R, when E is altered from 2.2 MeV to zero. To the extent that this approximation 
is correct, we can match the asymptotic form given by (5.139) for r > R with the 
inside deuteron wave function. Using (5.139) and accepting only the term with / = 0 
and Bo = e!* from (5.141) 


160 


Wr+soo = —— sin(kr + 8) 
kr 


where we have put Po(cos @) = 1. It follows that 


ido 
un =r Yro = g sin(kr + 80) (5.176) 


It is then sufficient to set the logarithmic derivative of (e!%0 /k)sin(kr +69) atr = R, 
equal to —y. Accordingly, we have 


kcot(kR + 69) = K cot K R = —y (5.177) 


As before, in the low energy limit, we set kR — 0. This is justifiable even at few 
MeV energy if we choose an arbitrary small value of R, since the main features 
of the deuteron problem remain unaltered by reducing the width of the well to an 
arbitrarily small value and at the same time by increasing the depth of the potential 
to the correspondingly large value such that the quantity Vo R? remains a constant. 
This approximation which consists of ignoring the range R is called zero range 
approximation. We then obtain 


cot dy ~ ` or (5.178) 


(5.179) 
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It follows that 
— 4am 4n l 
k? +y? M E+W 
An hc? 1 5.2 
M? (Qw) (B+W) 


(5.180) 


where we have used the numerical values ic = 197.3 MeV fm and Mc? = 940 MeV. 


5.2.9 Comparison of Experimental Cross-Sections with the Theory 
and Evidence for Spin Dependence of Nuclear Forces 


In the early days, because of experimental difficulties in obtaining monoergic beams 
of neutrons, precise estimations of cross sections were scanty. Nevertheless, it was 
concluded that for neutrons of few MeV, the experimental cross section (5.180) 
were in rough agreement with the theoretical estimates. Thus, for example for 
Eo = 4.3 MeV, Chadwick obtained a cross section between 0.5 and 0.8 b which 
may be compared with a theoretical value of 1.2 b. At 2.1 MeV, the experimental 
value was between 1.1 and 1.5 b while the theoretical value was 1.6 b. Because 
of the uncertainties in the experimental cross-sections and the approximations in 
the theory, it was believed that a rough agreement was established for neutrons of 
a few MeV. But at extremely low neutron energies, the formula completely failed 
to account for the observed cross section. Thus at Eo ~ 0, Otheor = 2.6 b, while 
O free ~ 50 b for protons bound in molecules. Fermi pointed out that the observed 
cross sections for bound protons must be divided by a factor of 2.5 in order to 
reduce them to free neutron cross sections. With this correction, o free becomes 
~ 20 b. Even then a discrepancy of a factor of 8 remained. It may be remarked 
that the ‘zero-energy’ cross sections refer to energies 5 < Eg < 100 eV where they 
are constant and are so called because this value is extrapolated to zero energy for 
any assumed shape and finite range. Theoretical estimates of the cross-section for 
any assumed shape and finite range could be improved, but it appeared improb- 
able that o;ne9, would be raised by more than a factor of 2. On the other hand, 
the zero range approximations was expected to be more valid for very low neu- 
tron energies than those of few MeV. This discrepancy was finally resolved by 
Wigner [9] who pointed out that the observed deuteron binding energy referred 
to neutron and proton in the triplet state (spins parallel) and provides no infor- 
mation regarding the n—p interaction in singlet state (spin antiparallel). Following 
this suggestion, it is clear that the interaction in the singlet may be quite different 
from that in the triplet state, i.e. the nuclear forces are spin dependent. In analogy 
with the triplet state, we introduce the quantity W, corresponding to the singlet 
state. If it is assumed that W, is small then we can reach agreement with theory 
since ø « 1/(E + W;). Now, if an unpolarized beam of neutrons falls on protons, 


5.2 Nucleon-Nucleon Scattering: Phase Shift Analysis 309 


Fig. 5.9 Total n-p scattering 50 
cross section as a function of 
the incident neutron energy 
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the statistical weight for the triplet interaction must be three times as large as that 
for the total spin (s) equal to 1 (triplet), 2s + 1 = 2 x 1 + 1 = 3, i.e. there are 
three different quantum states corresponding to the spin components +1, 0, —1, 
in a given direction. On the other hand, for the total spin equal to zero (singlet) 
2s +1=2 x0+1= 1, and only one quantum state exists. We can then write the 
total cross section as 


1 3 
Introducing the parameters W; and W, in the scattering formula for the triplet and 


singlet scattering, respectively and using the statistical weights (5.181), we find 


mh 3 1 
em ors ee ere (5.182) 


where W, = 2.22 MeV. The value of W, can be fixed only by comparing Otheor and 
Oexpt- The best value of |W, | is found to be 68 keV, which not only gives good agree- 
ment with the observed cross-sections at very small neutron energies, but also has 
the merit of preserving agreement in the MeV region. This is so because for E >> W; 
formula (5.182) approximately reduces to (5.180) which was previously shown to 
be in accord with the observations. Thus, the entire n—p scattering, from thermal 
energies up to few MeV can be explained by invoking for the spin dependence of 
nuclear forces. In Fig. 5.9 is shown the variation of experimental cross section based 
on comparatively recent data, for neutron energies ranging from 10 MeV, down to 
thermal energies. It may be pointed out that so far we are free to choose the sign 
of W;. A negative value of the binding energy implies a bound state whilst a pos- 
itive sign means a virtual state. The energy W, has no direct significance in that 
nothing extraordinary happens to os when E ~ W,. Therefore, W, may be taken 
simply as an adjustable parameter. 
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5.2.10 Finite Range Correction 


We can improve the accuracy of the formula for the phase shift and hence the cross- 
section through a better approximation than that given by the zero range approxi- 
mation. We start with relation (5.177) 


kcot(kR +59) = K cot K R (5.183) 
VME JMM +E) 
with k= =; x=” (5.184) 


We further make use of fact that for the ground state of deuteron 


Ko cot KoR = —y (5.185) 
: VM (Vo — W VMW 
aino ge (5.186) 
h h 
where W = 2.22 MeV is the deuteron binding energy. Now 
M M(Vo — W) 
2 2 
K^ — Ko = 75 (Vo + E) — = 
ME MW 2 2 
=e p +y (5.187) 
Therefore 
k2 2 g 2 2 2 
Ce og Re (5.188) 
K+Ko 2Ko 2Ko 


Expanding K cot K R about Ko by Tayler’s series 


K cot K R= Kocot KoR + (K — Ko)(cot KoR — KoR cosec? KoR) 


Sel y ( y? 
= -y + = — Ko R I+- (5.189) 
2 Ko Ko Ko 


where (5.185) and (5.188) have been used. Neglecting the terms —(y/Ko) and 
(—Ry? / Ko) in comparison with KoR in the parenthesis of (5.189), we obtain 


R 

K cot KR~—y —(k +") > (5.190) 

On inserting (5.190) in (5.183) we have 

Y R 2 2 
t(kR +69) = —— — —(k 5.191 
cot(k R + do) R ag | + y*) ( ) 
Expanding the left side, we obtain 
2, Y Raa 2 

cot ôo — kRcosec* 69 = —— — —(k +y ) (5.192) 


k 2k 
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using the approximate value for cosec” 5g from (5.179) in the second term on the 
left side, we have 


y Riz 2 R2 2 
cot ôo poe + y*) ap + y*) 
aol eS (iy) (5.193) 
k Ok 
Finally 
4r Bats 4r 4r 
o = = ~ 
k 9 2 Fcot?so)  k?+y?-— yR +y?) 
4r 4r As hi 
= ~ 1+yR) = "(i pry (5.194 
aaen eae eaa AA 


where we have neglected higher powers of y R other than the first one. Comparison 
of (5.194) and (5.180) shows that the more accurate treatment introduces a correc- 
tion factor (1 + y R) compared to that given in the zero range approximation. Now, 
we have seen in the deuteron problem that (1/y) = 4.31 fm and with the choice 
of R = 2 fm, the correction factor amounts to 1.5, for the scattering of neutrons by 
protons with parallel spin; on the other hand, for the opposite spins, the correction 
factor will be (1 + BR) with B? = (MW;,/ h?). For W, = 70 keV, the correction 
factor will amount to only 1.05. For very low neutron energies where singlet scat- 
tering dominates over triplet scattering, the correction to the estimated cross-section 
is rather small. 


5.2.11 Evidence for Neutron Spin (1/2) 


Scattering experiments also provide strong evidence in favour of the assignment of 
the neutron spin as 1/2 rather than 3/2. For, if it were 3/2, then there would be 
two states of the n-p system contributing to the scattering, one quintet state with 
a statistical weight 5 corresponding to S = 2 (the neutron spin 3/2 and proton spin 
1/2 parallel) and a triplet state with a statistical weight 3 corresponding to S = 1 
(neutron and proton spins antiparallel). Consequently, the corresponding formula 
for the cross section would be 


h2 3 5 
pa i (5.195) 
IM\E+W, | E+W, 


If this formula is to be brought in agreement at thermal energies with a suitable 
choice of W, then for Eg = 2E ranging from 400 to 800 keV, it gives results which 
are larger than a factor of 1.5 or greater compared to the observed values, the dis- 
crepancy being far outside the experimental errors. We, therefore, conclude that the 
results on scattering experiments are only consistent with the neutron spin value 1/2. 
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(a) Attraction (b) Repulsion 


Ts 


Positive scattering length, bound state Negative scattering length, unbound state 


Fig. 5.10 Geometrical interpretation of Fermi scattering length 


Furthermore, with the assumption of neutron spin greater than 3/2, the angular mo- 
mentum must be a state with / 4 0 in order to account for a total spin of 1 for the 
deuteron ground state. But it was shown that the choice of l 4 0 is highly improbable 
on general grounds. 


5.2.12 Scattering Length 


In the low energy limit E — 0, k — O, the scattering cross section given by 
o = (47/ k?) sin? 9 should remain finite and must not go to zero. In that case, 
we demand that (sin? o/k?) —> (69/k)* — a, where ‘a’ having the dimension 
of length, in the zero energy limit is called Fermi scattering length. Its sign re- 
mains to be determined. A geometrical interpretation of ‘a’ is given in Fig. 5.10. 
In the zero energy limit, the asymptotic wave function outside the range of nuclear 
forces goes as sin(kr + ôo) — kr + ôo which is linear in r and extrapolates to zero 
at r = —(d9/k). The node may be on either side of the origin. The intercept is then 
equal to the scattering length. The choice of the sign of ‘a’ is such that a = — (ô0/ k). 
Thus, a positive phase shift implies a negative scattering length and the low energy 
wave function has the form k(r — a). In accordance with this convention, scattering 
against an impenetrable sphere of radius ‘a’ will have a scattering length +a. 

The magnitude of the Fermi scattering length is determined by the experimental 
cross-section at low energy. Its sign can be fixed only with additional experiments 
which are capable of measuring the sign of the phase shifts by exploiting the inter- 
ference effects. Henceforth, ‘a’ the low energy scattering length will be referred to 
as a(0). With a totally repulsive potential, such as the Coulomb’s potential for the 
like charged particles, the Fermi scattering length is always positive. On the other 
hand, with an attractive potential, a(0) may be either positive or negative, depending 
on the details of the shape of the potential. 
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We may extend the definition of scattering length to higher energies. We shall 
call a(k) the general scattering length for the corresponding wave number k. If we 
now define 


tan ôo = —ka (k) 


dsa mwd yka (5.196) 
k->0 
then in the low energy limit, k — 0, the cross-section can be expressed as 
es 8 = = (5.197) 
o =-—, sin = = 
k? O R21 + cot? óo) k2 + T 
a 


The entire s-wave scattering is completely determined by the length a(k) which is 
related to the phase shift through (5.197). The cross-section at zero energy becomes 


oo = 4ra? (5.198) 


which is identical with the zero energy cross-section of an impenetrable sphere of 
radius a. The measurement of zero energy cross-section leads directly to the es- 
timation of the magnitude of Fermi scattering length but not its sign. The con- 
nection between ‘a’ and oo can also be seen directly from (5.112) with k = 0. In 
that case we have the relation Yy = 1 + (f/r); the radial function then is given by 
u(r) = wr =r + f which may be compared with the form k(r — a) deduced for 
the low energy limit. We conclude that f = —a leads to (dø /d 2) = a? which upon 
integration yields (5.198). 


5.3 Effective Range Theory 


We shall now proceed to show that regardless of the shape and depth of the potential, 
the inverse of the general scattering length a(k) is a linear function of energy, and 
has a slope given by another parameter ro called the effective range which has the 
dimension of length. In the zero energy limit, a(k) of course approaches ‘a’, the 
Fermi scattering length. We use the equations 


2 
—,+-—[E-Vir)]u=0 (E finite) (5.199) 
where u(r) is the wave function for the energy E and 


duo 2uV(r)ug _ 
dr2 h2 E 


where ug is the inside function for zero energy. We multiply (5.199) by uo(r) and 
(5.200) by u(r) and subtract 


0 (Ezero) (5.200) 


d 
g “o — ugu’) = k*uuo (5.201) 
a 
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Fig. 5.11 (a) Forms of u(r) 

and u(r). (b) Schematic plot 

of uo(r) and the asymptotic 1 
form vo(r) for zero energy 


sin(kr+6,)/sin(5,) 


(b) 


A similar relation holds for the asymptotic forms v(r) of u(r) and vo(r) of uo(r), 
i.e. in the limit r > œ 


d 
(vvo — vou’) = k?vvo (5.202) 
We subtract (5.202) from (5.201) and integrate over r from zero to infinity 


OO 
[uug — ugu’ — vvo + vovo = ef (uuo — vvo)dr (5.203) 
0 


The forms of u(r) and v(r) are shown in Fig. 5.1 1a. Let us examine these functions 
in some detail. Now, the factor sin ôọ in the denominator has been introduced so as 
to satisfy the normalization condition 


in(k ô 
rsads (5.204) 
r>00 sin 69 


v0) =1 (5.205) 
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Here the normalization condition is different from the conventional one, and is used 
here for convenience. It is seen that outside the range of nuclear forces R, the func- 
tions u(r) and v(r) coincide. Inside the range of forces, the function u(r), in the 
presence of potential V (r), bends around and satisfies the condition 


u(0) =0 (5.206) 


On the other hand v(r) extrapolates to v(0) = 1 and the inside function has been 
plotted as if the potential is absent. 

Figure 5.11b is a schematic plot of uo(r) and the asymptotic form vo(r) for zero 
energy. As mentioned earlier, vo(7) is a straight line and cuts the r-axis at the Fermi 
scattering length a’. The function vo(r) is also normalized in the same way as v(r) 


vo(O) = | (5.207) 
also 


ug(O) = 1 (5.208) 


That the asymptotic form of uo — vo is a straight line follows immediately from 
the fact that for E — 0 and V(r),_, ~ 0, vo(r) is a solution of (5.200) which is 
reduced to (d? vg /d r?) = 0. This has the solution 


u(r) =C(a—r)=1 = (5.209) 


which is an equation for a straight line. The constant C has been chosen in such a 
way that the normalization condition (5.207) is satisfied. 
Now, in the limit of zero energy (5.204) also yields and expression for vo(r) 


in(kr + ô 
v(r) > vo(r) = Saa = cot ôo sin kr + cos kr 
k—0 sin dg 


= kr cot ôo + 1 (5.210) 

Comparing (5.210) with (5.209), we obtain 
tan d9 = —ka (k) (5.211) 
which is identical with (5.196). Going back to (5.203) we note that in the limit 
r —> œ, u — v; Ug — vo. Hence, the expression in the parenthesis vanishes identi- 
cally at the upper limit. At the lower limit, we use the expressions (5.205) to (5.208), 


u(0) = vo(0) = 0, v(0) = vo (0) = 1. Further, from (5.210) we note v’ (0) = k cot dg 
and vo (0) = —(1/a). Expression (5.203) is then simplified to 


1 (0:0) 
kcotôo = —— + ef (vvo — uug)dr (5.212) 
a 0 
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This is an exact equation. In order to derive useful information from this equation 
we Shall proceed to make certain approximations. First we note that the significant 
contribution to the integral comes from those regions in which the functions u and 
ug are appreciably different from their respective asymptotic forms, viz, v and vg. 
This is precisely the inside region where the nuclear forces are effective. But, in 
this region the forces are so strong and the corresponding potential V(r) so great 
(Vo ~ 30 MeV) compared to E, the energy of relative motion in the C-system, is 
hardly changed when E is raised from zero to a small value. Consequently, the 
wave function u(r) is only slightly changed (compare u(r) and uo(r)). It is then a 
sufficiently good approximation to replace u(r) by the zero energy form uo(r) in 
the integral. Similarly, v(r) may be replaced by vo(r). Under these approximations 
we obtain the formula 


1 1 1 
kcot 89 = — = —— + =rok? (5.213) 
a a 
where the quantity ro is defined by 
CO 
ro = af (võ — up)dr (5.214) 
0 


In the higher approximation, indeed (5.213) is modified to 


1 1 12 4.3 
HO aa” ro + PRTG (5.215) 
where P is a small numerical co-efficient which depends on the detailed shape of the 
potential and varies between —0.04 and +0.15 for typical potentials; for a square 
well the curve bends down, while for a Yukawa potential it tends to curl up. 

The quantity rọ has the dimension of length and is a function of V(r) but is 
independent of the energy. Outside the range of forces, the integrand is zero and 
inside it is of the order of unity. The factor 2 outside the integral tends to make 
ro assume a value somewhere near the edge of the potential well. The parameter 
ro is, therefore, called the “effective range” and the second term occurring on the 
right side of (5.213) is called the range correction. The effective range, it must be 
emphasized, depends not only on the width of the well but also on its depth. The 
observed cross-sections at various energies (k?) allow the scattering length a(k) to 
be determined. 

Formula (5.213) shows that if the inverse of the scattering length, (1/a(k)) be 
plotted as a function of E (since k? is proportional to energy) then the curve must 
be a straight line. The slope of the curve determines the effective range ro and its 
intercept at k? = 0 yields ‘a’, the Fermi scattering length. For E ranging from zero 
to 10 MeV, the curve is actually a straight line. But for higher values of E deviations 
begin to occur which are attributed to the shape dependent terms involving higher 
powers of k which are included in (5.215) in the higher approximation. 

The approximation (5.213) is called “shape-independent” since it involves only 
two independent parameters, the scattering length ‘a’, and the range ro. For any 
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assumed shape of potential these two experimental parameters can be obtained with 
a proper choice of range and depth of the well. So long as k is small, observed cross 
sections determine only the depth and the range of potential and not its detailed 
shape, since the approximation (5.213) is shape independent. 

The s-wave scattering is completely described in terms of two parameters ‘a’ 
and ro 


4r 4r 


= 1 a2, La 17 


(5.216) 


5.3.1 Triplet Scattering 


In our previous treatment of triplet scattering there appeared only a single free pa- 
rameter, whereas here, there are two. This is because previously, the relationship 
between range and depth provided by the binding energy was used. Here, again it is 
possible to eliminate one of the parameters for establishing a relationship between 
ar and ror, the triplet scattering length and the triplet effective range, respectively. 
This is achieved by extending (5.213) to negative energies (imaginary k), i.e. to the 
ground state, with E = — W, by simply replacing the square of outside wave number 
k? by —y?, where y = /MW/h?2 = 7 R being the size of deuteron. The asymp- 
totic wave function (normalized) for the ground state has the form v(r) = e7". 


Hence v’(0) = —y rather than k cot ôg. The shape independent approximation then 
becomes 
4 yy? (5.217) 
== or or 
Y aj(0) 2 Ory 
2 1 
ror = —(1- (5.218) 
Y Y 41 (0) 


Eliminating the scattering length between (5.215) and (5.216), the triplet cross sec- 
tion is given as 


4 
di (5.219) 


kry W= ymt Eey 


This formula involves only one adjustable parameter ror, the effective range since 
R = (1/y) is completely determined by the binding energy of the deuteron. It is 
interesting to note that in the low energy limit, to the first approximation, (5.219) 
reduces to 


7 4r _ 4na(l + yro) 
(Re +y*%)1-yro) +y’ 
On identifying ro, with R, the width of the well, this formula becomes identical with 


(5.194) which was derived by Bethe without using the shape independent approxi- 
mation. 


(5.220) 


Or 
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We shall now investigate into the variation of o; with the neutron energy. For this 
purpose we need to know the values of a;(0) and ror. 

We can make a rough calculation for a;(0). For E = 0, (5.194) gives the triplet 
cross section, using square well potential 


EE E LR (5.221) 
oO. = =47 | — = ši 
i MW d y? y 
But 
o (0) = 47ra? (0) (5.222) 
3 1 R 
a; 0) = += (5.223) 
A Y 
With (1/y) = 4.31 fm, and R = 2 fm 
a, (0) = +5.21 fm (5.224) 


The positive sign has been chosen since it is a bound state. For the purpose of calcu- 
lations, however we shall use the generally accepted value of +5.38 fm which cor- 
responds to a cross-section o;(0) = 3.63 b. Inserting this value for az (0) in (5.218) 
or (5.219), we find the effective range 


ror = 1.7 fm (5.225) 


Inserting these values of a; (0) and ro; in (5.105), expressing k? in terms of energy E, 
we obtained 
4r 

0.04E2 + 1.66E + 3.46 
At E = Q0, this formula predicts o; (0) = 3.63 b, as it should, since this is a direct 
consequence of our estimate of a,;(0). At E = 2 MeV, it gives a value of 1.8 b, 
while at E = 5 MeV, it yields a value of about 1 b. We, therefore, conclude that the 
triplet cross section is a slow decreasing function of energy, in the range that we are 
concerned. 


o; (in barns) = (5.226) 


5.3.2 Singlet Scattering 


Since deuteron does not have bound singlet state, a formula analogous to (5.218) for 
this state cannot be derived. We can, however, obtain an expression for the effective 
range ros for the singlet scattering from our knowledge of the wave functions u(r) 
and u(r) which have the form 


ee (5.227) 


as 
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Let 
u=AssinKsr; r< Ro (5.228) 


where 


VMU, +E) 
h 


the continuity condition yields the relations 


K, = 


R 
A, sin KR, = 1 — — (5.229) 
as 
1 
As K, COS K; R; = — — (5.230) 
as 
Dividing (5.230) by (5.229) gives 
1 
Ks cot Ks Rs = (5.231) 
s — as 


Then using the functions u and v in (5.214) 


Rs r\2 
ros = 2f (1 = z) — A? sin? Ker far (5.232) 
0 as 


A direct calculation of the integral which uses expressions (5.229) and (5.230), 
yields 
1 R? 1 


ros = Rs —-s a — 


—=S 5.233 
3a? ayK? i ) 


It is interesting to note that for as —> +09ọ, i.e. for the singlet binding energy exactly 
Zero, ros — Rs. Thus, in the case of square well potential which has such a depth 
that the binding energy just vanishes, the effective range is identical with the actual 
range. 

We can estimate a; from our knowledge of neutron-proton scattering cross- 
section oo at very low energies. Accepting the value oo = 20.36 + 0.10 b, and using 
the relation (5.181), we can write 


1 3 
oo = 20.36 x 107” = got 7% = (a; + 3a;) (5.234) 


Further, using the known value of the triplet scattering length at zero energy, viz 
a,(0O) = +5.38 fm, we find 


as = —23.6 fm (5.235) 


the corresponding cross-section being os = 4ra? = 70 b. The negative sign on as 
has been chosen for reasons that will become apparent later. Because of the large 
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magnitude of |a;|, the last two terms in (5.233) are small, and it is a sufficiently 
good approximations to write 

ros = Rs (5.236) 
in analogy with (5.216), we have the formula for the cross section in the singlet state 


Ar 
I? + (grosk? — 7)? 


(5.237) 


Os 


Inserting the values of as and ros from (5.235) and (5.236) and expressing k? in 
terms of energy 


4r 
0.014R2? E? + E(2.4 + Rs) +0.18 


os (b) = (5.238) 


where E is in MeV and R, is in fermis. It will be found that with the choice of 
R, = 2.5 fm, the experimental cross sections are brought in fair agreement with the 
theory, throughout the low energy region. The formula then becomes 


4r 


je ——_ 
r O) = 0 0ggE2 449E 40.18 


(5.239) 
At E =0, the formula predicts the large expected value os = 70 b, at E = 2 MeV, 
it drops to 1.2 b, while at E = 5 MeV, it gives 0.5 b. We conclude that the cross- 
section in the singlet state is a rapidly decreasing function of energy, which is in 
contrast with the slow varying behaviour of the triplet cross-section. The total cross 
section, which is the mixture of o; and os with the appropriate statistical weights, 
can then be written as 


37 a 
T= a + qn — Lk?ror)? + Pa ae BETET (5.240) 

A numerical formula based on (5.226) and (5.239) is 
7 i (5.241) 


o = + 
0.04E2 + 1.66E +3.46 0.088E2+4.9E +0.18 


In both the terms, the co-efficient of the quadratic term E? is small. The difference 
in the remaining terms in the denominators of the partial cross-sections of triplet 
scattering and singlet scattering arises from the difference in signs and magnitudes 
of the amplitudes a; (0) and as (0). This becomes more transparent on examining the 
two equivalent terms in (5.240). 

Figure 5.12 shows the variation of the total cross section with energy as given 
by (5.241). The partial contributions, (3/4)o; and (1/4)o, corresponding to the first 
and second terms respectively in (5.241) are also shown separately. It is seen that for 
very small energies, the singlet scattering dominates. With the increase of energy, 
both the contributions diminish, the contribution for the singlet state falling much 
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Fig. 5.12 Variation of the 


total cross-section with fe] 
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Fig. 5.13 (a) Wave function 
for triplet n—p scattering at 
En ~ 200 keV and a well (a) 
radius of ~1 fm. The 
scattering length is positive. 
(b) Wave function for singlet 
n-p scattering with negative 
scattering length 


more rapidly than that for the triplet state. At around 1 MeV, the contributions be- 
come about equal; and at higher energies the triple scattering becomes much more 
important. 


5.3.3 Nature of the Singlet and Triplet States 


Figure 5.13 shows the nature of wave functions for (a) a bound state (b) an unbound 
system. The sign of the scattering length is closely connected with the existence 
or non-existence of a bound system. Now, the relation (5.217) has a solution with 
real y, only if ‘a’ is positive, corresponding to bound state. Conversely, if ‘a’ is neg- 
ative then y and R will also be negative, i.e. the system cannot have a bound state. 
When the system is unbound the inside wave function does not have enough curva- 
ture to bend around and consequently the linear extrapolation of the outside function 
intersects the r-axis at a negative value. Experiments, which we shall consider later, 
prove that the sign of a; is positive and that of as as negative. 
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5.3.4 Cross-Sections for Protons Bound in Molecules 


(a) Chemical Bond Effect Fermi has shown that, the n—p cross-section depends 

on whether the target proton is free or bound, when Eo is much less than chemical 

binding energies. Under the Born approximation, the differential cross-section is 
do u 2 


es 5.242 
dR 4h? ( ) 


[ vivnar 


where ju is the reduced mass, y; and yy are the wave functions of the incident and 
scattered neutrons, V is the interaction potential. Now, the reduced mass depends on 
whether the target proton is bound or free, while the integral does not depend on this 
fact. For a free proton, the reduced mass is u = (M/2). In the other extreme case 
when the proton is bound to a very heavy molecule, such as paraffin, u ~ M. In that 
case we should then expect o (bound) = 40 (free). This result has been confirmed in 
the experiments of Rainwater et al. Born approximation, it must be pointed out, is 
not strictly valid for the very low energy neutrons (few eV), since the perturbation 
potential is of the order of 10 MeV or greater and should therefore grossly distort 
the wave—a feature which runs counter to the basic assumption implied in the Born 
approximation. However, the application of Born approximation to the present prob- 
lem has been shown to be justified by using artificial potentials of much shallower 
depths and correspondingly larger widths. In general, for scattering against target 
mass number A 


2 
o (bound) = (=) o (free) (5.243) 


Following Fermi, the proton is essentially bound to the molecule if Eo < hv where 
v is the frequency of the proton in the sub-group of the molecule. In the case of 
CH bound in paraffin hv ~ 0.4 eV. For Eo < Av, no energy will be imparted in the 
way of the vibration of the molecule. When Eo coincides with hv, the probability 
of losing one quantum of energy to the vibration becomes very high, leading to an 
abrupt rise in the cross-section. Similar discontinuities in the cross-section occur at 
Eo = 2hv etc. (Fig. 5.14). At higher energies (Eo >> hv), the proton can be easily 
knocked off from the molecule and therefore acts as if it were a free particle, and 
consequently the cross-section approaches o (free). 

It was mentioned that for Eo < 0.4 eV, energy transfer to the CH bond is not 
possible. However, energy transfer can be effected to the vibration of the whole 
CH2 group which have much smaller quantum energies. 


(b) Effect of Target Motion For neutrons which have energies comparable with 
the thermal energies (<0.1 eV) we can no longer ignore the thermal motion of 
the target nucleus. The scattering depends on the relative velocity of the neutron 
and the target nucleus, and because the relative velocity is directly related to the 
thermal motion of the molecules, the scattering cross-sections are increased. This 
is called the temperature effect, which is essentially similar to the Doppler effect 


5.4 Proton-Proton Scattering; Low Energy 323 


Fig. 5.14 Discontinuities in 4 
the cross-section at different 
energy values 


which affects the Breit-Wigner peaks in the absorption and scattering of neutrons in 
nuclei, Fig. 5.14. The variation of cross-section with Eg, as measured in water in the 
very low energy region (0.003 < Eo < 100 eV) shows that at Eo = 0.004 eV, the 
observed cross-section (82 b) is about 40 (free), which is consistent with the value 
expected from the chemical binding effect. But at lower energies the cross-section 
is still increasing. This increase is partly due to the temperature effect and partly due 
to the absorption of neutrons by protons (n + p > d+ y), a process which becomes 
important at exceedingly low neutron energies. 


5.4 Proton-Proton Scattering; Low Energy 


Compared to neutron-proton scattering the proton-proton scattering is complicated 
by the fact that the indistinguishability of the particles introduces new quantum me- 
chanical effects. Secondly, the Coulomb interaction is superimposed on the nuclear 
scattering resulting in interference effects. 

The application of Pauli’s principle to the two-proton system is that it can exist 
only in states of 1 1S, +P, 1D etc. This can be proved by considering the spherical- 
harmonic part of the eigen function. On exchanging the protons, which is identical 
with changing 6 to x — 6, the spherical harmonic is multiplied by (—1)!, where / 
is the orbital angular momentum. Now the spin wave function is even for the triplet 
(S = 1) state and odd for the singlet (S = 0) state. The overall wave function will be 
odd for S = 0 and / = even or for S = 1 and / = odd, as required by Pauli’s principle 
p-p scattering in the CM system. The two diagrams are identical for indistinguish- 
able particles. 

Differential scattering cross-section is given by 


do 2 
n | f()| (5.244) 
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Fig. 5.15 Exchange of the two proton co-ordinates 


For distinguishable particles of the same mass, the probability that either will be 
scattered through an angle @ in the CMS is 


FO)" +| E — |? (5.245) 


However if the particles are identical, their waves interfere and instead of summing 
the squares of the amplitudes, we must first sum the amplitudes and then square 
them. Further, for fermions the eigen function must be antisymmetric with respect 
to exchange of particles. The portion of the eigen functions containing only spatial 
coordinates without spins will then be 


OAs Or =—2) (5.246) 


Exchange of the two proton coordinates means exchanging 0 with x — 0, as in 
Fig. 5.15. If plus sign is used in (5.246) the expression is symmetric with respect to 
the exchange of coordinates and if the minus sign is used the expression is antisym- 
metric to the exchange. First we shall consider pure Coulomb scattering of identical 
particles. The amplitude for Coulomb scattering is given by 


i, a= , 
fe(0) =~ 20 + 1)(e7 — 1) P;(cos@) (5.247) 


It can be shown that this is equivalent to 


fc(O) — n e innsin 2(0/2)+2ioo (5.248) 


2k sin? g 


. a ada l : 
with n = ;-; v is the relative velocity of protons. 
The part of the eigen functions containing only spatial coordinates without spin, 
will be 


J@Q=zfa—e) (5.249) 


It was pointed out that triplet spin state is symmetric while singlet spin state is 
antisymmetric. For protons the total eigen function must be antisymmetric hence 
the triplet states will be associated with 


f- 7G —2) (5.250) 
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and the in singlet states will be associated with 
FO)+ i =8) (5.251) 
The scattering cross-section in triplet states is thus 
do, 2 2 2 
ag TIO- Sa- O=O fe- o|] — 2Re[ FO) F* Or — 8)] 


(5.252) 
and in singlet states it is 


dos 
d2 


=|fO)+ fr -D =OP + for — 0)? 2R -o] 

(5.253) 
At very low energy the Coulomb scattering alone will be important as protons due 
to repulsion will not be allowed to come close enough to undergo nuclear scattering. 
The amplitude for Coulomb scattering given by (5.247) can be rewritten as 


p dee 
fce(@) = abana (innsin z) (5.254) 


2 cin2(8 
Mv* sin’ (5 


For unpolarized proton beams, the triplet and singlet scattering cross-sections are 
added with statistical weights 3/4 and 1/4 respectively to obtain 


do 3 (do 1 /do 
n Se paS —{ — 5.255 
(55). i(4n) + ao) eee 


Using (5.252) and (5.253) in (5.255a) we get 


da o1 9 9 2 3 7 j 2 oe 
(Z) =7l@+ ro I +O- fao or (5.2550) 
do 2 5 . 

(Z) ro +| fa -0| — Re f*O) fr — 8) (5.256) 


Using (5.254) 


(<5) ( 1 )( e? | 1! aa 
dR), \Areo Mv sint ($) cost($) cos? ($) sin? ($) 
(Mott scattering) (5.257) 


The first two terms on the right represent the classical Rutherford scattering, the 
second term takes care of the target protons which recoil at angle x — 0 in the CMS. 
The detector cannot distinguish between the two possibilities. Thus the first two 
terms are classical terms. The third term is a quantum mechanical interference term. 
The three terms constitute the Mott scattering. A term similar to the third term, but 
of opposite sign occurs for identical bosons such as alpha scattering with helium. 
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Fig. 5.16 Interference effect 
for carbon-carbon elastic 
scattering at 5 MeV 
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Note that the numerator of the third term is nearly 1 for protons of energy larger 
than 1 MeV and for angles not too close to 0° or to 90°. An example of interference 
effect is shown in Fig. 5.16 for carbon-carbon elastic scattering at 5 MeV from the 
work of [3]. 

So far we have neglected the presence of nuclear forces. At low energy, the nu- 
clear phase shifts ô are all zero except 59, and due to the Pauli principle, the two 
protons must be in a singlet state. However, the Coulomb phase shifts contribute to 
the scattering amplitude also for / 4 0 and the scattering amplitude becomes 


f (0) = fe(0) + fa(0) = X1 + 1) (e% — 1) P;(cos@) + L gioa gti sin ôo 
l 


(5.258) 
For even /, only singlet states contribute to f.(@), for odd 1 only triplet states. We 
finally get 


l 1 )( Py) Ji 1 N 1 cosinor | 
dR \4reo) \Mv?} |sint 2 © cost? — sin?($) cos?) 


< Rutherford scattering — <- Quantum mechanical interference 


=). š = + n In sin? S) p cos(ôo + n ln cos? 2] m Asin? dg (5.259) 


— sin do 
n sin? $ n? 


29 
COS* 5 
< Quantum mechanical interference — < pure nuclear —> 


between Coulomb and nuclear scattering potential scattering 


ôo is the / = 0 phase-shift for pure nuclear scattering. The six terms can be identified. 
(1) The sin™4 6 /2 is the Rutherford scattering. (2) Since the two protons are identical 
one cannot tell the case in which the incident proton comes out at 0 and the target 
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= 


Fig. 5.17 The data are 
from [7] 


do/dQ (barns) 


Pure s-wave nuclear scattering 
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Center-of-mass scattering angle 0 (degrees) 


proton at x — 0 (in the centre-of-mass system) from the case in which the incident 
proton comes out at x — 0, and the target proton at 0. Thus, the scattering cross- 
section must contain a term sin~* (7 — 0)/2 =cos~*6/2. (3) This term describes 
the interference between Coulomb scattering at 0 and x — 0. (4 and 5) These two 
terms result from the interference between Coulomb and nuclear scattering. (6) The 
last term is the pure nuclear scattering term. 

For a given kinetic energy the differential cross-section can be measured as a 
function of angle, and 59 can be extracted from the best fit of (5.259) Fig. 5.17 
shows the differential cross-section for incident energy at 3.037 MeV. Fitting the 
data the last equation yields ôo = 50.966° at T = 3.037 MeV. The cross section for 
pure nuclear scattering would be 0.0165b. The observation of smaller value gives 
evidence for interference between Coulomb and nuclear parts of the wave function. 

The dependence of 59 on energy as obtained from a number of experiments is 
shown in Fig. 5.18. 

The ! S wave is the only part of the incoming wave which is appreciably changed 
by the nuclear effects at energies below 10 MeV, the phase shift ôo is the only change 
from pure Coulomb scattering. All the other partial waves 7 P,!D,*F, ...) are 
effectively subject to the Coulomb force only since the particles do not get close 
enough to each other to experience nuclear forces. This then means that at a given 
energy the scattering cross-section is fixed by a single parameter ôo. Thus it is possi- 
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Fig. 5.18 Experimental p—p 
differential scattering cross 
sections as represented by the 
nuclear phase shift ôo, as a 
function of the incident 
proton energy. The data are 
compiled by Jackson and 
Blatt; and Worthington et al. 
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ble to fit the observed differential cross-section at all scattering angles by the use of 
only one adjustable parameter. A perfect agreement between theory and experiment 
is a triumph of the theory. 

Figure 5.19 shows the differential cross-section for proton-proton scattering at 
Elap = 2.4 MeV. At small angles in CMS the scattering is essentially pure Coulomb 
(Rutherford) scattering. At larger angles the Coulomb scattering interferes apprecia- 
bly with the nuclear scattering. At still wider angles the nuclear scattering predomi- 
nates. In the central region of angles, the cross-section is approximately constant in 
this region because the nuclear scattering is s-wave scattering (l = 0) only. The dip 
around 0 = Om, Fig. 5.19 is caused by interference between nuclear and Coulomb 
scattering. Since Coulomb scattering is repulsive and nuclear scattering attractive, 
the interference is destructive. At angles 0 < 0m and correspondingly at 0 > m — Om, 
the Coulomb scattering predominates. 

Figure 5.20 shows the angular distribution of p—p scattering in the CMS for the 
incident proton energies (Lab) marked on each curve. 

The most important result of p—p scattering analysis is that it permits the deter- 
mination of the sign of the phase shift which occurs as linear in (5.266). Positive 
values of 59 correspond to an attractive interaction, negative values of ôo signify 
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a repulsive force. This is also reflected in the scattering lengths. The comparison 
between neutron-proton and proton-proton forces in the 'S state gave rise to the 
hypothesis of the charge independence of the nuclear forces. 

By measuring the differential scattering cross-section as a function of angle at 
a specific incident kinetic energy, one can extract 59 from the best fit of the curve 
using (5.259). As an example, Fig. 5.20 shows such a fit from which a value of 
ôo = 50.966° is deduced at T = 3.037 MeV. From numerous such experiments the 
dependence of ôo on energy can be found out as in Fig. 5.18. 

The neutron-proton scattering differs in two aspects 


1. There are two phase shifts available, for the 75 and ! S scattering. 
2. The differential cross-section is spherically symmetrical in the CMS. 


A complicated angular distribution in proton-proton scattering is caused by the in- 
terference between Coulomb and nuclear scattering and therefore provides a much 
more sensitive test of the theory. 

The important parameters which are energy independent are scattering length 
and effective range. Calculations are rendered difficult due to the fact that Coulomb 
interaction has infinite range and even in the k — O limit one cannot neglect the 
higher order terms of Eq. (5.260) 


1 1 
kcotd9 = — + 5rok? Pesi (5.260) 
a 
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with certain modifications. However it is possible to obtain an expression incorpo- 
rating the effects of Coulomb and nuclear scattering in a form similar to (5.253) and 
thus to obtain values for the proton-proton scattering length and effective range 


a = —17.2 fm (5.261) 
ro = 2.65 fm (5.262) 


The effective range is consistent with the singlet np values. The fact that ‘a’ is 
negative, suggests that there is no pp bound state, that is the nucleus *He does not 
exist. For nn parameters, one has to extract information only indirectly as free target 
neutrons are not available. Experiments which have been used are concerned with 
the reactions m~ +7H —> 2n + y andn+7H —> 2n + p. Also comparison of mirror 
reactions such as “He +°H — 7H + 2p and 7H + 2H — *He + 2n. The analysis of 
these experiments give the neutron-neutron parameters 


a = —16.6 fm (5.263) 
ro = 2.66 fm (5.264) 


Here again the two neutrons do not form a stable bound state just as for p-p system. 
It is not correct to say that p-p system does not exist because of Coulomb repul- 
sion. In the case of n—n system this argument would fail. 
The correct explanation for two identical fermions is that di-proton and di- 
neutron systems must have antisymmetric or singlet spin states (for spatially sym- 
metric state l = 0) which are unbound. 


5.5 High Energy Nucleon-Nucleon Scattering 


The low-energy nucleon-nucleon scattering is well described by phase-shift anal- 
ysis based on quantum mechanics. The analysis gives some information about the 
strength of nucleon-nucleon interaction but not about the detailed shape of the po- 
tential. To this end scattering experiments were continued at higher energies. The 
meeting ground between experiment and theory is a set of phase shift for the various 
angular momentum states in which the two particles interact. As the bombarding 
energy is increased a greater number of phase shifts are involved. In low-energy 
proton-proton scattering, because of Pauli’s exclusion principle we deal with only 
one such state, and in low energy neutron-proton scattering, we deal with two states, 
one singlet S-state and one degenerate triplet S-state. For each value of / greater 
than zero there are four n—p states, one singlet and three triplet states, but in the 
p-p scattering the exclusion principle allows only one (antisymmetric) if / is even 
(symmetric) or three states (symmetric) if / is odd (antisymmetric). 

Ata given energy sufficient experimental information is needed to determine the 
phase shift for each of these states. In addition, if tensor forces are present then 
the so-called mixing parameters need to be introduced to connect, for example, the 
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3,§)-state and the *D -state. Thus in the case of n-p scattering at a given energy, 
sufficient information must be available in order to determine (5/max + 1) parame- 
ters (phase shifts and mixing parameters). Here /max is the maximum /-value, taken 
as odd, that must be considered for the energy used. For p—p scattering, the num- 
ber of parameters is (5/max + 3)/2. As an example, if /max = 3, for n-p scattering 
we need to determine fourteen phase shifts and two mixing parameters while for 
p-p scattering, eight phase shifts and one mixing parameter need to be determined. 
The experimental information that is most readily available in the differential cross- 
section as a function of the angle, that is the angular distribution [11] and [10] can 
be written as 


21 
do (8) max 
T D AnYno, (0) (5.265) 


The number of terms in the sum is 2lmax + 1, and so this is the maximum num- 
ber of parameters, An, that can be determined from the n-p angular distribution 
measurement. In proton-proton scattering, the angular distribution is symmetrical 
around 90° in the CMS, so that only even n spherical harmonics would be present 
in Eq. (5.265). The number of coefficients A, that is obtained from p-p angular 
distribution measurements is therefore only /max + 1. It is obvious that in both cases 
the angular distribution measurements at a given energy do not yield adequate in- 
formation to permit the determination of the phase shifts and mixing parameters at 
that energy. Additional information can be obtained from polarization experiments 
which determine the spin direction of the scattered particles. 


5.5.1 Polarization 


Normally the spins of beam particles are randomly oriented. But somehow if the 
spins are oriented in a particular direction then the beam is said to be polarized. The 
polarization can be achieved in the scattering of particles, similar to the scattering of 
light. With a purely central interaction potential and an unpolarized target nucleus, 
the scattered particles would not show up any left-right asymmetry, even with a po- 
larized incident beam. The direction left-right is taken perpendicular to the scatter- 
ing plane. However, if the interaction has a tensor or non-central component with the 
coupling of the spin and orbital angular momentum then a polarized beam showing 
left-right asymmetry, may be produced. The larger is the orbital angular momentum 
the greater will be the asymmetry in the scattered beam. Consequently, polarization 
becomes more important at high energy where a number of partial waves associated 
with high values of / contribute to the phase-shift. In the polarization experiments 
the beam is first polarized by scattering and the polarization is detected in the sec- 
ond scattering experiment. These two constitute the double scattering experiment. 
The first one plays the role of polarizer and the second one that of analyzer as for 
light. 
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Fig. 5.21 Double-scattering experiment to measure polarization 


The spin direction of the scattered particle, that is spin ‘up’ or ‘down’ relative to 
the plane of the scattering event is measured. In order to detect the polarization the 
particle is allowed to scatter a second time. The geometry of such a double scattering 
experiment is shown in Fig. 5.21. The apparatus is arranged so that the scattering 
angle @ is identical in both events. The trajectories of the incident particle and the 
scattered particle define the scattering plane for that event. The vectors nı and n2 
shown is Fig. 5.21 are unit vectors normal to the scattering planes. The second 
scattering plane subtends an angle ø with the first scattering plane. The polarization 
of the nucleons in a beam (or in a target) is defined as 


p_NM-NW 


= (5.266) 
NC) + NW) 


where N(*) and N(}) refer to the number of nucleons with their spins pointed up 
and down respectively. When an unpolarized beam is scattered, values of P range 
from +1, for a 100 % spin-up polarized beam, to —1, for a 100 % spin-down polar- 
ized beam. An unpolarized beam, with P = 0, has equal numbers of nucleons with 
spins pointing up and down. 

Let there be n particles in the beam which is initially unpolarized. The first scat- 
tering takes place with an unpolarized target Tı. Since the beam is unpolarized there 
will be n/2 particles with spins up (+) and n/2 particles with spin down (—). Af- 
ter scattering once to the left by Tı, the number of particles reaching the second 
unpolarized target T) with polarization Pı and spin up is (n/2) fi1(1 + Pı), where 
fı is the fraction of all particles reaching T2. The number reaching 7> with spin 
down is (n/2) f;(1 — P1). Similarly, those particles scattered once to the right by T), 
(n/2) fi. + Pı), will reach Tz with spin down and (7/2) f;(1 — Pı) will reach T2 
with spin up. Let P be the polarization with spin up and fz the fraction of all parti- 
cles scattered by the second target into the detector. Thus the number scattered twice 
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to the left with spin up is 


n 
(5) Afa+ Pod + P2) (5.267) 
and with spin down is 


(5) aa = Pee) (5.268) 


Number of particles scattered twice, first to the left by T; and then to the right by 7>, 
with spin up, is 


G) fol + Pi) — Pi) (5.269) 
and with spin down is 
op fo — PH+ P) (5.270) 


Hence, the number of particles scattered twice to the left (LL) is 


LL = (rla + Pi)(1+ P3) + (1-— Pi) — P2)] 


= (5) Ase2+20100) (5.271) 


and the number scattered first to the left and second to the right (LR) will be 


LR = (5) Anta + P))(1 — Po) + (1 — Pi) + Pa)] 


= G) f2(2 — 2P; P2) (5.272) 


Hence 
ae (LL) — (LR) | 
~ (LL) + (LR) 


If the second scattering is identical to the first, then Pı = P2 = P and (5.273) be- 
comes 


P| Po (5.273) 


€ = Pp? 


The quantity € is called the asymmetry. The quantity e€ is directly measurable while 
the magnitude of P can be found out, although not the sign of P. The sign may be 
determined by studying the interference of nuclear scattering with Coulomb scatter- 
ing. 

Figure 5.22 shows the differential cross-sections as a function of the CMS scat- 
tering angle, for p—p scattering at various energies. Figure 5.23 shows that the larger 
is the bombarding energy the greater is the polarization. 
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Fig. 5.22 Differential 
cross-section for p—p elastic 
scattering at several incident 
energies. The experimental 
data are compared with 
theoretical predictions [8] 
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Fig. 5.23 Polarization in 
p-p elastic scattering at 
various incident energies [8] 


@ (deg) 


5.5.2 Mechanism of Polarization 


Scattering that involves only s-waves will be spherically symmetric and does not 
exhibit the phenomenon of polarization. We can now see how the spin-orbit in- 
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Fig. 5.24 Two nucleons with 
spin-up incident on spin-up 
target so that total spin S = 1 


teraction can give rise to polarization for higher order angular momentum waves. 
Figure 5.24 shows two nucleons with spin-up incident on spin-up target so that total 
spin S = 1. The P-wave (l = 1) scattering of identical nucleons has an antisym- 
metric spatial wave function and hence a symmetric wave function. For incident 
nucleon 1,1 =r x p points down (into the page) and so l- s is negative because | 
and s point in opposite directions. If we assume that the spin-orbit potential V;,(r) 
is negative so that the combination V,,(r)I -s is positive and so there is a repulsive 
force between the target nucleus and the incident nucleon 1 which pushes it to move 
to the left. For nucleon 2, | points up, l- s is positive, and the interaction being at- 
tractive, nucleon 2 is pulled in towards the target and is also scattered toward left. 
Thus the spin-up nucleons are preferentially scattered toward left and by a similar 
argument spin-down nucleons to the right. Consequently, the spin-orbit interaction 
can produce polarized scattered beams when unpolarized particles are incident on a 
target. 

At low energies, where s-wave scattering dominates, polarization is not expected. 
As the bombarding energy increases, the contribution of p-waves increases leading 
to an increased polarization. These expectations are borne out in Fig. 5.23. The 
observations on the variation of P with 6 and with energy elucidate vital information 
on the forms of the potential V;,(r). 

From the study of a large number of experiments at various energies a wealth 
of information in available on the differential and total cross-sections, spin depen- 
dence and polarization. This has permitted to introduce various phenomenological 
potentials to fit the observed data on nucleon-nucleon scattering. 

The most frequently used expressions are: 


Square well V(r) = -Ve (r <a) 
=0 (r >a) (5.274) 
Exponential V(r) =—Voe “ (5.275) 
Gaussian V(r) =—Voe 7”? (5.276) 
—Voe 


Yukawa vo (5.277) 
r 
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— Voe“ 
Hulthén Vin= r (5.278) 


ee ear 


Eckart Vir) = =i (5.279) 
(+err) +e) 


To all these potentials a hard repulsive core may be added for r < re with re & 
0.5 fm. One other potential frequently used is the Gammel Thaler potential 


Var (r) = Ver) + Vir) S12 + Vrs rL -S (5.280) 


where S12 is the tensor operator and the functions V(r) are Yukawa functions for 
r > rç and go to infinity for r < re. 

With the availability of fast computers, more complicated potentials have been 
proposed to fit the scattering data more accurately. Among these the Hamada- 
Johnston, Yale and Reid potentials have been extensively used. 


5.6 Properties of the Nucleon-Nucleon Force 


1. At short distances (~ 1 fm) nuclear force is stronger than Coulomb force. 

2. At long distances (~ 1078 cm) the nuclear force is negligibly small. The interac- 
tions among atoms in a molecule can be understood in terms of Coulomb force 
alone. 

3. Some particles like electrons or muons are unaffected by nuclear force. 

4. Nuclear force is charge independent, that is the force between the pairs of n—n, 
n-p, p-p is identical. 

5. The nucleon-nucleon force depends on the orientation of spins, that is the spins 
are parallel or antiparallel. Thus the nuclear force is spin dependent. 

6. The nucleon-nucleon force has a tensor or non-central component which does 
not conserve the orbital angular momentum which is a constant of motion under 
central forces. 

7. The nucleon-nucleon force includes a repulsive term which prevents the nucleons 
to come too close to each other. 


5.6.1 Exchange Forces 


The fact that nuclear density is constant suggests that nuclear forces have satura- 
tion property which can be explained by assuming that these forces are ‘exchange 
forces’, similar to the force that binds ordinary chemical molecules. 

Regardless of the origin of these forces let us enumerate various types of ex- 
change forces that exist between a pair of nucleons and then investigate the effect of 
these forces on the properties of the deuteron and on the saturation of the binding. 

Four types of interactions may be distinguished. 
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5.6.1.1 Wigner Force 


For an ordinary (non-exchange) central force the Schrodinger equation for two par- 
ticles in the centre of mass system is 


2 
(GY + hwo, r2, 01,02) = V(r) W(11, r2, 01, 02) (5.281) 


Here the interaction does not cause any exchange between coordinates of the two 
particles and the spin coordinates remain unaffected. 

5.6.1.2 Majorana Force 

Here the interaction interchanges the space coordinates, the spin coordinates re- 


maining unaffected, in addition to multiplication of y by the potential V(r). For 
such an interaction the Schrodinger equation is 


2 
(5) 4 Eyen r2, 01, 02) = V (r) (r2, r1, 01, 02) (5.282) 


5.6.1.3 Bartlett Force 


Here the spin coordinates are interchanged but the spatial coordinates are unaffected. 
The Schrodinger equation is 


2 
Gn)” - E |y, r2, 01, 02) = V(P)Y (F1, F2, 02, 01) (5.283) 


5.6.1.4 Heisenberg Force 


Here both the space and spin coordinates are interchanged. The Schrodinger equa- 
tion is 


2 
(GY + Eyen, r2, 01,02) = V(r) Y (r2, r1, 02, 01) (5.284) 


5.6.2 Effect of Exchange Forces 


When exchange forces are central forces with V(r), /’s are not mixed. However, if 
a tensor is used in place of V (r) as the multiplying potential, /’s are mixed and the 
quadrupole moment of the deuteron can be explained. It may be pointed out that the 
tensor force does not by itself lead to saturation. 
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5.6.2.1 Majorana Force 


The Majorana interaction replaces (r) by (—r) in y. This is just the parity operation 
which replaces w(r) by (—1) y (r). The Schrodinger equation then can be rewritten 
as 


2 
(Gv +e fv = (-1)'V(r)W(r) (5.285) 


This is equivalent to having an ordinary potential that changes sign according to 
whether / is even or odd, and is independent of spin. Since the potential is attractive 
for l = 0, it would be repulsive for / = 1 if the interaction were of pure Majorana 


type. 


5.6.2.2 Bartlett Force 


Two nucleons in triplet state (total S = 1) will have symmetric spin function and 
in the singlet state (S = 0) it will be in antisymmetric state. For the Bartlett force, 
Schrodinger equation may be written as 


2 
(5) 4 |y = (DT! V y(r) (5.286) 


This is equivalent to an ordinary potential which changes sign between S = 0 and 
S = 1. Since we know from neutron-proton scattering data that both the 75 and 'S§ 
potentials are attractive, the nuclear force cannot be pure Bartlett type. 


5.6.2.3 Heisenberg Force 


From the discussion of Majorana and Bartlett force the Schrodinger equation for 
Heisenberg may be written as 


2 
(GY BS E|wen = (-1)'*5+ vir) wr) (5.287) 


This is equivalent to an ordinary potential which changes sign according to whether 
1 + S is even or odd. We give below some examples 


35 15 3P Ip 
Vir) -V(ir) V(r) +V(r) 


The reversal of sign between *S- and ! S-states indicates that the nuclear force can- 
not be purely of Heisenberg type. With the assumption of the interaction of 25 per- 
cent Heisenberg or Bartlett and 75 percent Wigner or Majorana the difference be- 
tween neutron-proton well depths, 21 and 12 MeV respectively for a = 2.8 fm can 
be explained. 
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5.6.3 Exchange Forces and Saturation 


The Bartlett spin exchange force does not lead to saturation of the binding energy 
per particle. For nuclear force of Bartlett type heavy nuclei should exist with all 
spins aligned. In such a case the number of interacting pairs is A(A — 1)/2, which 
leads to binding energy proportional to atleast the square of A. 

However the space exchange in the Majorana and the Heisenberg forces does 
lead to saturation because of the alteration in sign of the potential between odd and 
even Í. 

Consider the nucleus *He. The spatial wave function can be symmetrical in all 
the four particles without violating Pauli’s principle by giving antiparallel spins (an- 
tisymmetric spin wave functions) to the two neutrons as well as two protons. 

In the next heavier nucleus—*He or >Li the Pauli principle can no longer be 
satisfied by spin wave functions alone. Therefore, the spatial wave function must 
have atleast one node. In other words, only four particles can be in an s-states and 
will therefore be repelled by the other particles, He and >Li should thus be unstable, 
in agreement with the experiment. This is a first sign of saturation. 

Wigner force does not lead to saturation. Saturation is achieved either by the 
space-exchange Majorana force or the space-exchange part of the Heisenberg force. 

The Heisenberg force gives special stability to the deuteron, and the Majorana 
force to the alpha particle. The Bartlett forces do not give saturation. It is concluded 
that the exchange force of the Majorana type does exist. This is proved directly by 
high-energy neutron-proton scattering which shows maxima in the angular distribu- 
tion of protons in the CMS. 

We can understand the results by the use of Born’s approximation. 


u 


f(0) = 55 


J virve exp(ikir)dt (5.288) 
where r =r, — r2 and n is the reduced mass. The integral for a short-range V (r) is 
appreciable only if k; — kf =0, otherwise the function exp[i(k; — kf)r] oscillates 
so rapidly over the region for which V (r) is appreciable so that the result averages 
to 0. Now k; — kș = 0 indicates forward scattering. We thus find that the striking 
neutrons are scattered forward, contrary to experiment. If we now introduce the 
exchange force, the potential V(r) is replaced by V(r) Py which gives us 


u 


fex (0) = z 


| otik Vo Pu exp(ikjr)dt (5.288(a)) 


as the Py operator changes particles 1 and 2 and hence transforms r into —r. 
The fe, (@) due to exchange force is large when 


kp +kj =0 (5.289) 


That is when the neutron is scattered backward and the proton forward. The ex- 
perimental result of Fig. 5.25 demonstrates clearly two maxima in the forward and 
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Fig. 5.25 Result of two dodo n-p 
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backward at high energies. We conclude that both normal and exchanges forces are 
present and that they are of comparable intensities. The interaction is assumed to 
take place due to exchange of field quanta, that is mesons. Since the range of nu- 
clear interaction is finite the mesons were assumed to be massive. This is in contrast 
with photons which are the quanta of electromagnetic field, with zero rest mass and 
infinite range. According to quantum field theory, the field itself is quantized, that 
is object with field quanta and the second object interact only with the field, not 
directly with the first object, and absorb the field quanta (and reemit them back to 
the first object) the two objects interact directly with the exchanged field quanta and 
therefore, indirectly with each other. 

Since the nucleons have spin 1/2 and if they have to be transformed into one 
another the quanta to be exchanged between two nucleons must have spin 0 or 1 
and must carry electric charge + or — or 0 charge. 

The particle which is exchanged is assumed to represent the nuclear force and is 
called meson, from the Greek meso, meaning intermediate, because the predicted 
mass is between that of proton and electron. Suppose a nucleon emits a particle X. 
A second nucleon absorbs the particle X 


Ni > Ni+X 
X + No > No 


When the particle of rest mass energy myc? is emitted or absorbed there will be 


an apparent violation of conservation of energy in these processes. However, if the 
process takes place within a short time Ar such that At < hmyc? as given by the 
uncertainty principle, then we will be unaware that the energy myc? has been vio- 
lated. The maximum range of the force is determined by the maximum distance that 
the particle X can travel in the time Ar. If the exchanged particle travels at a speed 
of the order of c, then the range R can be at most 


ch _ 197 MeV fm 


R=cAt= 5 = z 
myc myc 


(5.290) 


Equation (5.290) gives the relationship between the mass energy of the exchanged 
particle and the range of force, the smaller is the range the more massive will be the 
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particle. For nuclear force with a range of about 1 fm, the exchanged particle must 
have mass energy of the order of 200 MeV. For 1.0-1.5 fm, pions are responsible 
for the exchange forces. For exchange between all the possible states of nucleon, 
pions must exist in all the three charge states +, 0 and —. The pions have zero spin 
and exist in three charged states with rest mass energies of 139.5 MeV for 2* and 
135 MeV for 7°. 

The single pion that is exchanged between two identical nucleons must be a 2° 


ni >n +r, n? +n >n 


pi> pit’, n?+pm>pm 


The one pion exchange model is abbreviated as OPE model. The neutron-proton 
interaction can be carried by charged as well as neutral pions. 


ny => ni +°, n° + po > p 
no pı +T , w +p:>=>m 
pi> n ++r*, mt +m >p 


At shorter ranges (0.5—1.0 fm) two-pion exchange is probably responsible for the 
nuclear binding. At much shorter ranges (0.25 fm) the exchange of œ mesons 
(mc? = 783 MeV) may contribute to the force while the exchange of p mesons 
(mc* = 769 MeV) may contribute to the spin-orbit part of the interaction. 

The exchanged particles are called virtual particles as they are unobserved. How- 
ever they can be created as real particles at high enough energies and have identical 
properties to real particles. 


5.7 Yukawa’s Theory 


In 1935, Hideki Yukawa, a Japanese physicist proposed a potential to represent the 
nucleon-nucleon interaction. The potential was to describe the exchange of particles 
giving rise to nuclear force, is analogy with the electromagnetic potentials which 
describe the exchange of photons that give rise to electromagnetic force. The major 
difference between the electromagnetic interaction and the strong nuclear interac- 
tion is the infinite range for the former in contrast with a short range of the order of 
1 fm for the latter. 

The basic equations for the electromagnetic field are Maxwell’s equations which 
govern the propagation of photons. The relevant equation for spin zero particles is 
the Klein-Gordon equation. Consider the relativistic equation 


E? =p + mÂ (5.291) 


342 5 The Nuclear Two-Body Problem 


In quantum mechanics energy E = ihd/dt and momentum p = —i AV. Carrying out 
their substitutions in the relativistic equation, we obtain the Klein-Gordon equation 
y2 mc? 1 1 076 (5.292) 

h? ~ Êa 


where ¢ represents the amplitude of the field. Observe that for m = 0, Eq. (5.292) 
reduces to the familiar wave equation for the electromagnetic field. The time- 
independent equation is 


V’°¢— K*¢=0 (5.293) 


where K = mc/h. The spherically symmetric solution of (5.293) is 


(5.294) 


where g is a constant that represents the strength of the pion field, in analogy with 
the electronic charge e which represent the strength of the electromagnetic field. 
The nuclear forces should have the range of the order of KT! = h/me, identical 
with Eq. (5.290) derived from arguments based on uncertainty principle. E is the 
total energy, and p is the momentum of a free particle of mass m. 
Klein-Gordon equation describes the propagation of spinless particles of mass m 


a 18 | 
h2 c? at? 


V-o- (5.295) 
ġ may be interpreted either as the potential at a point in space and time, or as the 
wave amplitude. Here we are not so much interested with propagation of particle 
waves as in Static potentials. It we drop the time-dependent term, the resulting equa- 
tion for the static potential U has the spherically symmetric form 


1 a (r?aU m?c? 
VU) == —— |= ——U 5.296 
0) r? ðr ( or ) h? n l ) 
for values of r > 0 from a point source at the origin, r = 0. Integration gives 
Uae (5.297) 
4rr 

h 
where R = — (5.298) 

mc 


Here, the quantity g is a constant of integration identical with the strength of the 
point source. The analogous equation in the electromagnetism is V?U (r) = 0 for 
r > 0, with solution U = Q/4zrr, where Q is the charge at the origin. Thus, g in 
the Yukawa theory plays the same role as charge in electrostatics and measures the 
“strong nuclear charge”. 
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Example 5.3 A beam of 100 keV neutrons is attenuated to 50 % of its initial in- 
tensity in passing through 10 g cm~? of carbon. What can you say about the s-wave 
phase-shift for the scattering of neutrons from carbon nuclei? 


Solution 
I = loe ** 
Fue, N a 
Io 100 


1 
X = 7g In2 = 0.0693 cm? g7! 


N, 6 x 1073 
ge 60696 
A 12 


o = 1.38 x 107” cm? = 1.38 x 10778 m? 


E = 100 keV = 0.1 MeV 


1x 12 12 
u = | —— |M = <M 
1+12 13 


Kh =2uE 
5 12 1.67 x 1077 x 0.1 x 1.6 x 107! T 
Paty x = 0.447 x 107° m 
13 (1.05 x 10~34)2 
47 sin? ôo 
00 = Tg 
, ook? 1.38 x 10728 x 0.447 x 1028 
sin ôo = = = +0.2216 rad 
4r 4r 
§ = +12.8° 


Example 5.4 Consider the photo disintegration of deuteron, y + d —> p +n. As- 
suming that the proton and neutron are emitted with equal energy, see Fig. 5.26, 
calculate the angle of emission of proton. 


Solution 
hv=W +Tp+T =W +2T, (energy conservation) (i) 
2 2, hv? ki $ 
Pn = Pp t a7 2P, = cos@ (momentum conservation) (11) 


Given Tp = Ta. Hence Pp = Ph. 


344 5 The Nuclear Two-Body Problem 


Fig. 5.26 Photo 
disintegration of deuteron 


From (i1) 


h 
= hv hv 


2P, 2c /2MT,  2c/M(hv — W) 


cos = 


Example 5.5 Find the root mean square separation of neutron and proton in 
deuteron using the normalized exponential wave function for the ground state 


1 1 
p= ze(i =4.3 x 107" m) 
r\ 27 a 


Solution 
(P)= f wyar 
oo 1.2 
= | Te andr 
Qo r 20 
_ 1 
~ 4g? 
hence 
1 4.3 
(r?) = — = -= =2.15 fm 
2a 2 


Example 5.6 At what neutron energy will p-wave be important in n-p scattering? 


Solution Inthe CMS for/=1 
apes =h 


2 2 2 
_ Pem _ Pén Pm_ P 


ee Din BiB M ~~ Ma? 


2h 2h? 

Elab = 2Ecm = Ma? = Mca? 
2 x (197) 

E T 


~ 940 x 22 
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where we have put a = 2 fm. Thus below 20 MeV s-waves (/ = 0) alone are impor- 
tant. 


Example 5.7 Show that at a given energy p-waves affect do/d&2 to a larger extent 
than o. 


Solution 


1 
4 
gu 5 YOOL 1) sin? ô 


1=0 
4 
= Tr (sin? do + 3 sin? 31) 
do 1 9 ` A +2 2 
Ig = alsin ôo + 6sin d9 sin 6; cos(d1 — ôo) cos 0 + 9 sinf 5; cos o] 


As an example, let ôo = 20° and 6; = 2° at a certain energy. The p-wave (/ = 1) 
contributes 3 % to total cross-section. But 


Example 5.8 1 MeV neutrons are scattered on a target. The angular distribution 
of the neutrons in the centre-of-mass proves to be isotropic. The total cross-section 
is measured to be 10~*° cm?. Using the partial wave representation, calculate the 
phase shift of the s-wave. 


Solution Only s-waves (l = 0) are expected to be involved since scattering is 
isotropic 


4a. 5 
Ci gm ôo 


but 


2mE 
2mEo _ mc? Eo _ 940 x 1 x 10 
Anh2 = 2wh2c2 2x x (197)2 


where o = 107? cm” = 10 fm? 


= 0.03857 


sin? ô = 


ŝo = +11.3° 
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Example 5.9 In the analysis of scattering of particles of mass m and energy E from 
a fixed centre with range ‘a’ the phase shift for the /th partial wave is given by 


ôi -si 
~ (21+ I!) 


show that the total cross-section at a given energy is approximately given by 


Qn h2 (=) 
o= exp| ——.—— 


mE h2 
Solution 
A 
oa Y (214 sin? 5 
k2 
1=0 
By problem 
; (iak)! 
sin ô; = ——— 
Jal+ DAD 
wpe 2c Na (atk 
sinf ô = = 
Lin  Q21+1)l! 
Anh 3 (21 +1)(—a2k?)! Arr hh? (—a?k?)! 
O = ——— ——— SSS 
kh +01 2mE &— I 


If the summation goes to infinite number of terms then 


2m h2 2,2 Qn h 2m Ea? 
a (a) 


Example 5.10 Consider the scattering from a hard sphere of radius ‘a’ such that 
the D-wave phase-shift is negligible, the potential being 


V(r)=œ forr<a 


=0 for>a 


Show that 
k 2 
o(0)= efi ze — + 2(ka)* cos@ +- g and 
k 2 
o = szali — E | 
3 
Solution 


1 ; 
o (0) = zz |Z QI + De” sins) Picos o)|? 
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If only s- and p-waves are present 
ieee id} o; 2 
o (0) = z le 0 sin d9 Po(cos 0) + 3e“! sin 64 Py (cos 8) | 
but 


Po(cos@) = 1; Pı (cos 0) = cos 0 


1-5 ; 
o (0) = ae sin ôo + 3e!°! sind) cos6|° 


T ôo + 6 sin dg sin 64 cos(dg — ô1) cos 0 + 9 sin? ô1 COS 20] 


TE 
1 55 
=z ôo — 31 PET cos 
1 54 
E — 90 éire 
TR 3 
1 Pa ka? 
=z a " a4 +. 6(ka = ) cose | (. i= kasti -+) 
2 ka 2 4 
=a ra a“ cos@ 
k 
ae n EL + 2¢kay?cos0 | 


+1 2, 
-{(< ae an | |1- EP +.2¢ka)? cos [acosa 


-1 


Example 5.11 Show that the expectation value of the potential energy of deuteron 
described by a square well of depth Vo and width R is given by 


(V) =-voa"| 5 


1 
R — — sin? K R 
2 4K 


Solution As V(r) =0 forr > R, the contribution to (V) comes only from within 
the well 


R R 
(V) =f ui(—Voouidr=—Vo | A’ sin? krdr 
0 0 


Integration gives the desired expression. 


348 5 The Nuclear Two-Body Problem 
5.8 Questions 

5.1 What fraction of time is spent by deuteron outside the range of nuclear forces? 
5.2 Why deuteron is said to have a loose structure? 

5.3 Why deuteron has only one bound state? 


5.4 The magnetic dipole moments of proton and neutron do not add up exactly to 
that of the deuteron. How is this fact explained? 


5.5 Deutron has positive electrical quadrupole moment. Does this imply a cigar 
shaped or prolate structure? 


5.6 How is the existence of electrical quadrupole moment of deuteron explained? 


5.7 List the requirements for the potential representing the static nuclear force to 
fulfill? 


5.8 Why we cannot have a term like S - r12 or S - P12 for the potential? 
5.9 Give an example of a static force and velocity dependent force. 
5.10 What is the significance of the expression $12 = (oir) (02r) — 0102. 


5.11 Write down the most general static potential as the sum of six terms showing 
s =0/1, L = odd/even, force = central/tensor. 


5.12 Mention the four types of exchange forces with necessary description. 


5.13 Mention various methods for the determination of binding energy of deuteron. 
Which method would you rate as most accurate? 


5.14 Mention some of the widely used nucleon-nucleon potentials. 
5.15 Explain why R = h/V MB is called the deuteron radius. 


5.16 Given that there are no bound states of the dineutron and the diproton, what 
can you infer about the force between the two nucleons? 


5.17 The deuteron ground state has the following properties (1) spin and parity 
j” =17, (2) magnetic dipole moment u = 0.857 uy, (3) electric quadrupole small 
and positive. 

What information do these quantities give about the ground state wave function 
of the deuteron? The proton and neutron dipole magnetic moments are, respectively, 
2.793 and —1.913 un. 
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Fig. 5.27 Differential 
cross-sections for Coulomb 
scattering of carbon isotopes 


5.18 In the deuteron problem on using square well potential of depth Vo and 
width R, one finds a relation Vo R* = const, find the value of the constant. 
[Ans. 103 MeV fm?] 


5.19 Figure 5.27 shows the differential cross-sections for Coulomb scattering of 
3C on PC (top), 12C on !?C (middle) and !7C on °C (bottom) at an incident lab 
energy of 4 MeV. Explain why these cross-sections are so different. 


5.20 Describe the evidence for this following properties of the nucleon-nucleon 
interaction (1) short range, (2) charge independence, (3) spin dependence. 
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5.9 Problems 


5.1 Using the exponential wave function u = C exp(—kr), with k = 0.232 fm! 
for the ground state of deuteron (0 < r < oo), show that (r) = 1.83 fm and the 
probability for neutron and proton to stay outside 2 fm is p = 0.395. 


5.2 Show that the threshold energy for photo disintegration of deuteron is 


EX 
Ey SE 
x ER 2mqC? 
where Eg is the binding energy. 
5.3 A particle of mass m moves in a potential V(r) = —Vo when r < a, and 


V(r) = 0 when r > a. Find the least value of Vo such that there is a bound state 
of zero energy and zero angular momentum. 

2 
[Ans. Vo = sl 
5.4 The n-p interaction in deuteron may be described by square well potential 
of width a and depth — Vo. Assuming that the binding energy of deuteron is much 
smaller than the potential well depth, show that Voa? = const. 


5.5 When slow neutrons of negligible energy are captured by 1H to form 1D, 
y-rays of 2.224 + 0.005 MeV are observed. Find this mass of neutron in MeV/c’. 
Given Mp = 938278 MeV/c”, Mp = 1875.625 MeV/c’. 

[Ans. 939.571 MeV/c*] 


5.6 Show that the nucleon-nucleon potential can only contain terms given by a 
radial function multiplied by 1, o1, o2 - (o1 -r)(o2-r), and (0; +02): (r x p). 
5.7 A more accurate Hamiltonian for deuteron has the form 


3(01 -r)(02-r) 
7 —01:02 
P: 


Explain various symbols in the above expression. What is the bearing of this expres- 
sion on n—p scattering results. 


5.8 Show that if deuterons are scattered by protons, the maximum scattering angles 
in the lab system and the CMS are 30° and 120°, respectively, but that if protons are 
scattered by deuterons, the maximum angle in both the systems is 180°. 


5.9 Show that the expectation value of the electric quadrupole moment for a 
neutron-proton system in the 3S; state is zero. 
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5.10 Calculate the phase shift 59 for an impenetrable sphere of radius R. Compare 
its cross-section to its geometrical area. 
[Ans. ka, 2 =4] 

& 
5.11 The small binding energy of the deuteron indicates that the maximum of u(r) 
lies only just inside the range R of the well. Use this information to estimate the 
value of R if Vo = 22.7 MeV. 
[Ans.1.5 fm] 


5.12 Explain why the following dependences for potentials are not acceptable for 
the description of nucleon-nucleon potential. 


(a) [(r x s)(r x s)][s - s] 
(b) r-p)r-s) 

(c) (r- p)(L-s) 

(d (L-s)(L-L) 

(e) (rx L)-P 


[See Sect. 5.1.9] 
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Chapter 6 
Nuclear Models 


6.1 Need for a Model 


The models used in nuclear physics as well as in atomic physics are invented be- 
cause we do not know how to solve the many-body Schrodinger equation either with 
Coulomb forces or nuclear forces. The observed features of light and heavy nuclei 
are too complex to be explained by a reliable theory. In the absence of an exact the- 
ory, a number of nuclear models have been developed. These are based on different 
sets of simplifying assumptions. Each model is capable of explaining only a part of 
our experimental knowledge about nuclei. The experimental facts which are to be 
explained by a model are: 


. Nuclear Spins Z of ground state 

. Magnetic dipole moments u as summarized in Schmidt diagrams 

. Electrical quadrupole moments Q 

. Existence of isomers and the occurrence of islands of isomerism 

. Parity of nuclear levels 

. Discontinuities of nuclear binding energy for certain values of N or Z 

. Substantially constant density of nuclei 

. Dependence of the neutron excess (N-Z) on A>/3 for stable nuclides 

. Approximate constancy of the binding energy per nucleon B/A 

. Fission by thermal neutrons of ?5U and other odd nuclides 

. Nonexistence in nature of nuclides heavier than 8U 

. Wide spacing of low-lying excited levels in nuclei, in contrast with the close 
spacing of highly excited levels 

. Existence of resonance-capture reactions. 


COCNNNBWN 


— = m. 
NRF oO wo 


— 
W 


6.2 Type of Nuclear Models 


In Chap. 4 we have noted that the nucleons in the nucleus are confined to an approx- 
imately spherical volume of radius about 1.2A!/> fm and that the system is capable 
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of existing in various energy states each with its own distinctive properties. A sound 
theory would be concerned with the movement of nucleons in the nucleus, the na- 
ture of interaction between various nucleons and the properties of the ground and 
excited levels. 

To begin with the problem may be formulated classically but eventually the so- 
lution must be found in quantum mechanical terms. In particular we need the total 
wave function of the nucleus which is possible only for the simplest nuclei. For a 
large complex nucleus the total wavefunction even if available would be too com- 
plicated to be of any practical use. 

In this situation we are under the necessity of resorting to various nuclear models. 
These are simple analogies based on certain similarities with some other physical 
systems which are mathematically well understood. A given model based on cer- 
tain assumptions attempts to explain only selected specific features of nuclei. Other 
features must be explained by some other model. In the past a number of models 
have been used to explain the whole lot of properties of nuclei based on very strong 
interacting nucleons to very weakly interacting nucleons. The contrast between the 
strong and weak interaction based models is resolved by invoking for Pauli’s prin- 
ciple. 

The earlier nuclear models addressed the problems of a-decay (Gamow) and the 
reactions of nucleons with nuclei. The models used to explain reactions of nucleons 
with nuclei assumed very weak interaction corresponding to independent particle 
motion as in Bethe’s potential model and strong interactions as in Bohr’s compound 
nucleus model. Subsequently, the nuclear models have been developed to a high de- 
gree of sophistication both semi-classically and quantum mechanically and fall into 
independent and collective categories. Among the more important models mention 
should be made of the liquid drop model which involves collective motion of nu- 
cleons and the Fermi gas model which treats nucleons as a gas of non-interacting 
particles. Both the models are semi-classical but are the fore-runners of more im- 
portant quantum mechanical models like the Shell model and the collective model 
involving rotation and vibration. 

The collective and single-particle aspects of nuclear structure are unified in the 
form of the Nilsson model which considers the independent motion of nucleons in a 
deformed potential. Another way is to consider the a-particle model which permits 
a simple way of calculating some properties of nuclei that are composed only of 
a-particles. 


6.3 Fermi Gas Model 


In the Fermi gas model, the nucleons are considered as a gas of non-interacting par- 
ticles moving around in the nucleus with momenta ranging from zero to maximum 
value, Pr. The reality of Fermi momentum has been demonstrated by the study of 
the energy spectrum of electrons scattered off a thin H20 target. 

First consider the elastic scattering of electrons off free protons (neutrons) at rest. 
For a given beam energy E at a fixed scattering angle, the scattered electrons will 
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Fig. 6.1 Energy spectrum of Counts 
the electrons scattered off a 

thin H20 target. Data are 

taken at the linear accelerator 

MAMI-A at a beam energy of 

246 MeV and at a scattering 400 
angle of 148.5° by [10] 


H,'*o(e ie") 


300 


200 


100 


50 100 150 200 250 
E; [MeV] 


be scattered at energy E’ given by [9], Chap. 6 


j E 


E= 6.1 
1 + z% (1 —cos6) (6-1) 


where M is the mass of the target. Repeating the scattering experiment with the same 
beam energy and at the same scattering angle but with complex nuclei containing 
several nucleons gives a more complicated spectrum. Figure 6.1 shows the spectrum 
of electrons scattered off free protons as well as oxygen nuclei. 

The narrow peak observed at E’ ~ 160 MeV occurs due to elastic scattering off 
the free protons in hydrogen. On this is superimposed a broad distribution with the 
maximum shifted towards smaller scattering energies, near E’ ~ 150 MeV. This 
part of the spectrum may be identified with scattering of electrons off individual 
nucleons within the '!°O nucleus—a process known as quasi-elastic scattering. The 
sharp peaks at high energies are due to scattering off the 16O nucleus as a whole. The 
left side of the curve is interpreted to be formed from the tail of the A-resonance. In 
the quasi-elastic scattering process the nucleon is assumed to be knocked out of the 
nucleus. The shift of the maximum in the energy of the scattered electrons towards 
lower energies is due to the binding energy of the nucleon. From the observations 
of broadening of the maximum, compared to the elastic scattering off free protons 
in the hydrogen atom, we conclude that the nucleus is not a static object with fixed 
nucleons, rather the nucleons move around in the quasi-elastic fashion within the 
nucleus. Consequently, the kinematics of scattering are altered compared to scatter- 
ing off a nucleon at rest. 
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6.3.1 Fermi Energy 


The gas model or statistical model pictures the nucleus as a gas of protons and neu- 
trons. The volume of the gas, 22 = 4r R? = srg, where A is the mass number 
and R = ryA!/? is the radius of the nucleus. Due to restriction to a small volume the 
nuclear energy levels are widely spaced, the energy level density being proportional 
to this volume. In the absence of excitation, particles will occupy the lowest avail- 
able states. Clearly, the statistical model would be applicable for heavy nuclei for 
which the mass number would be sufficiently large. This model is useful for com- 
puting approximately the nuclear potential depth, to explain semi-quantitatively the 
increase in nuclear level density with energy and to consider emission of particles 
as an evaporation process. Further, the model explains the odd-even and asymmetry 
energy terms in the Weisacker’s mass formula. The model also explains the lower- 
ing of particle production threshold in collision with complex nuclei as opposed to 
hydrogen target. It also has application for neutron stars. 

Since nucleons have spin 1/2 they obey Fermi-Dirac statistics. Pauli’s principle 
requires that each energy level cannot be occupied by more than two protons and 
two neutrons (with opposite spins in both the cases). The number of quantum states 
(n) corresponding to momenta smaller than a given value p equals the available 
phase space divided by h? 


A 
n=2x -rp (6.2) 


3 h? 
The factor 2 arises due to spin 1/2 (multiplicity of states) in a nucleus containing 
Z protons and A — Z neutrons. The maximum Fermi momenta Pr of protons and 
neutrons are given by 


4 \2 

2(5") r PÈ (p) =Z (for proton) (6.3) 
4 \2 

2(5") raPp(n) =A—Z_ (for neutron) (6.4) 


The corresponding kinetic energy 


2 4 2 2/3 
príp) 9 ) 3 h (=) 
E = = 6.5 
F(p) 2mp (aa 2m pré A ie 
2 Z 42 2/3 
p7(n) 9 3 h A-Z 
Er) => = ( z) 7 ( ) (6.6) 
2Mn 327 2mnrô A 


In nuclei containing approximately equal number of neutrons and protons, the val- 
ues of Pr and Fp are the same for both neutron and proton. Using numerical values 
ro = 1.2 fm, and nucleon mass my = 940 MeV/c?, we find Pr = 216 MeV/c and 
Er = 25 MeV. This then suggests that in light nuclei (A = 2Z), the potential for 
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Neutrons Protons 


+ 4 


Fig. 6.2 Potential well depths for neutron and proton 


Yo 


neutrons ~33 MeV since the average binding energy ~8 MeV. Notice that since in 
heavy nuclei Ep is smaller for protons than for neutrons, the total depth of the po- 
tential well for protons (nuclear and electric) must be smaller than the depth of the 
potential well for neutrons (nuclear only), Fig. 6.2. Thus the effect of the Coulomb’s 
repulsion more than compensates for the somewhat greater attractive nuclear forces 
acting upon the protons. 

In the ground state of a nucleus the gas is completely degenerate and so all the 
states up to the maximum are filled. 

Number of possible states with momenta between p and p + dp is 


_ 24x p*dp2 _ Qp*dp 


dn = 73 =p (6.7) 
Integrating 
287p? 
n= J dn = ee (6.8) 
where n = N or Z 
1 
h (9n\3 (N\'2 n\ i 
P, (max) =—() (=) =kK(= (6.9) 
ro\ 4 A A 
2 h2 /9 3 /N\2/3 R2 NN? 
Ey (max) = Zma — d = (= (6.10) 
2m 2raM\ 4 A 2M\A 
Similarly, for protons 
K2 Z 2/3 


The total kinetic energy of all the protons in the gas is given by 


Z 
Ez= | Edn 
0 
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where dn is given by (6.7) 


— 53 —— (Pmax)? 


F vis p pPRdp_ Q 
2~ jo 2M mB  10Mr P 


Using (6.11) and 2 = $x R?A, 


3 
Ez = 5 2Ez(max) (6.12) 
Similarly 


3 
Ey = 5 NEw (max) (6.13) 


6.3.2 Asymmetric Term (6) in the Mass Formula 


Let the kinetic energy of a nucleus be represented by E(N, Z) and the standard 
nucleus have N = Z = A/2. We shall now show that the standard nucleus is the 
isobar with least energy. For this purpose we can compute the increase in kinetic 
energy of an isobar with a neutron or proton excess. This is clearly 


AA 
ôE = E(N,0)+ EQ, z)-£( 5. £) 


3 K? Avr 
2 Ne 7532 
l i 2 


3 K? A 5/3 A 5/3 ayn 
So | | A =A) = — 6.14 
smana +4) +(F-4) -2(3) | e 


where A=N-4=4-Z. 
For any real nuclei A is small. We can therefore expand (6.14) as far as A? and 
obtain the result for the increase in kinetic energy 


3 K2 A 5/3 5 A 2/3 A 2/3 5 r A —1/3 
kae a a A = 2 A2( 2 
sa” ($) E ($) +(3) t3 ($) 


A\SB s JAN 5 [A —1/3 E 
=) “=-Al— ys (a =) 
+(5) -34(5) tsela)  -2(2) | 


A 2 
sa(F-z) JA (6.15) 
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This is always positive and as the depth of the potential well is independent of N, Z 
and A, it follows that the standard nucleus is the isobar with the least energy. Note 
that it is only the exclusion principle which makes it possible for stable nuclei to 
contain protons at all. Without this it would always be energetically more favourable 
to add another neutron rather than a proton to the nucleus, so that the most state 
nuclei would consist entirely of neutrons. 


6.3.3 Odd-Even Term in the Mass Formula 


If there is an odd number of neutrons in the nucleus then the highest energy state is 
only half filled and so the next neutron will go into it. This means that the energy 
of the nucleus does not increase smoothly with N, as had been assumed but rather 
than in steps, that is compared with the smooth increase an even-even nucleus will 
have less energy and an odd-odd one. This step-like increase of energy is ensured 
by the 5-term in the mass formula. A rough form of the 5-term follows from the gas 
model. Clearly, the energy of an even-even nucleus (N, Z) has been overestimated 
in comparison with the nucleus (N — 1, Z) by Emax(V) — Emax(N — 1) and this is 
represented by f(A) 


aA Roe a OO. 
I= 2M A2/3 [N (V-D | T 42/3 1/3 
But 
A 
N ~œ — 
2 
const 
f(A) > (6.16) 
Actually 
1 
f(A) > JA (6.17) 


6.3.4 Threshold for Particle Production in Complex Nuclei 


Consider the pion (zr-meson) production in proton collisions in hydrogen 
ptpontpt+at 


The target proton is essentially at rest and the threshold for single pion production 
is found to be 289.37 MeV (see [9], Chaps. 3, 6 and 7). In case of a complex target 
nucleus, high energy collisions are expected to take place with individual nucleons, 
because of small de Broglie wavelength of the incident particle. However, because 
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of the Fermi momentum of the target nucleons the threshold energy becomes much 
smaller. For a nucleon moving with maximum momentum of 218 MeV/c (Ef = 
25 MeV) in the opposite direction to that of incidence, less energy is needed for 
the incident proton for the reaction to proceed. Consequently the required threshold 
energy is dramatically lowered to 160 MeV (see [9], Example 3.27). 

For antiproton-proton pair production in the reaction 


ptp>ptptptp 


the threshold is calculated as 6 Mc? or 5.64 GeV for collisions in hydrogen target. 
But in complex nuclei the threshold is reduced to about 4.0 GeV. 


6.3.5 Application to Neutron Stars 


For these objects Coulomb energy is not to be considered. Apart from the attractive 
nuclear force which would lead to a density pọ, the gravitational force can cause the 
resulting density to go up to ten times larger. 

Neutron stars are produced in supernova explosions. The burnt out centre of the 
star whose mass is between one and two solar masses, and is mainly made of iron, 
collapses under the gravitational force. The high density increases the electron’s 
Fermi energy so much that the inverse of B-decay, +e” — n + v, takes place, while 
the beta decay, n > p + e7 + ve is forbidden by the Pauli’s principle. All the pro- 
tons in the atomic nuclei are eventually converted into neutrons. The Coulomb bar- 
rier disappears, the nuclei lose their identity and the interior of the star is solely 
composed of neutrons 


Fe + 26e7 — 56n + 26ve 


The implosion is only stopped by the Fermi pressure of the neutrons at a density of 
10!8 kg/m?. If the mass of the central core is greater than double the solar mass the 
Fermi pressure can not withstand the gravitational force and the star ends up as a 
black hole. 

The known neutron stars have masses 1.3 to 1.5 solar mass with typical radius 
R of the order of 10 km. In the simplest model the innermost core is composed 
of a degenerate neutron liquid with a constant density. To a good approximation 
the neutron star may be considered as a gigantic nucleus held together by its own 
gravitational force. We can now estimate the size of a typical neutron star with a 
mass M = 3 x 10°° kg which is about 1.5 times the solar mass and corresponds to 
a neutron number N = 1.8 x 10°’. Assuming that the neutron star is a cold neutron 
gas the Fermi momentum is given by (6.9) 


p, — (92 1/3 5 oo 
ae ae R i 
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The average kinetic energy per neutron is given by (6.13) 


3p cC 
Ezin / N) = -+E == 1 
(Exin/N) 52M, ~ R (6.18) 
3R (9nN\*° 
where C = — (6.19) 
10M, \ 4 


The gravitational energy of a star with constant density implies that the average 
potential energy per neutron is 


3 GNM? 
Enor/N) =— a 
(Epot/ N) E 


(6.20) 


where M,, is the mass of the neutron and G is the gravitational constant. The star is 
in equilibrium if the total energy per nucleon is minimized 


d d 
Ta = gg Ekin/N) + (Epor/N)| =0 (6.21) 


Inserting (6.18) and (6.20) in (6.21) we find 


_ WOn/4)7 


= GN (6.22) 


Using the numerical values, R ~ 12 km for such a neutron star which is close to 
the experimental value and an average neutron density of 0.25 nucleons/fm>, which 
is about 1.5 times the density pg = 0.17 nucleons/fm? for the atomic nucleus. The 
calculations have ignored the mutual repulsion of neutrons at high densities. In spite 
of the crudeness of the model the result of calculations are satisfactory. 


6.3.6 Energy Levels of Individual Nucleons 


The Fermi gas model is generally employed to describe the macroscopic phenom- 
ena like conduction of electrons in metal, nucleons in neutron stars, electrons in 
white dwarf etc., where the quantization of angular momentum may be neglected. 
By contrast a microscopic system, for example a nucleus is so small that it pos- 
sesses distinct energy levels with distinct angular momenta. The energy levels in a 
spherically symmetric potential are calculated to possess orbital angular momentum 
/=0,1,2,.... At zero temperature the lowest lying states are all occupied. The in- 
teraction between the nucleons can only cause the nucleons to swap their place in 
the energy level spectrum. This is unobservable as the total energy of the nucleon is 
unchanged. This is the reason for associating the individual nucleons in the nucleus 
with definite energy and angular momentum state. The wave function that describes 
such a state is the one-particle wave function. The nuclear wave function is the 
product of all the one-particle wave functions. 
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It is not at all obvious that nucleons move freely inside the nucleus. This is 
demonstrated by using A-hyperons as probes. 

In 1970’s an elegant experiment was conducted at CERN to investigate the 
energy levels of the individual nucleons by employing A-hyperons as a probe. 
A-hyperon is produced frequently in the absorption of K~ -meson with a nucleon 
via 


K- 493 Ata (6.23) 
K-4+n—> A+ (6.24) 


When the K~ is captured by a complex nucleus the A-hyperon thus produced may 
be attached to the nucleus after knocking out one of the nucleons. The nucleus thus 
formed is known as hyper-nucleus (see [9], Sect. 3.8, Chap. 7). A A particle in the 
nucleus cannot decay strongly since strangeness is conserved in such an interaction. 
Its lifetime is therefore approximately that of a free A particle; that is ~107!° s. 
This is long enough to permit the analysis to be made. 

Since the neutron in the reaction (6.24) is bound and the A also remains inside 
the nucleus the energy difference between the K7 and the x~ yields the difference 
between the binding energies of the neutron and the A: 


By, = B, + Ta — Tg + (M4 — Mp)? (6.25) 


where Ty and Tx are pion and kaon kinetic energies. 

The Pauli principle does not restrict the states the hyperon occupies. Conse- 
quently the hyperon may be captured in any bound state however deep it might 
be. 

Binding energies of A-hyperon have also been determined in the interactions of 
secondary pion at Brookhaven [5] 


nt +A—> A44 Kt 


Results of such experiments have yielded the binding energies of the Is states as 
well the excited p, d and f states for various nuclei, Fig. 6.3. 

This shows the dependence of these binding energies upon the mass number A of 
the hypernuclei and that the A hyperons occupy discrete energy levels. The curves 
shown are the theoretical curves based or the calculations which assume a potential 
with uniform depth Vo ~ 30 MeV and the nuclear radius R = roA! [6, 12]. The 
scale A~?/3 corresponds to R~? and is chosen because B 4 R? is almost constant for 
states with the same quantum numbers. 


6.4 Shell Model 


The basic assumption of the shell model is that nucleons move around in a nucleus 
in an average potential rather freely. There is an apparent contradiction with Bohr’s 
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A Single-Particle States 


e« Emulsion 
x (K,x) 
a (z,K) 


Binding energy (MeV) 
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Fig. 6.3 Data on binding energies of s, p, d and f single-particle states of the A as a function of 
AT2/3 [4] 


idea of liquid drop model in which the particles are supposed to be highly interacting 
with each other. This paradox is, however, resolved if we consider Pauli’s exclusion 
principle which says that no two nucleons can be in the same state. In other words, 
even if a nucleon hits another nucleon inside the nucleus no transfer of energy will 
take place since the other nucleon will have to be raised on the energy level but the 
nucleus being a degenerate gas, the higher levels are already filled up. Hence transfer 
of energy is highly suppressed. Thus because of Pauli’s exclusion principle nucleons 
inside nuclear matter may have a very long mean free path. The assumption made is 
that nucleons more around very much similar to the motion of electrons in an atom. 
The underlying idea of shell model is that nucleons move in orbits of definite energy 
and angular momentum and that the outstanding stability of the nuclides in due to 
the completion of a neutron or proton shell in the same way as the stability of the 
rare gas atoms is due to completion of an electron shell. The situation in the case of 
nucleus is complicated by two factors: 


(i) The “central” potential is really an average potential and the addition of an extra 
nucleon modifies this potential far more than the addition of an electron in the 
atomic case. 

(ii) Because of the Coulomb repulsion of the protons, the number of neutrons and 
protons in a nucleus are not even approximately the same in all but the lightest 
nuclides. It is, therefore, most unlikely that a nuclide with a closed shell number 
of neutrons can also have a closed number of protons and vice versa. 
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6.4.1 Magic Numbers 


It is found that the numbers of neutrons or protons lead to particular stability, 2, 8, 
20, 28, 50, 82, 126. These are called Magic numbers. The particular nuclei ought to 
be and are 5He, "20, Ca PCa; Pb, These are so called doubly magic numbers 
in which both neutrons and protons have magic numbers. 


6.4.1.1 Evidence for Magic Numbers from Abundances 


(i) The number of stable and long-lived isotopes is greater at Z = 20 (six) and 
at Z = 50 (ten) than for any other even Z close by. The mass spread between 
36Ca and aa is double the usual value in the neighbourhood. Special stability 
associated with N = 28 may account for the existence of zs Ca. The heaviest 
and lightest naturally occurring isotopes of tin differ by 12 neutrons. Only one 
other element, xenon, attains an equally large spread of isotopic masses; in this 
case the existence of the heaviest isotope "xe may be attributed to the special 
stability associated with N = 82. 

(ii) The number of stable and long-lived isotopes is greater at N = 20 (five), N = 
28 (five), N = 50 (six) and N = 82 (seven) than for any other even N close by. 

(iii) Pairs of stable and long-lived nuclides with different odd Z, but with the same 
even number of neutrons, occur only at N = 207C, PE); N= 50(83Rb, Bay) 
and N = 82('33La, '35Pm). 

(iv) There are several exceptions to the statement that the relative abundance of an 
even A isotope is in general much less than 60 %. In these exceptional cases, N 
is either 50 or 82. Examples of these exceptional cases are Sot "Ba Mace 

(v) The study of absolute abundances show peaks at Zr (50 neutrons), Sn (50 pro- 
tons), Ba (82 neutrons) and Pb (82 protons or 126 neutrons). Thus these ele- 
ments are more abundant than their neighbors. 


6.4.1.2 Evidence for Magic Numbers from Stability 


(i) Data show a sharp reduction in the binding energy of the last nucleon added to 
the magic number nuclei, for example for a neutron added to N = 126 anda 
proton added to Z = 82 nuclides. 

(ii) The plot of the binding energy per nucleon against mass number shows special 
stability for the higher magic numbers. Specially significant are the changes 
in B/A at mass number 208 associated with the completion of the 82-neutron 
shells, at or near mass number 140(Ce!#°) associated with the completion of 
the 82-neutron shell, at or near mass number 88(Sr®’) associated with the com- 
pletion of the 50-neutron shell. 

(iii) The known delayed neutron emitters are S/Kr, 13Xe and "0, the emission 
occurring in all cases from one or in more excited states. These nuclei emit 
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neutrons when excited by the 6-decay of a parent radioactive fission product. 
These are extreme examples of the below average binding energy of the odd 
particle when N or Z exceeds the magic value by one. The shell binding energy 
of the odd particle makes neutron emission possible at relatively low excitation 
energies. 


6.4.1.3 Evidence for Magic Number from Neutron Cross-Sections 


Neutron absorption cross-sections are generally small for nuclides containing 50, 
82 and 126 neutrons for neutron energies in the range 0.4—-1.0 MeV. This can be 
understood in terms of a relatively low excitation energy of the compound nucleus 
containing 51, 83 or 127 neutrons. At low excitation energies, the level density is 
small and consequently also the cross-section. No significant resonant scattering or 


absorption is found for neutrons of energies below 0.1 MeV in Zi Sn. Tba; 


209 rasai 
g3Đ1. 


6.4.2 Theory 


Various potential wells have been used for the central potential in which nucleons 
move around, for example square well, oscillator well, and infinite spherical well. 
The model was originally suggested as a possible explanation of the fluctuations in 
the relative abundance and relative masses of nuclei in the periodical table. Such 
fluctuations were associated with shell filling and shell closures at magic numbers. 
In the simplest approach Schrodinger’s equation in three dimensions was used for 
the assumed potential. 


Infinite Harmonic Oscillator Well The potential has the form 
1 32 
VGy= Vo Me r (6.26) 


where m is the reduced mass of the nucleon and w = 27x v is the angular frequency 
of the oscillator. Schrodinger’s equation is 


R 5 
—~—V°+V(r)-—E )w=0 6.27 
( TT Ae )v (6.27) 
The solution for a spherically symmetric well has the form 

Vnim = Uni()¥n (8,9) (6.28) 


where Y} (6, @) are spherical harmonics whose presence expresses the fact that the 
angular momentum / and its z-component m are constants of motion. The function 
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Table 6.1 Isotropic T i 
Harmonic states A 7A Orbitals 28 (21+1) Norz 
6 15/2 li 2g 3d 4s 56 168 
5 13/2 lh 2f 3p 42 112 
4 11/2 lg 2d 3s 30 70 
3 9/2 lf 2p 20 40 
2 7/2 ld 2s 12 20 
1 5/2 lp 
0 3/2 ls 2 


Uni (r) contains the radial dependence of the function and satisfies the equation 


ia faving ie) E 0 (6.29) 
= r) + — — Eņnı )runt = . 
2M dr? 2M r? a 
Put 
M 
j= —r (6.30) 
Then (6.29) reduces to 
-— = ; 6.31 
a dae ( 7” Joann (6.31) 
The only eigen values of such an equation are shown to be 
3 
B= Eq=(A+5)ho. A=0,1,2... (6.32) 


These are a number of degenerate eigen functions classified by their l-values. 


For A even, l = 0, 2, 4,..., A 
For A odd, l = 1,3, 5,..., A 
For given A 


un ~ q' eap(-34°) faq) (6.33) 
where the function f(q) is a polynomial in even powers of q starting with a non- 
vanishing constant term. Table 6.1 exhibits the structure of the first few levels in- 
cluding nl values, degeneracy and the total number of like particles (neutrons or 
protons) making up the closed shells. 

The states in the same row (like 1h, 2f, 3p) are degenerate, the energy levels 
being identical. Closed shells occur at 2, 8 and 20 and are in agreement with the 
empirical indications, but 28, 50, 82 and 126 are not in evidence. 
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Table 6.2 States for 


rectangular potential well of Level nl 2(21 + 1) 2X (21 + 1) 
infinite depth T se? 

2g 11.7049 18 156 

li 10.5128 26 138 

3p 10.9041 6 112 

2f 10.4171 14 106 

lh 9.3555 22 92 

35 9.4248 2 70 

2d 9.0950 10 68 

ig 8.1826 18 58 

2p 7.7253 6 40 

lf 6.9879 14 34 

2s 6.2832 2 20 

ld 5.7635 10 18 

lp 4.4934 6 8 

ls 3.1416 2 


Rectangular Well of Infinite Depth The radial function inside the well can be 
expressed in terms of a Bessel function of half integral order 


or 


uni (r) = juia(Z) (6.34) 


2M E R? 


The boundary condition at r = R requires 


with 


Jı+1/2(@) =0 


Thus æ; is the nth zero of the Bessel function of order / + 53 also 


fit (6.36) 


Numerical results are listed in Table 6.2. The degeneracy with respect to / character- 
istic of the oscillator potential does not exist in the rectangular well. Otherwise, the 
order of levels is remarkably similar. The closed shell numbers 2, 8 and 20 occur 
again and also many others having no apparent connection with the observations. 
Once more 28, 50, 82 and 126 are missing from the list of closed shell numbers. 
The third column gives the number of particle Np; = 2(2/ + 1) in each orbit and the 
last column the accumulating number. Some other potentials were also tried with 
similar results. 
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6.4.3 LS Coupling 


A quite different suggestion was put forward independently by Mayer and by Haxel 
Jensen and Suess. So far no account has been taken of the possible splitting of each 
energy level into two according as the spin S and angular momentum / of the particle 
in the level are in the same or in opposite directions. Such a splitting could be due 
to a spin-orbit coupling which introduces a term of the form 1- s into energy. If such 
a splitting is postulated and if it is further assumed that 


(i) the j =/ + 5 level is below the j =! — 4 level 

(ii) the splitting increases with / which follows naturally from the l- s form of the 
spin-orbit term, then the level scheme is the one given in Table 6.3. The scheme 
clearly reproduces all the magic numbers 


To reproduce the higher magic numbers a spin-orbit coupling term is added to the 
oscillator potential so that the single-particle potential has the form 


Io 2 2a 
V(r) =—-Vo+ -Mæri — — (L.-S) (6.37) 
2 h2 
Now 
2 . . 
ah S=jG+D-iM+D-set+) 
For a nucleon, s = $ and j =/ + 5 


2 l for j=1+4 
zL:S)= Ba 
—( +1) fo j=l- 5; 140 


(for / = 0, the spin orbit term vanishes). We can write (6.37) in the form 


= 1 1 
Yt Me? for j=145 (6.38) 


vo=-w+al ry 2 


Since the spin-orbit contributions are constant, like Vo, the oscillator eigen functions 
are not altered by the introduction of a spin-orbit coupling. 


Now for the oscillator, V(r) = —Vo + 5M œr? (without coupling) and the en- 
ergy eigen values are given by 


1 
Eu=-W+ (21+1- she) (l=0,1,2...), (n=1,2,3...) or (6.39a) 
En — E10 = Aho A=2(n—1)+1=0,1,2,... (6.39b) 


The lowest lying energy state is given by the eigen value 


3 
Eio = — Vo + aio 


6.4 Shell Model 


Table 6.3 States with spin-orbit coupling 
Spin orbit 


1i 


2p 
1f < 
N i 
No oo 
Z 
2s SE  , 
1d See 
— 
a 

w— < 

1s 


-v +e 


to obtain 


1 
Enji = (2n+1- 5 )ho vo +a 


lisap 


liz 3/2 
1hg/2 
2fs/2 

3p1/2 


3P3/2 
2f7/2 
thy 4/2 
187/2 
2d3/2 


31/2 
2ds/2 
1go;2 
2Pij2 
1fs/2 


2p3 /2 
1f7/2 
1d; /2 


2512 
1ds/2 


1p1/2 


1P3/2 
1s1/2 


-l 
[+1 


—l 
[+1 


6hw - 6a 
Shw + 6a 
Shw + 4a 
Shw + 2a 


Shw-a 

Shw - 3a 
Shw -5a 
4hw + 5a 
4hw + 3a 


4ħw 

4ħw+2a 
4ħw- 4a 
3hw + 4a 
3hw + 2a 


3hwta 
3hw - 3a 
2hw + 3a 


2hw 
2hw - 2a 
hw -2a 


hw-a 


0 


Split levels Enjy— E1120 Nj 


14 
10 


For the spin-orbit case, therefore in (6.39a), we must replace — Vo by 


for j=l + 


for j =l — 


1 
2 
1 


2 


ZN; 


126 


82 


28 
20 
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1 1 
Ent +5,t— £1, 5,0= Aho — all 


1 1 
End = 58 — En = Aho tod +1) 


where A is given by (6.39b). 

The degeneracy is therefore partly reduced; the energy eigen values for L and S 
antiparallel (j = l — 1/2) are shifted to higher energies. For L and S parallel the 
eigen values are shifted to lower energies. This occurs in such a way that the centre 
of gravity of the energy is not changed: the degeneracy of the state j = l + 1/2 or 
j =! — 1/2 is of degree 


1 
2j+1=2(1+3)+1=20+D 


1 
2j+1=2(1->) +1221 


Hence we have 
—alx2d¢+1)+ad+1) x 21/=0 


and the centre of gravity of the energy is indeed the same. 

In a nucleon shell with fixed A, the state with / = A and j =/+1/2=A+1/2 
is lowered most strongly by the spin-orbit coupling. If the shift is so great that the 
lowest level of the A shell must be calculated in the next lower shell, while the 
lowest level of the next higher shell is shifted into the A shell; we get the following 
occupation numbers 

A 
Na=))2Q/4+1)=2[2A +1) + (2A-3)+ 2A-7) +--+ 1] 
l 
Number of terms in the arithmetic series = Aye 
Sum = N4 = 2(4¥2)f C44) 41) — (A +14 +2) 


N4 =2, 6; 20, 30, 42, 56, «5: 


The lowest level of the energy shell with the quantum number A has the maximal 
occupation number 


o(445) 41-240 


Hence the new occupation number N’, of the energy shell A is 


Ni = Na —2(A4+1)+2(A+42) 
Depleted Repleted 


= (A+ 1)(A4+2) —2(A4+1)+2(A +2) 
=(A+1)(A+2)+2 
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Table 6.4 Reproduction of 


magic numbers by spin-orbit Ns XN; 
scheme 
5 Ni, =44 126 
4 Ni =32 82 
3 N = 22 50 
3 XA +1)=8 28 
2 Na =12 20 
1 Na =6 
0 Na =2 2 


For the first three shells (A = 0, 1, 2) the splitting is still so small that the occupation 
number Ns is given by Ny. The deepest level of the shell A = 3 has the occupation 
number N; = 8. This level turns out to lie, because of the spin-orbit splitting just 
between the two shell A = 2 and A = 3. It therefore forms its own shell. For A > 3 
the splitting is so strong that the maximal occupation number is given by Ns = N4. 

Thus the magic numbers are successfully reproduced with the spin-orbit coupling 
scheme, see Table 6.4. 


6.4.4 Predictions of the Shell Model 


6.4.4.1 Abundances and Stability of the Closed Shell Nuclei 


Direct mass measurements show marked breaks in the mass defect curve for nu- 
clei with Z = 20, 28,50 and N = 20, 28, 50. The number of stable species become 
markedly larger for N = 20, 28, 50, 82 than for nearby N values. Among the rare 
earths where chemical processes in nature can not much affect the original abun- 
dances, the isotopes with N = 82 are outstandingly abundant. The neutron binding 
energy is specially high for nuclei with N = 50 and 82. These facts show the ex- 
tra stability of closed-shell nuclei. The strong tendency to asymmetric fission by 
thermal neutrons seems to be a dynamic effect of some complexity but again it de- 
pends on the marked stability of the closed nucleon shell, so that the most favored 
fragments are those with N = 82 and their compliments. 


6.4.4.2 The Spins of Nuclear Ground States 


All observed nuclei with even Z and even N = A — Z, are spherically symmetric 
in the ground state, with J = 0. This is the simplest line of evidence for the rule 
for pairing off the angular momenta for nuclei with Z odd, N even or with Z even, 
N odd which follows from the model nearly uniquely. With a handful of exceptions, 
assignment can be correctly made for about hundred and fifty such nuclei. As an 
example from Table 6.3 it follows that the lightest nucleus with spin 9/2 must occur 
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when the neutron 1| g9/2 state begins to be filled. This is at 41 neutrons. The lightest 
nucleus at N = 41 is ”°Ge, which indeed has a measured spin of 9/2. No lighter 
stable nucleus is known to have so high a spin. The scheme outlined so for enables 
us to deduce the angular momenta of nuclides consisting entirely of closed shells, 
and also of nuclides consisting entirely of closed shell plus or minus one particle. 
Because of the exclusion principle the former must have zero angular momentum, 
and in the latter case the total angular momentum is just that of the excess particle 
or of the “hole” that is the particle which would have to be added to complete the 
shell. Thus the angular momenta of "Ok; 59820; eae should be and are zero, 


and those of Ng; Os 19K20, PPD and ee Bling should be and are 1/2, 5/2, 
3/2, 1/2 and 9/2 respectively. 

Because of the pairing energy, an even number of like nucleons in the partly 
closed subshell form pairs so that their contribution to the ground-state angular mo- 
mentum is 0°. If the total number of neutrons (protons) in the subshell is odd, one 
will, of course, remain unpaired. These considerations lead to the following rules 
for the angular momenta and parities of nuclear ground states. 


1. Even-even nuclei, that is, nuclei with even Z and even N, have total ground-state 
angular momentum J = 0°. There is no known exception to the rule. 

2. An odd nucleus, that is, a nucleus with odd Z or odd N, will have a total ground- 
state angular momentum equal to the half-integral angular momentum J and the 
parity (—1)! of the unpaired particle. These are no exceptions to this rule. 

3. An odd-odd nucleus will have a total angular momentum which is the vector sum 
of the odd-neutron and odd-proton /-values 


J= jn T jp 
The quantum number J is therefore an integer between the limits 
lin — jp <J < Int+ Jp 


The parity will be the product of the proton and the neutron parity, that is, 7 = 
(= 1)” HP ; 


Observed angular momenta of nuclear ground states provide a more stringent test 
for the shell model than do the magic numbers. The level sequences are found to be 
in good agreement with the calculated schemes. However, some of the levels inside 
a major closed shell are quite close in energy so that the sequences are not always 
strictly followed. There is a tendency for pairs of particles to go into higher orbital 
angular momentum states rather than into s- or p-states when the competing states 
are close. This is due to the fact that the pairing energy increases with increasing /. 
The effect of the pairing energy is that a level will be depressed when it contains 
an even number of nucleons compared with its position when it contains an odd 
number. Further, the effect increases with increasing orbital angular momentum. 
Thus, the odd A nuclides with odd N above 58, should have angular momentum 
7/2 or 11/2. Instead, they have angular momentum 1/2 which shows that the 1g1/2 
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and 1h11/2 levels are depressed below the 35/2 level when they are filled by even 
number of nucleons. The shell-model calculations are valid for spherical or near 
spherical nuclei. In regions where large quadruple moments are found, the ground- 
state angular momenta do not generally follow the predicted values. Among the 
light nuclei, 19F, !?Ne and Na have J” = 1/2+, 1/2+ and 3/2* where as the 
shell model predicts 5/27. 


6.4.5 Magnetic Moments 


Even-even nuclides having zero angular momentum also have zero magnetic mo- 
ment. The magnetic dipole moment of a nucleus can be finite only if J 2 1/2. One 
can calculate the magnetic moments of odd-A nuclides. It is assumed that the mag- 
netic moment of such a nucleus is due entirely to the magnetic moment of the last 
nucleon. On the shell model each odd-even nucleus has a spherically symmetric 
set of closed neutron and proton shells, surrounded by paired neutrons and protons, 
again with J = 0 and therefore has no magnetic moment. Entire angular momen- 
tum J is assigned to the resultant spin and orbital motion of the one remaining odd 
nucleon and with that J, all the magnetic moment. 

From this single-particle, the magnetic moment can be calculated, just as in the 
atomic Zeeman effect, by the formulae of the vector model. 

The magnetic moment vector in the sum of two contributions, one from whatever 
current is produced by the orbital motion of the nucleon, the other from its intrinsic 
magnetic moment. 

In the addition of spin and orbital angular momentum to a total angular momen- 
tum, the total magnetic moment vector no longer points in a direction parallel (or 
antiparallel) to the vector j, because the g factors are different. However, since the 
total angular momentum is conserved in the absence of external torques, the vec- 
tor 


H = hi + hs 


will precess, together with l and s about the vector j, so that the time average com- 
ponent of m in the direction of J will remain constant, see Fig. 6.4. 
Odd Z (proton contribution only) 


eh 
H= Kory + Hint = FTPL + up(2s)] 


Odd N (neutron contribution only) 


TA o Eaa 
= S ) —— 
u Hn Me 
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Fig. 6.4 Magnetic moments 


where the vector l and s are the orbital angular momentum and spin operators, and 
the coefficients up and un the intrinsic magnetic moments of the two nucleons in 
units of the nuclear magneton eh/2Mc. The neutron orbital motion does not produce 
electric current and makes no contribution to the magnetic moment. The measured 
magnetic moments correspond to energies of orientation in a magnetic field along 
which the total angular momentum j = l + s is quantized while l and s precess about 
it. The tabulated magnetic moment n refer to the maximum value of the projected 
component of the moment along the magnetic field direction, that is to that obtained 
when (iz) = (Mj) max = j; 
The magnetic moment is just 


(u - j) j 
(7) 
u = (giai + gsas)j 


(Mz)max = U = 


where g; = | for proton and O for neutron, gs = 2.7g for proton and —1.91 for 
neutron. The coefficients a; j and a,j are the projections of j and s on j, that is 


ley JODI +1) -ss +1) 


Ba ere a a aa 6.40 

“op 2IG +) Ce 

a, = sj = fa ae ee) (6.41) 
j? 27G +1) 


Now s = 1/2 and l = j + 1/2 or j — 1/2. If one of these is even, the other is odd 
and so / is a good quantum number, since a nucleus has a definite parity. Putting 
l = j — 1/2 and s = 1/2 in (6.40) and (6.41) 
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1 Bs 1 
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3 8s 1 
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6.4.6 Schmidt Lines 


The values of u in (6.42) and (6.43) are known as the Schmidt values and are plotted 
against j in Fig. 6.5. Clearly, the agreement is not good although the experimental 
values follow the trend of the two theoretical lines, the “Schmidt lines” and almost 
without exception lie between them. In general, they are nearer to one line than to 
the other. It is then assumed that in the first approximation, the experimental values 
would be on the line to which they are nearer. It is possible to deduce the orbital 
angular momentum quantum number / of the last nucleon from the experimentally 
measured values of the total angular momentum j and the magnetic moment u of 
the nucleus. 

Notice that there is a very important difference between the shell model pre- 
dictions of angular momentum and of magnetic moments. Angular momenta are 
quantized and predictions are therefore, right or wrong, in general they are right. 
Now if the basic simplifying assumption of the shell model that observable effects 
in odd-A nuclides are due to the last nucleon only, is not entirely correct, this will 
not affect the angular momentum values. It merely means that we are dealing with a 
mixture of states with the same angular momentum. The situation is quite different 
for magnetic moments. These are not quantized, and so different mixture of states 
yield different magnetic moments. The fact that the magnetic moments as a rule do 
not lie on the Schmidt lines is a proof that mixing of states occurs, that on the whole 
they do not lie far from the Schmidt line shows which single particle state of the 
shell model is the most important of the states in the mixture. 
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Fig. 6.5 (a) Odd N, even Z Schmidt diagram of j and u for odd-Z even-N nuclides. The solid- 
line histogram corresponds to the Schmidt limits for each value of j, if j and u were due entirely 
to the motion of one odd proton. Open circles represent nuclides with one proton in excess of, or 
with one proton less than a “closed shell” of 2, 8, 20, 28, 40, 50 or 82 protons. (b) Odd Z, even 
N Schmidt diagram of j and u for even-Z odd-N nuclides. The histogram corresponds to the 
Schmidt limits for each value of j, if j and u were due entirely to the motion of one odd neutron. 
Open circles represent nuclides which have one neutron more, or one neutron less, than the number 
required to form a “closed shell” of 2, 8, 20, 28, 40, 50, 82 or 126 neutrons 
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The formulae (6.42) and (6.43) define two curves for u versus j with the values 
of = l + 1/2, for each class of odd-even nucleus. All measured values lie within 
the region bounded by the curves (with the exception of the pair H*, He*). The 
values lie mainly in two broad bands, roughly parallel to the two Schmidt curve, 
but are not very well defined. In a large number of cases the value lies nearer 
one of the curves than another, and nearly in all these cases, the / value so indi- 
cated is the shell-model value. The deviations from the Schmidt curves are under 
one nuclear magneton. These deviations are evidence of the approximate nature of 
the single-particle model but the qualitative correctness of the picture cannot be 
doubted. 


6.4.7 Parity of Nuclei 


With all the closed shells and the paired off nucleons having space symmetric wave 
functions, the parity of a nucleus on the shell model is just that of the orbital motion 
of the odd nucleon and is even or odd according to the character of /, that is parity is 
even if / is even and parity is odd if / is odd. Since / is determined by the magnetic 
moment in the ideal case, the measured magnetic moments provide one check on the 
parity. The other important determination of parity is provided by -decay theory. 
The parity change in f-transitions, together with the spin change determines the 
life time for a given energy release. The predictions of the shell model have made 
possible a very orderly classification of £ transitions. 


6.4.8 Nuclear Isomerism 


An excited nuclear state which lives long enough to have a directly measurable 
lifetime is called an isomeric state. Such a state decays by radioactivity which is 
different from the ground state but must be assigned the same values of Z and A. 
In a few cases several isomeric states are present. It is remarkable that of the sixty 
or seventy isomers of half life greater than one second known, all occur in “islands” 
of the periodic table, grouped just below the magic numbers, 50, 82 and 126. It is 
found that with two exceptions all isomers are found in four distinct groups, the 
so-called “Islands of isomerism” given by 


G) 19<NorZ<27 
(i) 39< Nor Z <49 
(iii) 63 < Nor Z <81 
(iv) 91<NorZ 


Isomeric transitions always involve large changes of angular momentum (AZ > 3) 
and it is this large change which leads to the long life time. 
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Quadrupole Moment The shell model also makes predictions about the electric 
quadrupole moment of an odd-A, odd-Z nuclide, on the assumption that this is 
the last proton in the nucleus. The quadrupole moment as measured is actually the 
greatest that is theoretically possible for a given j, that is it is the one for which 
the magnetic quantum number of the last proton m; = j. For l and s parallel (j = 
l + 1/2) this corresponds to m; =/ and ms; = +1/2. The proton wave function can 
be written as 
u(r) ilọ 
y= —— MPI (cos@)e"ra 


where « is the spin wave function and N; is a normalization factor such that 
12 
[ls (cos0)e!?|"d2 =1 


Now Q, the quadrupole moment is given by 
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where the integrations are over the 3A coordinates (x;, Yi, Zi) 
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Also 


[ r?[u(r)] dr = (r°) 
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is the mean square radius of the orbit 
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For l and s antiparallel the derivation is more complicated. However, the result turns 
out to be identical with (6.44) 


p45 1-2 
3742" ape ( 


1 
j= 5) (6.45) 
It was pointed out that mixing of angular momentum states leads to different mag- 
netic moments. The same is true of quadrupole moments, in fact they are even more 
sensitive to the admixture of the single particle states. Admixtures ought to be least 
for nuclides with one proton outside a closed shell or a proton hole in a closed shell. 
It follows from (6.44) and (6.45) that a nuclide with a proton outside a closed shell 
has a negative quadrupole moment and one with a proton hole a positive one. 

As regards magnitudes of quadrupole moments we first make an estimate of (r°). 
For a uniform charge distribution this is equal to Š R?, but for the least bound pro- 
tons, which is more likely, (r*) is expected to be some what larger. Equation (6.44) 
shows that the absolute value of the quadrupole moment should be of the order of, 
but slightly less than R?. This is found to be so for small A, but for A > 100 values 
as large as 10 R? occur. These deviations from the single particle model may well 
be due to mixing of states, but in any detailed calculations become quite prohibitive. 


6.4.9 Criticism of the Shell Model 


The shell model is an improvement upon the Fermi gas model in that a more re- 
alistic potential is used and the spin-orbit interaction is taken into account. All the 
magic numbers are correctly reproduced. The nuclei with closed shell are correctly 
predicted to have zero spin and positive parity in the ground state. Further, nuclei 


380 6 Nuclear Models 


consisting of one nucleon outside a closed shell have the parity and spin of that nu- 
cleon. The same argument can be used to assign the J” values for a shell which is 
deficit by one nucleon for its completion, that is the shell with a hole. Thus the shell 
model is very successful in predicting ground-state angular momenta but is not so 
successful in describing excited states and magnetic moments. It is therefore obvi- 
ous that the shell model gives an over simplified picture of the actual situation inside 
the nucleus. The assumption of a spherical symmetric potential is incorrect in most 
of the cases, evidenced by appreciable quadrupole moments possessed by some of 
the nuclear states. The magnetic moments are also not predicted satisfactorily. Little 
can be said about the nuclei which are in the middle of a major shell. 


6.5 The Liquid Drop Model 


In this model the dynamics of a nucleus are compared with that of a liquid drop 
(N Bohr). The molecules of the liquid correspond to the nucleons in the nucleus. 
Certain features are analogous but others are not. The density of a liquid is almost 
independent of the size so that the radius R of a liquid drop is proportional to the 
cube root of the number A of the molecules, similar to the nuclear case. The energy 
necessary to evaporate the drop completely into well separated molecules is approx- 
imately proportional to the number A analogous to the binding energy of a nucleus. 
The surface tension of the liquid drop causes a correction to this relation since the 
molecules on the surface are somewhat loosely bound compared to those in the in- 
terior. This results in a correction term in the binding energy which is proportional 
to the surface area or A*/?, Similar procedure is followed in the semi-empirical 
mass formula for nuclear binding energies. However the dynamics of liquid matter 
and nuclear matter are different in the quantum mechanical localization of the par- 
ticles. The average kinetic energy of the molecules in the liquid is of the order of 
0.1 eV. The corresponding de Broglie wavelength is of the order of 5 x 107? cm— 
a value which is much smaller than the distance between molecules. The average 
kinetic energy of the nucleons in nuclei is of the order of 10 MeV with a corre- 
sponding rationalized de Broglie wavelength A ~ 107!3 cm, which is just of the 
order of internucleon distance. Thus while in liquids the motion of its constituents 
can be described classically, and their positions can be well defined, compared to 
their mutual distance, in nuclei the motion must necessarily be described quantum 
mechanically since the uncertainty in the localization of the constituents is of the 
order of magnitude of their distance. 

The underlying concepts of liquid drop model are diametrically opposite to those 
of Shell Model or independent-particle model. The interactions between nucleons 
are assumed to be strong rather than weak. Nuclear levels are pictured as quantized 
states of the entire nucleus and not as states of a single particle in an average field. 
The concept of Liquid-drop model originated in Bohr’s assumption of compound 
nucleus in nuclear reactions. When an incident particle is captured by a nucleus its 
energy is quickly shared by all the nucleons. The mean free path of the captured par- 
ticle is much smaller than the nuclear size. In order to explain such a behaviour, the 
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interactions between nucleons have to be strong. Consequently, the particles cannot 
move independently with negligible collision cross sections with their neighbours. 
The Liquid-drop model attempts to explain the following nuclear properties 


1. Substantially constant density of nuclei, with R œ A!/? 

2. Systematic dependence of the neutron excess (N — Z) on A>’? for stable nuclides 

. Approximate constancy of the binding energy per nucleon B/A as well as its 
trends with A 

4. Mass difference in families of isobars and the energies of cascade £ transitions 

5. Systematic variation of œ decay energies with N and Z 

6. Fission by thermal neutrons of U? and other odd —N nuclides 

7 


. Finite upper bound on Z and N of heavy nuclides produced in nuclear reactions 
y238 


Go 


and the nonexistence in nature of nuclides heavier than 


6.5.1 Semi-Empirical Mass Formula 


If M is the total mass of an atom then 


(N — Z)? 2/3 
+acZ? A 4 8A, Z) (6.46) 
Total binding energy 


B = (NM, + ZM, — M) 


N-Z? 
= aA ag — aA?) — ac ZAT! — 8(A, Z) (6.47) 


where N and Z are the neutron and proton numbers respectively, M, and Mp are the 
masses of neutron and proton respectively, A is the mass number, Z is the atomic 
number, R = 1.3 x 10~!3A4!/3 metre is the nuclear radius, £ọ is the permittivity, 
ô(A, Z), a, B and y are constants to be determined experimentally. 

The first term on the right side of (6.47) arises from nuclear binding energy which 
is proportional to A. The second term is due to the so-called asymmetry effect. It 
arises due to the fact that in general in a nuclide neutron and proton numbers are 
not equal. The third term arises due to the surface tension, and is proportional to 
the surface area which goes as A/?. The surface tension arises due to the fact that 
on the surface nucleons are less tightly bound than those in the interior. The fourth 
term is the Coulomb energy term which can be derived. The last term is the so-called 
odd-even effect term which results from the fact that the stability of nucleus depends 
on A and Z being odd or even. 

Equation (6.46) is known as the semi-empirical mass formula due to Weisacker. 
In order to know the constants precisely, it is desirable to know these constants 
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Fig. 6.6 The relative importance of the principal terms in the semi-empirical mass formula. It is 
notable that B/A is remarkably constant for A > 50 for the first three terms, and that the asymmetry 
term, although vitally important, is relatively small 


from detailed theory of nuclear forces. The constant in the fourth term above can 
be derived, others are determined empirically from mass spectroscopy, that is one 
essentially uses precise masses of various nuclides in Eq. (6.47) and solves set of 
equations by the least square method. Inserting the accepted values of these con- 
stants Eq. (6.47) becomes 


Z2 
B (MeV) = 15.56A — 17.23A7/? — 0.7—~ 
Al/3 
($¢-Z) 
— 23.285———— — (A, Z) (6.48) 


where 5(A, Z) = +12A~!/2 (+ for A even, Z even, — for A even, Z odd, zero for 
A odd, Z any thing). The constants in (6.48) are not unique as they depend on the 
range of masses that have been used in their evaluation. 

The binding energy per nucleon (B/A) is plotted against the mass number (A) 
in Fig. 6.6. The relative importance of various terms is (6.48) is indicated. 

The ô-term in (6.48) or (6.50) arises due to pairing energy. We have noted 
(Chap. 4) that even-even nuclei containing protons as well as neutrons in pairs, are 
energetically favored as compared with odd-even, even-odd, and odd-odd nuclei. 
B/A is found by dividing the right side of (6.47) by A, Fig. 6.6. The decrease in 
B/A for small A is due to surface tension effect (Fig. 4.8) which is clearly important 
for small A since the nucleons lying on the surface is proportional to surface area 
i.e. R? or A?’ while total number of nucleons goes as volume i.e. R? or A and the 
fraction of nucleons lying on the surface is A? /A or A~!/3. At higher A, Z will 
also increase. 
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Fig. 6.7 Mass parabola for 
isobaric family with A = 91 


Consequently, Coulomb’s repulsive force being long range goes as Z? as every 
proton interacts with every other proton where as nuclear attractive force, being 
short range goes as A, as the nucleons interact only with their neighbours. 

The first and the third terms are the most dominant terms. It is found that 
Eq. (6.48) for B agrees with the experimental values to better than 1 % for A > 15 
and the difference in B values of nuclei of not two different A is often given cor- 
rectly to 0.1 %. For a given A, the minimum of M(A, Z) as a function of Z must 
correspond to the stable isobar. The condition 5M/6Z = 0 yields 


A 


= 240.015A2/3 on?) 


Zo 
From formula (6.49) it is seen that the isobars for light nuclei (small A) those for 
which Z œ A/2. But for heavy nuclei there is a significant departure from N = Z 
line (Chap. 4, Fig. 4.10) and the nuclei are stable for neutron excess. 


6.5.2 Nuclear Instability Against B Emission 


For odd A, the relationship between atomic mass M and nuclear charge Z is as 
shown in Fig. 6.7. The lowest isobar is the stable nuclide for the particular odd 
mass number A. Isobars of larger Z decay by A or by electron capture. Isobar of 
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Fig. 6.8 Mass parabolas for A= 104 
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smaller Z decay to the stable nuclide by successive B~ decay. Note that for odd 
A each isobar is either even Z odd N or odd Z, even N. Now, Eq. (6.46) can be 
written as 


M(Z, A)=aA+bZ+CZ?+5 (6.50) 


which is an equation to a pair of parabolas. For odd A, ô = 0. Therefore, only one 
mass parabola exists. The minimum lies at some value of nuclear charge Zo which 
determines the “most stable isobar” and which usually is a non-integer. The integer 
Z which is nearest to Zp determines the stable isobar of odd A. 

Even-A and odd-Z nuclei should be unstable and should not be found in nature. 
Actually, there are a few, for example 1K, which is actually radioactive. The suc- 
cessive isobars no longer fall on a single parabola. The isobars of even Z, even N 
fall on a lower parabola and, therefore, have more tightly bound nuclear structures 
than the alternative odd Z, odd N isobars. The two parabolas differ by an amount 
26 and is associated with pairing energy, Fig. 6.8. 

Figure 6.8 also shows that there can be two stable isobars for a particular even 
value of A. The isobar on the lower parabola can decay only by £ transition to 
isobars on the upper parabola. Transitions can take place only by way of two suc- 
cessive transitions through intermediate odd Z, odd N isobar on the upper parabola. 
When this is energetically impossible both even Z, even N isobar are stable. There 
are known 54 stable pairs and 4 triads of even Z, even N. The only alternative 
transition between a pair of even Z even N isobar would be by the simultaneous 
emission of two £ or double 6 decay, for which half life time is of the order of 
10°4 years. 
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6.5.3 Instability Against Neutron Decay 


We can use Weisacker’s formula to compute the binding energy of neutrons in a 
nucleus 


B E (neutron) = [M(A — 1, Z) + 1.008665 — M (A, 2) |e (6.51) 


This turns out to be positive for the stable elements showing that these do not emit 
neutrons spontaneously. However, in the case of the nuclei which are formed as the 
products of fission, usually they are highly excess in neutron number and can decay 
via neutron emission. 


6.5.4 Instability Against Alpha Decay 


BE(a) =[M(A — 4, Z — 2) + 4.002603 — M(A, Z)]c? (6.52) 


The BE for œ particle becomes negative in the middle of the periodical table 
long before the natural œ emitters are reached. The intervening elements are sta- 
ble against a decay only because the œ energies are so small that the lifetimes 
are prohibitively long (Geiger-Nuttal law). The periodical table ends in the region, 
Z = 90 — 100 because of the increasingly negative values of the BE for æ emission 
and fission. 


6.5.5 Fission and Fusion 


The decrease of the binding energy at low mass numbers indicates that energy will 
be released if two nuclei of small numbers combine to form a single middle-class 
nucleus. The process is known as nuclear fusion, and is the reverse of fission. It 
occurs in the sun and other stars and is the underlying mechanism by which the sun 
generates the energy it radiates. 

The decrease of the binding energy (Fig. 4.1) at high mass numbers indicates 
that they are more tightly bound when they are assembled into two middle-mass 
nuclei rather than into a single high-mass nucleus. Thus, energy can be released in 
the nuclear fission of a single massive nucleus into two smaller fragments. 

It is easily shown that for A > 85 symmetric fission in exothermic. However, 
the nuclei would not undergo spontaneous fission since there is a potential barrier 
high enough to effectively prevent spontaneous fission (compare this with a-decay 
in which such a barrier accounts for long lives, Chap. 3). 

Let the fission fragments be separated by distance r, the distance being measured 
between their centers. As r decreases, Coulomb’s potential energy increases until 
the fragments touch each other at r = a, Fig. 6.9. 
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Fig. 6.9 Variation of 

Coulomb’s potential energy 
with r, the distance between 
the centres of two fragments 


Fig. 6.10 Binary fission of 
a fragment 


Inside ‘a’ (Fig. 6.9) several possibilities are open: for curve 1, spontaneous fis- 
sion will occur and such a nucleus will not exist in nature. Curve 2 will correspond 
to the threshold for fission. All curves below 2 will call for excitation energy. But, 
for such nuclei the quantum mechanical penetration is still open. However, the mean 
life times are of the order of 10?! years or so. In transuranium elements, particularly 
among those recently discovered, several examples of relatively short half lives for 
spontaneous fission have been found. 

Consider a binary fission in which each fragment has the mass number A/2 nu- 
clear charge Z/2, and radius R = ro(A ID" 3. When the separation r between the 
centres of two fragments is large compared with their radii (stage (a)), their mutual 
potential energy is simply given by the Coulomb energy E, = Er T. When 
r decreases until the two fragments are nearly touching, r ~ 2R, nuclear attractive 
forces begin to act. In that case the mutual potential energy is less than the Coulomb 
value, as indicated between positions (b) and (c) in Fig. 6.10. 
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If the fragments remained spherical, and attractive forces are most present then 
the Coulomb energy when the two spheres just touched, that is r = 2R, will be 


e? (Zpy 7 21/3 e2 Z2 


= 1 = — —_ lM 6.53 
© Are 2r9(A/2)'3 8 ve ALB O28) 
Introducing the Coulomb’s constant ac = mas ~ 0.595 MeV, Eq. (6.53) be- 


comes 


8 Al/3 


for spheres (Z/2, A/2) in contact. This is shown as the extrapolated E, curve at 
r =2R in Fig. 6.10. 

When the two particles come closer together, r < 2R, the nuclear attractive forces 
become stronger and the two halves coalesce into the (Z, A) nucleus, where energy 
of symmetric fission, (d) in Fig. 6.10 is below the barrier height. 

The nucleus (Z, A) will generally, be essentially stable against spontaneous fis- 
sion if its dissociation energy Q is a few MeV below the barrier height. 


Pe A Zz 


6.5.5.1 Fission 


Fission is the spontaneous disintegration of a heavy nucleus into two and some- 
times three heavy fragments with the liberation of about 200 MeV energy. Natural 
fission is possible but the probability is small, being down by a factor of ten million 
compared with alpha emission. Fission may be readily realized by the absorption 
of negative pions or by bombardment of œ particles or protons. This is in contrast 
with ordinary nuclear reactions in which only a small part of the heavy nucleus is 
chipped off and the energy liberated or absorbed is only a few MeV. 


6.5.5.2 Characteristics 


The process of fission is distinguished from all other nuclear reactions in regard to 
the amount of energy that is released, about 200 MeV, which is an order of magni- 
tude greater than that in ordinary nuclear reactions. The masses of fission fragments 
are not equal to half of the original nucleus but exhibit considerable asymmetry. 
Fission is possible in heavy nuclei in which the binding energy per nuclei (B/A) 
decreases with increasing mass numbers beyond A = 60 (Fig. 4.1). Hence at the 
upper end of periodic table of the elements the division of the heavy nucleus with 
2 = 7.6 MeV into approximately equal parts will release considerable energy due 
to increase in B/A = 8.5 for the fission products. We can calculate the approximate 
Q-values for the fission process. Consider the fission of a nucleus of mass numbers 
A = 240 into two fragments (binary fission) each of mass number A = 120 


Q =2 x 120 x 8.5 — 240 x 7.6 = 216 MeV 
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Alternatively, we can calculate the Q value from the actual masses. Consider a typ- 
ical fission caused by the absorption of a neutron in the nucleus of U-235, in which 
two additional neutrons are produced 


235 1 141 92 1 
92U +on = 56ba +36KT + 37 


Initial masses: 235.0439 + 1.0087 = 236.0526 amu 
Final masses: 140.9139 + 91.8973 + 3.0261 = 235.8373 amu 


Difference in mass = 0.2153 amu 
Q = 0.2153 x 931.5 = 200.5 MeV 


In fission, the mass converted into energy is 


200 


———— = 0.001 or 0.1 % 
240 x 940 


6.5.5.3 Mechanism 


A heavy nucleus may be likened to a drop of liquid. In the ground state, the liquid 
drop is believed to be perfectly spherical, with a sharp surface of radius R. It is 
known that a liquid drop can be made to break up if mechanical vibrations of large 
amplitudes can be set up. For elements below uranium, decay by natural fission 
does not occur with appreciable probability. Some energy is therefore required to 
induce fission artificially. A minimum energy, called activation energy is needed 
for this purpose. When a neutron is absorbed, excitation energy is supplied to the 
nucleus. It remains only to decide whether the excitation energy supplied is less 
than, equal to or greater than the activation energy required for fission. Following 
the absorption of neutron, the liquid drop is distorted by a small amount resulting in 
the increased surfaces area. The surface tension forces tend to restore it to a spherical 
shape. The nucleus is stable against small amplitude oscillations because excitation 
energy associated with these oscillations is less than activation energy needed for 
fission. If enough excitation energy is provided then the mechanical vibrations of 
large amplitude can be set up. The energy associated with these vibrations is the 
analog of the activation energy. On the other hand any arbitrary distortion reduces 
the Coulomb energy because the centre of charge of the two ‘halves’ moves further 
apart. The surface effect and Coulomb effect thus work in opposite direction. The 
Coulomb effect lowers the activation energy needed for fission. Various stages in 
the deformation of the nucleus before and after fission are shown in Fig. 6.11. For 
a particular distortion, the nucleus may acquire a critical shape as in Fig. 6.11(e), 
which is the case of unstable equilibrium. The two halves are barely joined and 
the ‘neck’ is broken for a trifle increase of distortion. This is the point of no return 
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Fig. 6.11 Various stages in the deformation of the nucleus before and after fission 


and fission is imminent. After the fission, the resulting fragments emit a couple of 
neutrons and reach a state of minimum energy. The theory is within the frame work 
of liquid drop model of the nucleus, originally due to Bohr and Wheeler. 

235U is fissionable by thermal neutrons (~0.025 eV) while 238 is not. This 
is because when the neutron is absorbed in 7*>U, an intermediate nucleus of $U 
(compound nucleus) is found. The excitation energy in SU compound nucleus 
is 6.8 MeV which is just equal to the required activation energy and fission takes 
place. However, in the case of absorption of a thermal neutron in the nucleus of 8U 
nucleus, the excitation energy in the compound nucleus of 7°°U is only 5.3 MeV. 
This is not enough to cause fission because activation energy is 7.1 MeV. 


6.5.5.4 Fission Fragments 


Fragments resulting from fission have too many excess neutrons compared to their 
stable isobars. The fragments tend to become stable through successive B~ decay 
followed by y emission and alternatively by the evaporation of neutrons. These 
are called prompt neutrons as they are emitted in a time of the order of 10714 s. 
On an average one neutron is produced per fission fragment. About 1 % of neu- 
trons emitted by fission fragments are emitted at relatively long time after fis- 
sion, that is 1 s to 1 minute later in the course of successive 6 decay. These are 
called delayed neutrons which play a decisive role in the control of nuclear reactor 
(Chap. 8). 

About 85 % the energy released in the fission process appears as kinetic en- 
ergy of fission fragments, the rest is associated with electrons photons and neutrinos 
produced from the chain radioactive decay. The neutrons produced in the fission 
process carry on average an energy of about 2 MeV If the fission occurs in a large 
absorber, then the energy of all the fission products save the neutrinos manifests 
itself as heat. 


Example 6.1 Estimate the energy released in fission of aU nucleus, given ac = 
0.59 MeV and a; = 14.0 MeV (Osmania University 1962). 
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Solution 


ZA 
o= mz, a)-2M( 5.5) 


2/3 
= a, A223 pa 2 = ds A } taZ 
i A1⁄3 S2 4(4)1/3 


= a, A?3(1 24) 40,2 fer 
ES c 41/3 22/3 


Inserting A = 238, Z = 92, ac = 0.59 and a; = 14 we find Q = 161 MeV. 


6.5.5.5 Stability Limits for Heavy Nuclei 


A rough estimate of the mass and charge of a nucleus which is unstable against 
spontaneous fission can be obtained by finding (Z, A) such that Q for symmetric 
fission is as large as the Coulomb energy Ee for spherical fragments (Z /2, A/2) in 
contact. A nucleus will be unstable if 


Q>E (6.54) 


Now 


ZA 


Sah E ER 
=% c3 72/3 
2 


Z 
= —0.260a, A”? + 0.370a- 


Al and 


Z2 


Ec = 0.262ac A3 


Z2 Z2 
> 0.262ac 


7 2/3 ae 
0.260a;A TOSUN- ps = A13 


which upon simplification becomes 


This is an upper limit because it ignores the possibility of finite barrier penetration. 
Note that the factor Z?/A solely depends on the relative effective strengths of the 
forces associated with the Coulomb energy (xZ?/A!1/3) and with the surface energy 
(xA?/3), 
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Fig. 6.12 Axial symmetry of R 
the surface of deformed 

nuclei in the lowest state of 

excitation 


Fig. 6.13 Movement of an 
un-deformed sphere 


A much better estimate of the critical value of Z*/A can be obtained from the 
modes of oscillation of a drop of incompressible fluid, under the combined action of 
short-range surface tension forces and the long range Coulomb forces. In the ground 
state, the liquid drop is believed to be perfectly spherical, with a sharp surface of 
radius Ro. In the excited state the nuclei are deformed, but in the lowest excitation 
the surface will still have an axial symmetry (Fig. 6.12) so that it can be represented 
in terms of Legendre Polynomials 


R(0) = Ro [ A. > bı P; (cos J (6.55) 


1=0 


Now this formula can give both a deformation of the sphere and the translation of 
the sphere as a whole, the latter being of no interest to us. First we shall show that 
the coefficient of Pı (cos 0) in (6.55) gives the distance through which the centre of 
mass of the nucleus has moved, and for pure deformation without translation we 
must set bı = 0. 

Let the sphere move undeformed through a distance bı Ro along the line 0 = 0 as 
in Fig. 6.13. Then 


Ro = R? + bt RG — 2R Rob cos 8 
Put 6 = 0 then 
R — Ro =b1 Ro 


Thus, bı = 0 for the translation of centre of mass without deformation. 
Further bo must be chosen in such a way that the total volume of the nucleus 
remains constant. The lowest excited states are given by b2 Æ 0, bı = 0 for l > 2. 
We now express bọ in terms of b2 under the assumption that the original volume 
of the sphere, (4/3)x R3 is unchanged. Volume of a spheroidal body with axial 
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Fig. 6.14 Spheroidal body 
with axial symmetry C=) O<) 


b>=0.25 b2=0.5 b>=1.0 


symmetry, as in Fig. 6.14, is given by 


1 on +1 
V= 2x | R*dRdcos0 = = | R3dcos6 
=j =i 


4 2 +1 
V= = Rj = = 8 | (1+ bo + by Px(cos6))°d cos 6 
=i 


Am 3 
= = Ro (1 + 3bo + 33) 


where we have neglected the third power for bz and second and higher power for bo 
and bobs and used the orthonormal properties of Legendre polynomials. We get 


b2 
bo = — = (6.56) 
Inserting (6.56) in (6.55) 
b2 
R= Ro( i = cp bn Pa(cos6) (6.57) 


Surface Area The surface area of the axially symmetric object is given by 


S=2n J R[R? + (dR/d9)?] "d coso (6.58) 
dR dP. 

Now do Robo FG 

1 b2 

5 = 213 | (1 — = + baPa(cos0)) 
-1 
b2 d Po N2712 
x f — - + ba Pa (cos 0) (2%) | dcos 


Expanding the square root binomially and simplifying the integrand so that terms 
only up to b2 are retained 


1 2b2 b2 P 2 
$= 20 | f -— -z + b3 P3(cos8) + a(s = facos 
=j 
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eS = 


Using = =F 3 sin 20, we finally obtain 


2 2 2 
S= 4r R| 1+ 52 (6.59) 
The corresponding surface tension energy is given by 
/ 2/3 2 2 
E, =asA 1+ 52 (6.60) 
Coulomb Energy We assume that the deformed surface is given by 
b2 
R= Ro( + by P2 (cos 0) — 2) (6.57) 


and that the charge density is uniform 


3Ze 
= —__ 6.61 
ae R (6.61) 
The potential at an internal point is 
V=Vi+V (6.62) 
where 
21% 
V, = 2x p| Ro — 3” (6.63) 
n 
= 4roR 6.64 
mp Danla) (6.64) 
Coulomb energy for the first part is 
1 1 af) la 2 
E-A) == | pVıdt = -27 p Ro — =r )4ar-dr 
2 2 0 3 
3 Z2 2 
=i* (6.65) 
5 Ro 


where we have used (6.61). 
Now for the second part 


R2 
Vo = 40 R?| bo + —<boP. cos0) | 
2 pR3|b eo ) 


2 


5 52 P2(cos D| 


2 b3 
0 
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TR 4r RZ R? i ? 
c(2) = 5 x- Po a OOR S 27 R^d Rd cos 0 
0 


2,2 p2 2 
_ 4m p° R? i b2 P2(cos 0) R’ 7 bZ R? P 
5 1 5 RE 3 


Now 


b2 5 
R= ri(1 + bz P2 (cos 0) — =) ~ R2 (1 + 5b2 P2(cos6)) 


be Plesy Ri +1 Py (cos 6)b2 Rò 
| 2 P2(cos @) doso) = f A EE T 


5 R =i 5 Ro 


2 
= —p2R? 
5 2°*0 
Also 


2 2 2\3 
b3 3 b; 3 b5 
= aC, Ro L + bp Po (cos) — = dcos@ 


bZ RŠ 
= 2 f + 3b2 P2 (cos 0)) 
2 
= 33K) 
_ An*p?Rabs (2 2\ 3 9 Ze? 
E,(2) = =-= bi — 
5 5 3 25 * Ro 
3 Ze b3 
El a = E-(1) + E2) == _ 2 
ace b3 
= ai = (6.66) 


Equation (6.60) shows that the surface tension energy has increased compared to 
that of the undeformed sphere 


E, =a; 4? (6.67) 


simply because the surface area has increased. The increase in surface energy is 
2 
AE, = El — E; = zb2as A? (6.68) 


Equation (6.66) shows that the Coulomb energy has decreased compared to the orig- 
inal sphere 


(6.69) 
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because the distance between the charges has increased. The decrease in Coulomb 
energy is given by 


ac dag i 


AEc = E, — Ec = — -3I 


(6.70) 


Condition for fission is then 
|AE.| > |AEs| (6.71) 
using (6.68) and (6.70) in (6.71) and simplifying we find 


Z 2 2x 13. 
A de 0.595 


It must be stressed that when this condition is satisfied, fission is not only spon- 
taneous but instantaneous. The fission of PSU for which Z?/A = 36 can not be 
of this type because of the very long life time for decay. It must in fact be due 
to a tunnel effect which can of course occur when the energy needed for the pro- 
cess is not available classically. Actually instantaneous fission does not occur until 
Z = 140 and A ~ 390. It is known that a liquid drop can be made to break up if 
mechanical vibrations of large amplitudes can be set up. The energy associated with 
these vibrations is the analog of the activation energy. For nuclei, excitation energy 
is supplied by the absorbed neutron. It remains only to decide whether the exci- 
tation energy is less than, equal to or greater than the activation energy required 
for fission. If the spherical nucleus is distorted by a small amount it will tend to 
return to its spherical shape. The nucleus is stable against small amplitude oscil- 
lations because excitation energy associated with these oscillations is less than the 
activation energy needed for fission. If the nucleus is stable against small shape dis- 
tortions, it means that all such distortions tend to decrease E. If we increase the 
oscillation amplitude enough, fission occurs. If this happens it means that E must 
have passed through a maximum and then decreased, that is we must have sur- 
mounted the fission barrier. This maximum value of E will be smaller than for 
any other way. This smallest maximum is what we mean by the fission barrier. 
The corresponding shape of the nucleus is called the critical shape. It is a con- 
figuration of unstable equilibrium. If this distortion is reduced a trifle the nucleus 
moves back toward its original shape, if the distortion is increased a trifle, fission 
occurs. 


6.5.6 Defects of Liquid Drop Model 


Asymmetry in Fission Fragment Mass Distribution The fusion is invariably 
asymmetrical. There are comparatively few fissions which yield products of equal 
masses and the curve (Fig. 6.15) showing percentage yield plotted against mass 
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Fig. 6.15 Fission product 
yields for U235 ; Pu’, u23 
(K. Way and N. Dismuke) 
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number has deep saddle depression in the centre with humps on each side. There 
is no adequate theory for this asymmetry. However, it is observed that the humps 
correspond to fragments with maximum stability. It is possible that more than 
two fragments result. But the probability for this is small. For fast neutrons the 
dip in the curve is less pronounced, indicating that symmetric fission is more 


likely. 


Bohr’s simple theory predicts symmetric distribution of mass. Further, Bohr’s 
theory does not explain the following experimental facts. 


(a) Mass asymmetry decreases with increasing energy. 

(b) The asymmetry is well established as a part of the fission processes and exists 
whether the incident particles are neutrons, protons, alphas or it is the case of 
spontaneous fission. This is true for heavy elements near the uranium region. 
In the case of lighter elements, for example 77°Ra there are three humps unlike 
235U or PBU fission mass spectrum. 

(c) An angular anisotropy of the fission fragments with respect to the incident par- 
ticles is observed in the photo fission of thorium and uranium, in that the fission 
fragments are emitted preferentially perpendicular to the y-ray beam. 

(d) Fission thresholds calculated on liquid drop model fail to agree with the exper- 


imental facts. 


(e) The variation of fission cross-section with energy is not explained. 
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6.5.7 Criticism of Liquid Drop Model 


Lord Rayleigh had derived the formula for the frequency of surface vibration of a 
deformed spherical drop: 


Ara 1/2 
l = E —1)(l + 2] (6.72) 


where M is the mass of the drop, the surface energy E, = as, S = 4r R? for a 
spherical drop, / = integer. The corresponding value for energy in nuclei would be 


E 1/2 
feo, 147 SO? | MeV (6.73) 


This value is somewhat too high to account for most low-lying nuclear states. The 
first excited states for nuclei with mass number A between 100 and 200 have an 
excitation energy of the order of 100 keV, where as (6.73) would predict several 
MeV. The frequencies w; are reduced somewhat by the Coulomb effects. Whereas 
the surface tension increases if the drop in deformed, the Coulomb energy decreases 
upon deformation. This leads to somewhat smaller frequencies for heavier nuclei, 
but is still insufficient to represent the actual level distance. There are very many 
more closely spaced excited states than predicted. If the analogy with a liquid drop 
is valid at all, the surface vibrations must be considered as one very special type 
of nuclear motion. The actual excited states of nuclei correspond very probably to 
much more complicated types. 

If the liquid is considered slightly compressible then compressional waves can 
also be set up in a drop with frequencies much higher than the frequencies of the 
surface waves. 

The effect of the Coulomb field on the surface deformation becomes important 
for large Z. The condition of stability against surface deformation becomes 


Z 
a F <422 (6.74) 


Any nucleus violating this condition should get deformed and finally undergo fis- 
sion. Note that the heaviest nuclei are very close to this limit (Z*/A = 35.5 for 
238U), The condition (6.74) is the main reason for the non-existence of nuclei heav- 
ier than those observed. 

Nuclei for which Z?/A is near its limit, a small perturbation from the outside 
is necessary to induce an instability, that is a breakup of the nucleus. Thus in this 
model nuclei near the limit of Z?/A are easily induced to undergo fission by the 
additional supply of small energy. 

To summarize, the liquid drop model of the nucleus is not very successful in 
describing the actual excited states. It gives too large level distances. It follows that 
the dynamical motions in the nucleus which give rise to the excited states are much 
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more complicated than those envisaged in this model. The liquid drop model is more 
successful when used to determine the stability of ground states against deformation. 
The limit for stability against fission is well reproduced and the underlying idea 
is well supported by the fact that nuclei near this limit show the phenomenon of 
induced fission. 


6.6 The Collective Model or Unified Model 


In this model the concepts of the liquid drop and the shell model are combined. Con- 
sequently, the collective model is able to explain much large experimental data. Both 
collective model and unified model embody the collective effects. However, there 
are certain differences. The unified model is a hybrid of the liquid-drop model and 
distorted-shell model in which nucleons move approximately independently in non- 
spherical potential rather than being strongly coupled as in the case of the liquid- 
drop model. In the collective model, the nucleus is considered to consist of a core 
and extra core particles with the core being treated as a liquid drop. The main as- 
sumption of unified model that differs from that of the independent-particle model 
is that a number of nearly loose particles move in a slowly varying potential that 
originate from nuclear deformation. This deformation in the shape of the nucleus 
leads to excitation modes which are classified as vibrational and rotational. 


6.6.1 Rotational States 


The observed excitations of even-even and odd-A nuclei far away from the closed 
shells indicate level-spacings characteristic of the vibrational and rotational spectra. 
Figure 6.16 shows an example of rotational energy levels for 7°°U. The rotational 
levels show remarkable regularity 


(i) All the levels have the same parity 
(ii) Successive levels have angular momentum increased by 2h 
(iii) Spacing between adjacent levels increases with increasing spin. The energy 
eigen values are given by 


h2 
E;=—J(J+1), J=0,2,4,... 
I= (J +1) 


and J is the rotational inertia associated with the nuclear deformation. Since 
the parity is given by (—1)/, for reasons of symmetry the required parity is 
even and the permissible values are J = 0, 2,4, .... I =0 for spherical nuclei, 
for example the even-even spherical nucleus 7°8Pb, so that it is not expected to 
show rotational spectrum. This is confirmed by experiments. 
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Fig. 6.16 Example of 
rotational energy levels 
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6.6.2 Vibrational States 


In the collective vibrational motion of nucleons, if the frequency of the vibrational 
mode of the core is œw then the corresponding energy is quantized in the units of hw. 
These are analogous to the energy quanta in vibrations of solids, the energy quanta 
being phonons. The vibrational levels are evenly spaced, their energies are in the 
multiples of ha. 


6.6.3 Electric Quadrupole Moments 


The shell model cannot explain quadrupole moments observed in many nuclei. For 
example, the measured reduced quadrupole moment of the middle of the shell nu- 
clei, D Lu is +0.25, where as the single-particle estimate give a value of —0.014. 
The reduced quadrupole moment is given by dividing the quadrupole moment by 
the nuclear charge and the square of the nuclear radius. The single-particle esti- 
mate of quadrupole moment is not only wrong in magnitude but also wrong in 
sign. On the other hand for a doubly magic plus one proton nucleus like Bk 
Qreducea (expt) = —0.014 in good agreement with the shell-model calculated value 
of —0.012. It is therefore concluded that the shell-model is not able to account for 
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the large observed quadrupole moments for the middle of the shell nuclei. Rainwa- 
ter suggested that for the nuclei like !’>Lu, the core is not spherical, as assumed by 
the shell-model, but is permanently deformed by the nucleus in the outer shell. It is 
this deformation that produces large quadrupole moments. 


6.6.4 Shortcomings of the Shell Model 


Inspite of the overwhelming success which the shell model had enjoyed in regard 
to the ground states and low-lying excited states of atomic nuclei, there remained a 
number of problems which were completely inexplicable in terms of the shell model 
of a spherical nucleus. These were concerned with (1) the magnitude of the nuclear 
quadrupole moments, (2) the ground states of odd nuclei in the range 150 < A < 190 
and at A = 220, (3) magnetic moments of certain nuclei, (4) excited states of even- 
even nuclei, (5) probabilities of radiative transitions and nuclear Coulomb excita- 
tions. Rainwater [13] made the first attempt to explain the quadrupole moments by 
pointing out the connection between particle motion and nuclear surface deforma- 
tion. Hill and Wheeler pointed out that the surface oscillations of a heavy nucleus 
are mainly responsible for the fission process which determine the ground state and 
low-lying properties of their ground state. 

Bohr and Mottelson had drawn attention to the striking properties of the spectra 
of heavy even-even nuclei. These nuclei exhibit the spin parity sequence 0+, 27, 
4*,.... The ratio of the energies of the states 2* and 4* is 10/3, and the quadrupole 
transition probabilities are very high. 

A similar spectrum is revealed by the quantum-mechanical rotator (symmetric 
top), for which 


2 
1 
ph IVt ) 


aT (6.75) 


where Z is the moment of inertia of the rotator, and J assumes only even values if 
the body has plane symmetry and intrinsic angular momentum zero. 

In quantum mechanics, the moment of inertia for spherical systems is equal to 
zero. Such a body cannot be set into rotation since all directions are equivalent. For 
small deviations from a spherical form, the moment of inertia is very small and the 
rotational energy would have to be very large. However due to interaction with other 
degrees of freedom, no rotational levels exist. Formula (6.75) shows that the moment 
of inertia should be large which is possible if the nuclear shape differs considerably 
from a sphere. 

Bohr and Mottelson introduced a model of the deformed nucleus based on an 
interaction between the single-particle and the so-called collective degrees of free- 
dom which are the rotational and vibrational degrees of freedom of the nucleus as a 
whole. 
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6.6.5 General Theory of Deformed Nuclei 


A nucleus has number of oscillatory degrees of freedom. The frequency of the vol- 
ume oscillations can be estimated using the Fermi gas model. Assuming equal num- 
ber of neutrons and protons, the Fermi energy is given by the formula 


2/3 
Ep = Pinas = (=) ee 


2m 8 2mr@ 
where ro = qs (6.76) 
For ro = 1.2 fm, E¢ = 33 MeV. Total kinetic energy is given by 
3 
Ekin = goer (6.77) 


For a nucleus in the ground state, the Fermi gas will be in a steady state and so its 
total energy is at its minimum. Now 


3 
Etot => 5 AEF + AV (6.78) 
where V is the nucleon potential energy. Then the first derivative 0 E;o;/0R = 0 


while the second derivative 07 E;ot / dR? = K, the elastic force for volume deforma- 
tion. Hence 


18 (/9n\?? R 1 32V 
=A (6.79) 


K= + 
5 8 2mró R2 0 R2 


As a first approximation, the term ay may be ignored. The energy of the corre- 
sponding oscillation will be 


1 1\ F / 18% 7/7 1\ 1.75EFf 
Thus the minimum excitation energy is ne MeV, or for a heavy nucleus (A = 200), 
hw = 10 MeV. Note that a similar estimate of the volume oscillation energy is 
obtained within the frame work of the liquid drop model. 

Another type of oscillation consists of oscillation of neutrons against protons. 
The excitation energy of such dipole oscillations is of the order of 15 MeV. Such 
oscillations are responsible for the occurrence of giant resonances; Sect. 6.6.9. 

The collective or unified model was developed by Bohr and Mottelson in early 
50’s. We have noted that certain properties of nuclei are explained by the liquid drop 
model and certain others by independent particle shell model and that the underly- 
ing assumptions for these model are diametrically opposite. The truth might lie in 
between. 
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Fig. 6.17 Spectrum of 
y-rays emitted from 732Th 
nuclei excited by collisions 
with 2°8Pb. The regularly 
spaced peaks indicate a 
simple feature of nuclear 
structure [14] 


Counts 


Energy (keV) 


The excited states of a nucleus can be determined by raising it to higher energy 
and measuring the y-ray energy as it cascades down to the ground state. These 
measurements serve the purpose of constructing the energy level diagram. The ex- 
amination of the energy level diagram shows that as we move away from the closed 
shells, the spectra of excited states become more and more complicated, and then 
suddenly become simple again. As an example the lower states of 7°?Th exhibit a 
simple sequence of energies and angular momenta, Fig. 6.17. This is an unexpected 
result from the stand point of the simple shell model Fig. 6.17 shows the spectrum 
of y-rays emitted from 7**Th nuclei excited by collisions with 7°8Pb. The regularly 
spaced peaks indicate the simplicity of nuclear structure. The energy level diagram 
for *°?Th constructed from the y-ray spectrum. It consists of the ground state band 
and the octupole band based on an excited 1|-state [14]. 

The explanation of the said regularity in the observed spectra cannot be given 
in terms of single shell model. In the collective model a number of nearly loose 
particles move in a slowly varying potential that arises from nuclear deformation. 
This deformation leads to modes of excitation which are classified as rotational and 
vibrational. For closed-shell nuclei, the pairing forces are dominant and the nucleus 
retains its spherical shape. However deformation occurs when the additional nu- 
cleons start to fill the unfilled shell outside the closed shell. The nucleus gradually 
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reaches ellipsoidal shape, and the collective motion appears in the form of vibra- 
tional and rotational modes of excitation. 

The failure to explain the quadrupole moment of non-spherical nuclei by the in- 
dependent particle shell model emphasizes the inadequacy of the model. For exam- 
ple, the measured quadrupole moment of !’’Lu is 5.5b—a value which is 25 times 
larger than we could obtain from the simple shell model by considering the orbits of 
particles outside the closed shells and assuming an inert core. This can of course be 
understood using the shell model, but this requires the involvement of so many nu- 
cleons as to render the exercise utterly unnatural. Since the spectra of energy states 
is simple, an equally simple mechanism is called for. The excitations involving the 
motion of nucleons must be described in a correlated or collective way. 

Another phenomenon which points to the collective model is inelastic scatter- 
ing whose cross-section is much larger than that can be explained by assuming that 
the excitation is caused by raising a single nucleon to a higher state. It is mainly 
the collective states that are excited by inelastic scattering. In that case the projec- 
tile interacts with the target nucleus as a whole and not just with one of its con- 
stituent nucleons. This is a collective excitation and is described as a coherent sum 
of many particle-hole excitations. Calculations are made using either the rotational 
or the vibrational models for the wave functions of the nuclear states and a collective 
model for the interaction. Since the interaction is strong, the coupled-channels the- 
ory is used. This takes into account the coupling between various reaction channels. 
A good agreement is found with the measured elastic differential cross-sections of 
a few MeV protons with medium weight nuclei. Thus the data favour the assump- 
tion that many particles are excited together, corresponding to the collective motion. 
Further, the strengths of the y-ray transition probabilities in these nuclei are more 
than hundred times greater than those given by single-particle transition. 

Two types of collective motion are considered (1) rotational states, (2) vibrational 
states. Rotational motion is quite complex in that it is not a rigid-body rotation 
but a rotation of the shape of the deformed surface enclosing free particles. The 
vibrational states of nuclei are formed by flexings of nuclear surface. Both nuclear 
rotational motion and vibrational motion involve orderly displacements of many 
nucleons and both types are therefore classified as nuclear collective motion. 


6.6.6 Rotational Model 


The rotational type of excitation is responsible for the low-lying excited states of 
nuclei with large quadrupole deformations. The frequency of such rotation is low, 
so that to a good approximation the internal motion of nucleons and the rotational 
motion can be treated separately. Countless energy levels have been identified as 
rotational levels. They are recognized by the use of the of the formula for even-even 
nucleus 


_WIST+) 


T — BJ?(J +1), with J =0,2,4,6 (6.81) 


E 
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Fig. 6.18 Energy level 
diagram of He, With 
experimental and calculated 8 1085.3 1085.4 
excitation energies [1] 
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The equation has two adjustable parameters J and B. 

The moment of inertia J is greater than that for a rigid body and increases with 
increasing angular momentum of rotation because of the centrifugal force which is 
taken care of by the second term in (6.81). 

The ground state for the even-even nucleus has J” = 0*. The appropriate statis- 
tics is Bose-Einstein because there is an even number of nucleons in each half of 
the nucleus, and therefore the resulting angular momentum in each half is integral. 
With a 180° rotation, one half is exchanged with the other and the wave function wp 
should be symmetric. We therefore expect a rotational energy-level diagram with 
angular momentum-parity values, J” = 07,27, 47,... for a deformed even-even 
nucleus. 

A symmetrical deformed body is described by the equation 


R(0) = Ro(1 + b2 P2(cos@)) (6.82) 


where Ro is the equilibrium radius of the undeformed spherical body, P2(cos @) is 
the Legendre polynomial of second order, and 2 is the deformation parameter. 

It is found that the ratio //J,jgiq increases with increasing deformation param- 
eter 62. For nuclei with small deformation parameter 62, no rotational spectrum is 
found at all. 

As an example, Fig. 6.18 shows the energy-level diagram of I80Hf with experi- 
mental and calculated excitation energies. 

The excitation energies of the low lying states of an even-even rotational nucleus 
closely follow the formula 


hZJ(J +1 
p PIOU+D 


. J=0,2,4,... (6.75) 
21 


with spacing 2J? /I. The sequences of states conforming to (6.75) are said to form 
rotational bands. Note that they have unequal spacing. 

The expression (6.75) predicts that the ratio of the energies of the first two excited 
states E4/ E2 = 10/3, so this provides a convenient signature of rotational motion. 
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Fig. 6.19 Energies of lowest 
2+ states of even-Z, even-N 
nuclei. The lines connect 
sequences of isotopes 
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Four different properties of even even nuclei that reveal collective behaviour are as 
follows: 


1. Except in regions near closed shells, the energy of the first 2* excited state 
(Fig. 6.19) seems to decrease rather smoothly as function of A. 

2. Figure 6.19 shows that except near the closed shells the ratio of the first two 
excited states E(4+)/E(2*), Fig. 6.20 is roughly 2.0 for nuclei below A = 150 
and very much constant at 3.3 for nuclei between the shell closure at 82, 126 
and 184. They are the rare earth and actinide nuclei, respectively. We will see in 
Sect. 6.6.7, the value of the ratio E4/ E2 for vibrational nuclei is 2. This is evident 
in Fig. 6.20. There is, however, much more scatter around the theoretical value 
compared to the rotational nuclei. This is understood in view of the fact that the 
vibrational nuclei are soft and wobbly and are easily affected by small perturba- 
tion not included in the simple model. On the other hand, rotational nuclei are 
hard and rigid and are not so much affected by small perturbations. 

3. The magnetic moments of the 2* states (Fig. 6.21) are fairly constant in the range 
0.7-1.0. 

4. The electric quadrupole moments, Fig. 6.22, are small for A < 150 and much 
larger for A > 150. 


Thus, there are two types of collective structures, one set of nuclei with A < 150 
are characterized by vibration while the other set of nuclei with 150 < A < 190 
characteristic of rotations. 

We can gain some insight into the structure of deformed nuclei by considering 
the moment of inertia in two extreme cases. First consider the rigid rotation. The 
classical moment of inertia for a uniform ellipsoid of mass M with shape given by 
the lowest power in £ is 


2 
Dus zAMRO( + 0.316) (6.83) 


which reduces to the familiar value for a sphere when 6 = 0. The comparison is 
only classical. A symmetrical spherical quantum mechanical system can not rotate 
at all. Now the expression for the intrinsic quadrupole moment 

3Z 


Qo = zroed + 0.168) (6.84) 
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Fig. 6.20 Ratio of the energies of the first two excited states of many even-even nuclei as a func- 
tion of neutron number N. There are clusters of points about the value 10/3 characteristics of 
rotational nuclei, and to a much less extent around the value 2 characteristic of vibrational nu- 


clei [3] 


Fig. 6.21 Magnetic moments 
of lowest 2+ states of even-Z, 
even-N nuclei. Shell model 
nuclei showing noncollective 
behavior are indicated 


Fig. 6.22 Electric 
quadrupole moments of 
lowest 2* states of even-Z, 
even-N nuclei. The lines 
connect sequences of isotopes 
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Thus Zig and Qo are related through the parameter £. Note that Qo depends on the 
departure from sphericity and vanishes for 6 = 0. The experimental value of Qo can 
be used to determine 6 which in turn enables Iig to be measured. As an example, 
for '’8Hf, Qo = 8.1 x 1074 cm? and the relation Rọ = 1.2A!/° gives 6 ~ 0.3. It 
follows that fo = 3 keV. This is to be compared with the experimental value of 
15.5 keV. Thus the rigid body approximation overestimates the moment of inertia by 
a large factor. In the other extreme the nucleus may be considered as a frictionless 
fluid in the deformed envelope. If the envelope rotates, only the outer regions of the 
fluid rotate, the central part remaining stationary. In that case the moment of inertia 
is given by 


9 
I fluid = zz AM ROB (6.85) 


which gives wes = 60 keV for !8Hf. 

Thus the experimental values of moment of inertia lie between the two extremes 
that is Zig > I > Ifluia. The experimental values of the moment of inertia deter- 
mined from the rotational energy states vary from 0.2 to 0.5 of Iig for nuclei in 
the rare earth region. That the rotational behaviour is intermediate between a rigid 
object, in which the particles are tightly bonded together and a fluid in which the 
particles are weakly bonded, is ascribed to the short range strong forces between a 
nucleon ad its immediate neighbors only and the absence of long range force that 
characterizes the rigid body, secondly the lack of rigidity of nucleus from the in- 
crease in moment of inertia at higher angular momentum or rotational frequency. 
This effect known as ‘centrifugal stretching’ is seen frequently in heavy-ion reac- 
tions. 

Many nuclei, particularly in the rare earth and actinide regions can have excited 
states characterized by more complicated deformation than the ellipsoidal 


R(O) = Ro(1 + B2p2() + b3 p3(0) + Bapa(@) +--+) (6.86) 


where 62, 63, 64 are the quadrupole, octupole and hexadecapole deformation pa- 
rameters. 

Let us examine the concept of the shape of a rotating nucleus. The average kinetic 
energy of a nucleon in a nucleus is of the order of 20 MeV, corresponding to a 
speed of ~0.2c. The angular velocity of a rotating state is œ = ./2E/I where E is 
the energy of the state. For the first rotational state, œ ~ 107° rad/s and a nucleon 
near the surface would rotate with a tangential speed of v ~ 0.002c. The rotational 
motion is therefore far slower than the internal motion. The correct picture of a 
rotating deformed nucleus is therefore a stable equilibrium shape determined by 
nucleons in rapid internal motion in the nuclear potential, with the particles rotating 
so slowly that their rotation has little effect on the nuclear structure or on the nucleon 
orbits. 
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The rotational energies are of the order of a few keV’s (h7/2I ~ 10-20 keV) 
while the vibrational states and particle states occur at energies of about 1 MeV. 

As the angular velocity of rotation of a nucleus is increased there comes a stage 
when the centrifugal forces overcome the attractive forces that hold the nucleus 
together and the nucleus is ruptured into two pieces as in fission. The value of the 
angular momentum /,,;; at which this occurs can be estimated using the liquid drop 
model. 

Both the vibrational and rotational collective motions give rise to the magnetic 
moment of the nucleus. The movement of the protons may be considered as an elec- 
tric current, and a single proton moving with angular momentum quantum number 
l would give a magnetic moment u = lun. We assume that the neutrons do not 
contribute to the magnetic moment from the collective motion and that the protons 
and neutrons are all coupled pairwise so that the spin magnetic moments also do not 
contribute. We then expect the protons to contribute a fraction Z/A to the total nu- 
clear angular momentum. The collective model therefore predicts for the magnetic 
moment of a vibrational or rotational state of angular momentum J 


Z 
u(J)= JPN (6.87) 
For light nuclei, Z/A ~ 0.5 and u(Z) ~ +1uy, while for heaver nuclei, Z/A ~ 0.4 
and u(Z) = +0.8uy. Figure 6.21 shows, barring the closed shell nuclei (for which 
the collective model is not valid any way) the magnetic moments of the 2* states 
are in good agreement with this prediction. 


6.6.7 Vibrational Model 


The second mode of collective excitation is that of vibration. The nucleus is consid- 
ered as a dynamic system which can perform small oscillations about the equilib- 
rium shape. The oscillations can be described in terms of normal modes which for 
small amplitudes can be assumed to be independent. Since the energies involved in 
vibrational excitations are of the order of several hundred keV to MeV, the cou- 
pling between the vibrational and intrinsic motions need no longer be weak as 
was the case with rotational motion. We should not, therefore, expect as good an 
agreement for the vibrational spectra with the experiment compared to the rota- 
tional spectra. Unlike the rotational spectra, the vibrational spectra can be exhibited 
by spherically symmetric nuclei as well. As we move away from the closed shell 
nuclei, the nucleons outside the core make them easily deformable so that they 
may be set into vibrational mode. The quanta of energy involved in these vibra- 
tions are called phonons by analogy with the quanta of atomic vibrations in crys- 
tals. 

The vibrational states are known to occur not only among spherical even-even 
nuclei but also among deformed nuclei. 
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Fig. 6.23 A vibrating 
nucleus with a spherical 
equilibrium shape with 
instantaneous coordinate R(t) 
locate at a point on the 
surface in the direction (0, @) 


6.6.8 Collective Oscillations 


The nucleus is considered as an incompressible liquid drop with a sharp surface. If 
Ro is the radius of the nucleus which is spherical, the equation for its surface can be 
written as 


R) = Rol 1 $Y ony Yau O, 6)| (6.88) 


Ase 


where Y;,, are the spherical harmonics. R(t) is the instantaneous coordinate of a 
point on the nuclear surface at (0, ġ) as shown is Fig. 6.23. 

Each spherical harmonic component will have an amplitude a,,(t). They are 
also the deformation parameters which determine the nuclear shape. The subscript 
u takes the values —à to +A, so that there are 2A + 1 modes of deformation of 
order A. The a,, are not completely arbitrary, reflection symmetry requires that 
Œu = @,—,. Further, under the assumption that the nuclear fluid is incompressible, 
the deformation of order A = 1 is equivalent to a translation of the whole system that 
is the net displacement of the centre of mass is zero and is irrelevant to a vibration, 
Fig. 6.24. The lowest mode of surface deformation corresponds to quadrupole mode 
(A = 2). For à = 2, the five values of u = —2 to +2 correspond to five independent 
modes which represent ellipsoidal shapes. The mode with u = 0 (for all A values) 
has symmetry with respect to arbitrary rotation about the z-axis and therefore rep- 
resents an axially symmetric nuclear shape. 

The surface oscillations are caused by the variation of deformation parameters 
,,., Which although quantum mechanical, may be treated classically and as time 
dependent. The surface oscillation gives rise to the collection transport of nuclear 
matter within the nucleus. The kinetic energy T of nuclear mass transport in the 
nucleus is 


1 ; 
T= 5 2 Balant? (6.89) 


where B, corresponds to the moment of inertia of the nucleus with respect to 
changes in deformation and is calculated under the assumption of irrotational flow 
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Fig. 6.24 The lowest four vibrations of a nucleus. In each diagram a slice through the midplane 


is shown. The dashed lines show the spherical equilibrium shape and the solid lines show an 
instantaneous view of the vibrating surface 


R? 
Ta (6.90) 
À 
where C, is the density of nuclear matter. 
The potential energy for collective motion is 
1 2 
V= D (6.91) 


where C, are the deformability coefficients which represent the resistance of the 
nucleus against deformation. The total Hamiltonian H is given by 


H=Eo+) Hu (6.92) 
À, 
where 
1 „2,1l 2 
Hyu = z Palu] + z Calan, yl (6.93) 


and Ep is the energy of the nucleus for a spherically symmetric shape. The C} has 
been determined by Bohr and Wheeler and is given by 


— 1 10 
C = —— | (A+2)E; — ———E, 6.94 
À Ay [ + ) S 2+1 | ( ) 


where E, and Ee are the surface and Coulomb energies, respectively for a spherical 
shape. The classical frequency of oscillation œw, is given by 


w=, | = (6.95) 


The Hamiltonian (6.92) can be quantized whose energy eigen values (energy levels) 
are the harmonic-oscillator energies: 
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Fig. 6.25 Multi-phonon J" 
quadrupole spectrum. nz is 3 O29 3.4 6 
the phonon number. J? are 
the possible angular momenta he, 
and parity [8] 
2 0.2.4 
na 
1 2* 
he, 
nzo i 
E=Eo+) (m+ Yh (6.96) 
= ny = w . 
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where nau is the number of oscillators or phonons in the àu-mode of oscillation. 
From (6.94), (6.95) and (6.90), the excitation energy for the àu mode, neglecting 
Coulomb energy is 
1 3 /2 
Ro, = DUZ MeV (6.97) 
For low lying states it is sufficient to consider only small values of 4 as the frequency 
of the emitted radiation w3 (for A = 3) is ~2w2 and w4 = 3a. 

For surface oscillations A > 2, the angular momentum of a phonon in the state Aj 
is A, its z-component being u, and the parity is (—1)*. Consequently the spin and 
parity of the ground and first excited state should be respectively 0* and 2*, which 
have been confirmed by experiments for even-even nuclei. The spin and parity of the 
second excited state can be obtained from the consideration that the energy of one 
à = 3 phonon is approximately equal to the energy of two A = 2 phonons. Hence the 
spin and parity of the second excited state are 3~ or any of the values 0, 2+, and 4 
obtained from the combination of two angular momenta of two units. Experiments 
give the values 2+, some times 4* and less frequently 37. 

Equation (6.92) shows that the energy of the y-rays emitted should decrease with 
increasing mass number, which is supported by experimental observation. Com- 
pared to the single-particle model, the collection oscillations causing the electric 
quadrupole transition between the first excited state and the ground state should be 
stronger since a large number of nucleons are involved. 

Experiments show that the E> transition is invariably atleast one order of magni- 
tude large than the predictions of the shell model. 

A typical multiphonon quadrupole spectrum is shown in Fig. 6.25, indicating the 
excitation of one, two, three ... phonons. Residual interactions not included in the 
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Fig. 6.26 £6 and y vibrations 
of a distorted nucleus. The 
symmetry axis OZ' is shown 
and the diagrams at the right 
are sections in the equatorial 
plane. The full line is the 
equilibrium contour, the 
dotted line is one extreme 
excursion. The arrow shows 
the direction of rotation in a 
rotational band [2] 


B-vibration 


y-vibration 


model remove the degeneracy of the phonon multiplets and enable the individual 
states to be identified. 

Deformed nuclei can also vibrate and in this case the vibrations are of two types, 
called 6 and y, depending on the projection jz of the phonon angular momentum 
along the symmetry axis. 6-vibrations characterised by u = 0, preserve the axis of 
symmetry, while the y-vibrations with = 2, do not, Fig. 6.26. Rotational bands 
can be associated with each of these vibrational states, similar to rotation-vibrational 
levels in molecular spectroscopy. These are classified as 6 and y bands. 


6.6.9 Giant Resonances 


ß and y vibrations were first detected in the measurement of cross-section of 
(y, p) and (y,n) reactions, which revealed pronounced resonances, with a few 
MeV width, Fig. 6.27. These are known as giant resonances and are found to oc- 
cur in all but the lightest nuclei. Their characteristics are mainly determined by 
the bulk properties of the nuclei. They are interpreted as collective vibrations of 
protons relative to neutrons. The incident y-rays are assumed to provide an os- 
cillating electric field that exerts a force on the charged protons but not on the 
uncharged neutrons, causing the protons to be pulled away from the neutrons. 
When this force is switched off the protons and neutrons come together again. 
If the y-ray frequency coincides with their natural oscillation then resonance oc- 
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Fig. 6.27 Cross-section for the (y, n) reaction on 7°°Pb showing the giant diapole resonance at 
14 MeV [15] 


curs, leading to a peak in the cross-section of any reaction of y-rays with the nu- 
cleus. 


6.6.10 Nilsson Model 


In this approach the single-particle and collective aspects of nuclear structure are 
unified by deforming the single particle potential. Nilsson’s model is similar to that 
of the shell model except that the potential is deformed. The energies of single 
particle states are calculated by using an anharmonic oscillator potential. The levels 
in a spheroidal well have been calculated by a number of authors. The calculations 
by Nilsson are the best known. 

In his calculations [11] used a Hamiltonian of the form 


H = Hiin + 5 Lot (x? +y?) +0322] + C1- S+ DP (6.98) 


Such a Hamiltonian is characterized by axial symmetry, and differs from an oscilla- 
tor potential with spin-orbit interaction by the inclusion of an anisotropy and by the 
term proportional to /7. The potential is axially symmetric. The z-axis is taken along 
the symmetry axis. The frequency w in the harmonic oscillator potential is taken as 
@, along x and y axes, and œ along z-axis. 

By virtue of the term DI? (D is negative), the potential effectively decreases 
for large orbital angular momenta, particularly at large distance, which leads to a 
lowering of the corresponding states. 
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The frequencies w; and œw are connected with the frequency wọ by means of the 
deformation parameter, according to the formulae 


3 (6.99) 

2 2 

= 1— =ô 
o3 = o9(1- $8) 
The quantity ô is very simply related to the deformation parameter 62 
pe | oh. os 

ô = ~,/ — Bo =0.95f2 (6.100) 

2V 4m 


The incompressibility of nuclear matter (constancy of volume) gives us the relation 
W102 = w (6.101) 


In (6.98) the constant C determines the strength of the spin-orbit coupling. The 
term DI? lowers the energy of the large angular momentum states. Both C and D 
are negative. 

The deformed potential is governed by four parameters wo, C, D and ô. Of these 
ô only depends on the nuclear shape. Now 


_ AR, 


a+b 
= 


ô Ro and AR=b-a 
where a and b are the semi-axis of a homogeneously charged ellipsoid with charge 


Ze (b along z-axis), then the quadrupole moment 


Q = = 2(b? — a?) = ZR (6.102) 
Measurement of Q yields ô and hence £2. The other three parameters (wo, C, D) are 
practically shape-independent. They are determined from levels of spherical nuclei 
for which f2 = 0. Once wo, C and D are determined the energy eigen values can 
be explored as a function of the deformation parameter 62. For 62 = 0 (spherical 
nuclear shape) the energy levels agree to these shown in Table 6.3, and they can be 
labeled by quantum numbers A, / and j. For a non-spherical potential, the angular 
momentum / is no longer a “good” quantum number, that is we cannot identify 
states by their spectroscopic notation (s, p,d, f, etc.) as was done for the spherical 
shell model. To put it differently, we have to deal with mixtures of different / values 
but belonging to the same parity, that is even or odd. 

In the cases of spherical potential, the energy levels of each single particle state 
have a degeneracy of (2j + 1), that is relative to any arbitrary choice, all 2j + 1 
possible orientations of j are equivalent. For a deformed shape this is no longer 
valid. The energy levels depend on the spatial orientation of the orbit. To be more 
precise, the energy depends on the component of j along the symmetry axis of the 
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Fig. 6.28 Single-particle orbits with j = 7/2 and their possible projections along the symmetry 
axis, for prolate (left) and oblate (right) deformations. The possible projections are 2; = 1/2, 
Q = 3/2, 23 = 5/2 and 4 = 7/2. (For clarity, only the positive projections are shown.) Note 
that in the prolate case, orbit 1 lies closest (on the average) to the core and will interact most 
strongly with the core; in the oblate case, it is orbit 4 that has the strongest interaction with the core 
(Krane) 


core. For example an f7/2 nucleon can have eight possible components of j, ranging 
from —7/2 to +7/2. This component of j along the symmetry axis is generally 
denoted by 42. On account of the reflection symmetry the components +92 and — 2 
will have the same energy, giving the levels a degeneracy of 2. In general number of 
Q values will be 5(2 j + 1). Thus, in our example the 7/2 state splits up into four 


states which are labeled as (2 = }, 3, 2, 5, all with negative parity. 

Figure 6.28 indicates different possible“orbits” of the odd particle for prolate and 
oblate deformations. For prolate deformations, the orbit with the smallest possible 
Q (here 1/2) interacts most strongly with the core and is thus more tightly bound 
and lowest in energy. On the other hand, for oblate deformations the orbit with max- 
imum {2 (equal to j, here 7/2) has the strongest interaction with the core and is in 
the lowest energy. For finite deformation, the only constant of motion of the Hamil- 
tonian (6.98) are the parity and §2, the projection of j = l + s along the symmetry 
axis z. However, for an infinite deformation the terms l- s and /7 become negligible 
in comparison to the deformation term and the Hamiltonian has cylindrical sym- 
metry. Thus the wave functions are asymptotically characterized by the quantum 
numbers A, nz, A, where n; is the number of nodal planes in the z-direction and A 
is the component of / along z. The coupling scheme indicating the nucleon angular 
momenta and their projection along the symmetry axis for nucleon moving in the 
deformed axially symmetric potential is shown in Fig. 6.29. 

Since the eigen values of the energy vary continuously with 62 and so do the 
wave functions, each wave function may be characterized by the quantum numbers 
92” (A,nz, A) where the numbers in parentheses, which become good quantum 
numbers only for infinite 62, are called asymptotic quantum numbers. The lower 
energy levels in the axially deformed potential are shown in Fig. 6.30 as a function 
of the deformation parameter. Note that just as the spin-orbit potential breaks the 
degeneracy of the major shells, so the deformation breaks the degeneracies of the 
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Fig. 6.29 Coupling scheme 
indicating various angular 
momenta (l, s)j and their 
projection (A, X)2 on the 
symmetry axis (z-axis) for a 
particle moving in a deformed 
axially symmetric potential 


Fig. 6.30 Energy (301) 
eigenvalues fwo in units of Se 5/2(303) 
fo plotted against the i aa aoe 
deformation parameter X X : j j 3/2(312) 
for the Nilsson model in the ` ya 3 ) 
oscillator shells ‘A(310) 
N = 1,2 and 3. These energy §/2(312) 
levels are to be associated %(321) 
with odd-neutron or -proton 3/2(321) 
nuclei in the 1 pm2s—ld and 3/2(202) 
2p-1 f shells [7] ò n 
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magnetic quantum numbers. The nucleon states labeled with the quantum numbers 
(A, nz, A are also shown in Fig. 6.30. The positive deformations correspond to 
probate ellipsoids and negative ones for oblate ellipsoids. 

For small 6 the scheme is close to that of a spherical nucleus. Each state with 
given j and z is resolved into a number of substates characterized by 92 and by the 
parity. Already for very small deformations, terms which arise from various values 
of j for aspherical nucleus, cross. Furthermore, an interaction occurs between levels 
of different origin but with the same 2 and z. 
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From the knowledge of nuclear deformation it is possible to successfully predict 
the spins and parities of the ground states for odd-A nuclei, using Nilsson diagrams. 
It is also possible to predict ground-state moments. Low-lying excited states can 
also be successfully predicted. 


Example 6.2 Deduce that with € = 0.72 MeV and y = 23 MeV the ratio Zpin/A = 
0.5 and a for typical light nuclei and for heavy nuclei respectively. 


Solution 


Zmin 0.5 1 1 


A 1+0.25A2/3e/y 2+ (0.5 x 0.72/23)A2/3  2+0.0156A2/ 


For light nuclei the second term in the denominator is small in comparison with 2.0, 
so that Zmin/ A — 0.5. For heavy nuclei, typically A ~ 100 and Zmin/A —> 0.43. 


Example 6.3 For large A it is found that B/A = 9.402 — 7.7 x 107°A. 
Given that the binding energy of alpha particles is 28.3 MeV. Determine A above 
which alpha emission becomes imminent. 


Solution The condition to be satisfied is 
B(A — 4) + B(a) > B(A) 
Using 
B(A) = (9.402 — 7.7 x 10° A)A 
B(A — 4) = [ (9.402 —7.7 x 107°) (A —4)|(4- 4) 
B(a) = 28.3 


and solving, we find A > 151. 


Example 6.4 For the nucleus !°O the neutron and proton separation energies are 
15.7 and 12.2 MeV respectively. Estimate rp assuming that the particles are removed 
from its surface and that the difference in separation energies is due to the Coulomb 
potential energy of the proton. 


Solution 
se 
= 1.44 MeV fm 
4T E0 
3 e 3/ e \QZ-1 
penah = aa E Ea ) 
5 4r egoR 5 4r Eeo R 


3.5R = 0.6 x 1.44(2 x 8 — 1) 
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R=3.7 fm 
R 3.7 


Example 6.5 The shell model energy levels are in the following way [15 /2][1 3/2, 
1 py2)(1d5/2, 2851/2, 143/2)01 f7/2)[2p3/2, 1f5/2, 2P1/2, 189/2)[197/2, 2d5/2, 23/2, 
3581/2, 1h1/2]--- Assuming that the shell are filled in the order written, what spins 
and parities should be expected for the ground state of the following nuclei? Ge 
16, 17n 39¢ 45 

g0, 80, 19K, 2156. 
Solution 


Ti Spin comes from the third proton in p3/2 state. Hence J7” = FC. l=1) 
TO; This a doubly magic nucleus, J” = 0* 
0: Spin comes from the 9th neutron is d5/2 state. Hence J” = as 1 =2) 

3+ 


oK: Spin comes from the proton in shell minus hole in d3/2 state hence J” = 5 


Bile Spin comes from the 21st proton in the 7/5 state. Hence J7 = = 


Example 6.6 Find the gap between the 1 p1/2 and 1ds5/2 neutron shells for nuclei 
with mass number A ~ 16 from the total binding energy of the !°O (111.9556 MeV), 
160 (127.6193 MeV) and 17O (131.7627 MeV) atoms. 


Solution The !°O nucleus may be considered as the '°O nucleus with a deficit 
neutron in the 1 P}/2 shell. The energy of this level is then B('50) — B(!60). An 
170 nucleus may be considered as an !°O nucleus with an additional neutron in the 
1 f5/2 shell, the energy of this level being B('®O) — B('70). The gap between the 
shells is thus 


E(1 fs/2) — E(1P1/2) = B('®O) — B('70) — [B(°0) — B('%0)] 
= 2B('°0) — B(" O) — B(°0) 
= 2 x 127.6193 — 131.7627 — 111.9556 
= 11.52 MeV 


Example 6.7 Compute the expected shell-model quadrupole moment of 
209Bi(97 /2). 


Solution The single-particle quadrupole moment of an odd proton in a shell- 
model state j 


For a uniformly charged sphere, (r?) = 2R? = žr A73, Using j = 9/2, ro = 
1.2 fm, A = 209, we find Q = —0.25b. This value may be compared with the ob- 


served value of —0.37b. 
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Example 6.8 The masses of '3N and '20 are 15.000108u and 15.003070u respec- 
tively. The masses of neutron and proton are 1.008665u and 1.007825u respectively. 
Find the Coulomb’s coefficient a, in the semi-empirical mass formula. 


Solution For mirror nuclei 
Mz+ı — Mz = Mp — Mn +a, AP 
B (15.00307 — 15.000108 + 1.008665 — 1.007825)931.5 
dc a: oo B, 
= 0.58 MeV 


Example 6.9 The chlorine isotope of mass number 33 decays by positron emission 


as follows: cl > aS + B* + u and the maximum positron energy is 4.3 MeV. 


Calculate ro from these data. 


Solution 
AE, = (Mn — Mp T Me)? + Emax 
= 1.29 + 4.3 = 5.59 MeV 


3@(2Z—1) _ 0.6 x 1.44 x 33 
= 5 4neoR 1933)! 
ro = 1.59 fm 


AE, = 5.59 


Example 6.10 Determine the most stable isobar with mass number A = 64. 


Solution 
EPRE 
2+0.015A2/3 
2+0.015 x 642/3 
Zo = 29 


Example 6.11 Using the Fermi gas model show that the Fermi pressure is given by 
p= A pn Er, where py is the nucleon density. 


Solution At constant entropy S, the pressure is given by the thermodynamic rela- 


tion 
7 ðU 
PSAI 


where V is the volume and U is the internal energy of the system. 


U=Ż2AE 
25 F 
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= 3 EF 
P=- 3^ av 
From the gas model 
V (prn)? V(pr(p)) 
= ——;_ z; Z = ————— 
37h? 37h 


Neutrons and protons, respectively, pr(n)and pr(p) are the Fermi momenta for 
neutrons and protons. 
For N=Z=A/2 


_ 2Vp} V(2ME,f)?/? 


— 372h3 32h 
OEF 2 EF 
aF 37V 
p= a E 
5V 5 


6.7 Questions 
6.1 Give important applications of the Fermi gas model. 
6.2 What is the evidence to support the reality of Fermi momentum? 


6.3 Derive an expression for the total kinetic energy of all the proton in terms of 
the maximum Fermi energy (Ep). 


6.4 Write down the semi-empirical mass formula and identify various terms. 
6.5 Why does fission occur with thermal neutrons in ?5U but not in 8U? 
6.6 How is the asymmetric fission explained? 


6.7 Show that the Coulomb energy of a uniformly charged sphere with total charge 


2: 
QO and radius R is 31g 2 ql. 


6.8 The spins and parities of the ground and four excited states of 207Pþ are: (7), 
1/2(—), 5/2(—), 3/2(—), 13/2(+), 7/2(—). Comment on the shell model descrip- 
tion of these states. 


6.9 Review briefly the evidence for a shell model of the nucleus. 
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6.10 Explain how a shell model uses potentials such as a square well and a har- 
monic oscillator to try and predict the magic numbers. 


6.11 Explain how the spins, parities and magnetic moments of a nucleus in both 
the ground state and excited states may be predicted by the shell model and give 
three nuclei as examples. 

6.12 Briefly outline the merits and defects of the shell model. 

6.13 What are magic numbers? Explain. 


6.14 What are Schmidt lines? How are they explained? 


6.15 What is the reason for the J = l + 1/2 state to lie deeper than the J =l — 1/2 
state in a nucleus? 


6.16 The Q-value for fission reaction is positive. What prevents ?SU from under- 
going spontaneous fission? 


6.17 What are the predictions of the collective model of the nucleus, and how far 
have they been verified? 


6.18 Many of the nuclei which are long lived isomer states have N or Z in the 
ranges 39---49 and 69---81. Explain. 


6.19 Write down the shell model state of the odd nucleon in (a) Mg, (b) Cu. 


6.20 Draw the energy level diagrams, showing the filling of the levels by neutron 
and protons in (a) JLi, (b) Anca 


6.21 How is the spacing in the rotation and vibration energy level differ? 


6.22 What is a giant dipole resonance? 


6.8 Problems 


6.1 The empirical mass formula (neglecting a term representing the odd-even ef- 
fect) is 


M(A, Z) = Z(mp + me) + (A — Z) my — «A + BA? 
+ y(A—2Z)*/At+eZ?A 3 
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where g, 6, y and € are constants. Show that the most stable isobar is characterized 
by 


Zmin = 0.5A(1 +0.25A77¢/y) | 


for the value of Z which corresponds to the most stable nucleus for a set of isobars 
of mass number A. 


6.2 3Mg undergoes positron decay to the mirror nucleus a Na. If Emax of positron 
is 3.5 MeV show that ro = 1.6 fm. 
[Ans. 1.63 fm] 


6.3 Use the shell model to determine the spin and parity of the ground states of the 
nuclei 


(a) 3He 
(b) Ne 
(c) 7 Al 


[Ans. (a) : , (b) x (c) 5, ] 


6.4 Show that the electrostatic energy of a uniformly charged sphere of radius R is 
(3)(Q? /R) where Q is the total charge of the sphere. 


6.5 Consider a proton as a uniform solid sphere of radius R = 1 fm. 


(a) what angular velocity is needed to give it an angular momentum of h. 
(b) what rotational kinetic energy does it correspond to? 


[Ans. (a) 1.57 x 1073 rads~!, (b) 8.2 x 107!9 J] 


6.6 Show that for a homogeneous ellipsoid of semi axes a, a, b the quadrupole 
moment is given by Q = G)? —a’). 


6.7 Show that for a rotational ellipsoid of small eccentricity and uniform charge 
density, the quadrupole moment is given by Q = (2)Z RAR. 


6.8 With the mass formula calculate the energy that is released in the binary fission 
of uranium. 
[Ans. ~170 MeV] 


6.9 For nuclei with atomic mass number A greater than 100, the average binding 
energy per nucleon is given by the approximate expression. 


B 
z ~ 8.97 — 0.0068 A MeV 


Given that the binding energy of the alpha as particle is 28.3 MeV, estimate the 
minimum atomic mass number for which alpha decay is energetically possible. 
[Ans. 142] 
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6.10 The masses of the mirror nuclei Al and ol are 26.981539 and 26.986704 
respectively, the neutron and proton masses are 1.008665u and 1.007825u respec- 
tively. Determine the Coulomb’s coefficient in the semi-empirical mass formula. 
[Ans. 0.62 MeV] 


6.11 Si and Al are mirror nuclei. The former is a positron emitter with Emax = 
3.48 MeV. Determine ro. 
[Ans. 1.63 fm] 
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Chapter 7 
Nuclear Reactions 


7.1 Types of Reactions 


In the collision of two particles different processes may take place. A typical nuclear 
reaction may be written as 


a+X—>b+Y+O (7.1) 


where X represents the target nucleus ‘a’ the projectile, while Y is the residual 
nucleus (unobserved) and b is the particle observed. For brevity this reaction may 
be written, X (a, b)y. Isotopes are indicated by the use of their mass number as a 
superscript on the left of the chemical symbol. Special symbols are used to designate 
elementary particles, and some of the light nuclei; for example, e for electron, p for 
proton, n for neutron, d or 2H for deuteron, ¢ or 7H for triton, œ or *He for alpha 
particle, y for photon or gamma ray, 7 for pion, u for muon etc. Sometimes, b or y 
may be produced in an excited state. This is indicated by the use of an asterisk, Y* 
etc. 

The symbol Q in (7.1) is the energy released in a reaction; if both b and y are left 
in the ground state, this is denoted by Qo. If Q 4 0, it means that a part of kinetic 
energy has gone into excitation energy and/or new type of nuclei. If E ¢ and E; are 
the total kinetic energy in the final and initial state, then 


Q= Eş- Ei (1.2) 


If Q is positive, the reaction is said to be exoergic (or exothermic as in chemi- 
cal reactions) and a negative value of Q signifies that the reaction is endoergic or 
endothermic. In this case a definite minimum kinetic energy, called the threshold 
energy is required for the projectile to initiate the reaction. The threshold energy 
needed is equal to — Q in the centre of mass system. 

If Q = 0, then it represents elastic scattering in which case total kinetic energy is 
conserved. Given enough energy for the bombarding particle a collision may result 
in more than two particles in the final state. At sufficiently high energy a collision 
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may result in an appreciable number of reaction products, called a spallation re- 
action, although the break-up of a nucleus into all the constituents is an unlikely 
event. 

There are several major types of reactions. 


(i) Elastic Scattering Here b= a and y = x. The internal states are unchanged so 
that Q = 0 and the kinetic energy of the particles in the CMS is unchanged before 
and after the scattering. In general 


a+x—>a+x 
for example 
n+/Lion+/Li or ‘Li(n,n)/Li 


(ii) Inelastic Scattering Here b = a, but ‘X’ is raised to an excited state, Y = X*, 
so that Q = — Ex, where Ex is the excitation of the state. Since “a” is emitted with 
reduced energy, it is usually written as a’ 


a+X—>a'4+X*- E, 
For example 
10B + æ > 10p* +o’ 
or 
10B (~, a’)!°B* (1.3) 


If ‘a’ is itself a complex nucleus, it may get excited instead of the target, or both 
may be excited. An example of the latter is 


12C + 160 > Pc + 160% (1.4) 


Gii) Nuclear Reaction Here b 4a and y Æ x so that there is a rearrangement of the 
constituent nucleons between the colliding pair, known as transmutation. A number 
of possibilities are open; x +a —> Yı +b1ı + Q1 or > Y2 + b2 + Q2 etc. Examples 
are 


œa + B > Cp (7.5) 
2 Mg + 4N > 27Mg + 3N (1.6) 
TLi+ p —>'Be+n (7.7) 


(iv) Capture Reactions This is a special case of class (iii); the pair x + a coalesce, 
forming a compound system in an excited state which decays via one or more 


y -rays, 
xta>C>C+y+Q (7.8) 
For example 


197 au(p, y) Hg (7.9) 
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(v) Fission A neutron absorbed by a heavy nucleus like 7°>U causes the nucleus to 
split it into two and sometimes three large fragments with the emission of a few 
neutrons. An example is 


n+?>U > Ba +” Kr + 3n + 189 MeV (7.10) 


The energy released is much greater than in other types of reactions. Fission can 
also be caused by other projectiles like p, œ or pions. 

(vi) Other Reactions If sufficient energy is available then in the final state there can 
be more than two particles. In general, x +a > y +b + c + Q. For example 


at+%Cas p+a'+”K or “Ca(a, a’ p)?K (7.11) 


The bombarding particle and the target particle a + x constitute the entrance chan- 
nel, while the products such as b + y form the exit channel. Open channels are 
those which are energetically available. 


7.2 Energy and Mass Balance 


Q-value has been defined as the energy that is released. Hence it is the change in 
the sum of the kinetic energies of the colliding particles and the reaction products 


Ey;—-E; =O (7.12) 


The Q-value can also be expressed in terms of the rest masses of the particles and 
using the relativistic relation E = mc2. Consider the reaction X (a, b)Y 


mx +g =my +m + 5 (7.13) 


where m; is the mass of the ith particle. 
Alternatively, Q is equal to the change in the binding energies B; of the particles 


By + By = By + Ba t+ Q (7.14) 


For an elementary particle, such as a nucleon we regard B; = 0 in this equation. 
Further (7.13) says that the sum of masses in the initial state is heavier then that in 
the final state. On the other hand, (7.14) says that the particles in the initial state are 
less tightly bound than those in the final state in case of exoergic reactions and more 
tightly bound in the entrance channel that those in the exit channel for endoergic 
reactions. Obviously Q-value deduced from (7.13) or (7.14) must be identical. As 
an example consider the reaction 


d+d—>?*He+n+Q (7.15) 


428 7 Nuclear Reactions 


By (7.13) 
Q = [2m4 — (mye + Mmn)] x 931.5 MeV 
= [2 x 2.014102 — (3.016030 + 1.008665)] x 931.5 
= 3.27 MeV 
By (7.14) 


Q = (Baye + Bn) — 2Ba 
= (7.712 +0) — 2 x 2.225 
= 3.27 MeV 


It is noteworthy that in nuclear reactions the energies evolved or absorbed are of 
the order of a few MeV while those in chemical reactions they are of the order 
of a few eV. This is closely connected with the fact that nuclear reactions involve 
rearrangement of nucleons whose binding energy is of the order of a few MeV, while 
chemical reactions involve rearrangement of atoms in molecules whose dissociation 
energy is of the order of a few eV. 


7.3 Conservation Laws for Nuclear Reactions 


The conservation laws may be stated and explained with reference to a specific 
example 


19B + 5He > IH + 2C (7.16) 


(i) Charge Total charge is conserved in every type of reaction. In !°B(«, p)!?C; 
there are seven protons initially, and also in the products of the reaction. In all such 
reactions, we may for brevity write 


yi = const (7.17) 
e 


where e is the electronic charge. 

(ii) Mass Number The total number of nucleons entering and leaving the reaction 
is constant. In the above example there are fourteen nucleons initially and in the 
products of the reaction. In general we may write 


X A = const (7.18) 


(iii) Statistics Both sides of a reaction such as (7.16) involve the same total number 
of fermions, hence the statistics is either Fermi-Dirac through out (for odd X A) or 
Bose-Einstein throughout (for even X A). In our example Bose-Einstein statistics 
will be applicable 
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(iv) Angular Momentum The total nuclear angular momentum is always a constant 
of motion. In our example !°B has nuclear spin J = 3, while œ particle has spin 
zero. If the initial capture takes place by a s-wave, that is l; = 0, then the total 
angular momentum is also 3. Now, in the final state both 'H and !3C have nuclear 
spin 1/2, which add up vectorially to 0 or 1. The mutual angular momentum of 'H 
and !3C is restricted to lF = 2, 3 or 4. 

(v) Parity As nuclear reactions are actuated by strong forces, total parity is con- 
served. The parity of a system is given by the product of the parity of its com- 
ponents. In our example if low energy alphas are used, then only s-waves (/ = 0) 
are involved in the collision process. Hence the contribution from orbital angular 
momentum will be (—1)/ = (—1)° = +1. Shell model indicates that the parity of 
the ground level of '°B and *He is even while that of '°C is odd. Hence the total 
parity of the system in the initial state is even. In the final state proton has even 
parity while '°C in the ground state has odd parity. In order to conserve the over 
all parity, it is necessary that the parity from the product particles be odd, that is 
ly =1,3,5,.... Combining the results from the conservation of both angular mo- 
mentum, and parity, we conclude that lp = 3 alone is allowed provided the alpha 
particle is captured in the / = 0 state. 

(vi) Linear Momentum In all nuclear reactions, the total linear momentum before 
and after the reaction is constant. 

(vii) Energy In any nuclear reaction the sum of kinetic energy and the rest mass 
energy (mc?) is constant. 

(viii) Isospin Nuclear reactions will proceed if the total isospin is conserved. In the 
entrance channel +He has T = 0, so also !°B so that initially total isospin is J = 0. 
In the final state 'H has T = 1/2 while !3C has T = 1/2 (the other member being 
I3N) so that J = 0 or 1. Conservation of isospin requires that the nuclear reaction 
can proceed only through J = 0 channel. 


7.3.1 Quantities that Are not Conserved 


In nuclear reactions, quantities like magnetic dipole moments and electric 
quadrupole moments of the reacting nuclei which depend upon the internal dis- 
tribution of mass, charge and current within the nuclei are not conserved. 


7.4 Cross-Sections 


In order to measure the probability quantitatively that a given nuclear reaction will 
take place we introduce the concept of cross-section. Consider a reaction of the type 
x(a, b)y. If Io is the flux of particles ‘a’ incident per unit area on a target consisting 
N nuclei of type x, then the number of particles b emitted per unit time (Z) will 
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Fig. 7.1 Scattering of the 
incident beam after hitting the 
target 


Scattered 
particles 


Incident beam 


Target 


be proportional to both Jọ and N. The constant of proportionality ø is called the 
cross-section which has the dimensions of area. Thus 


I = loNo or (7.19) 
4 (7.20) 
o = — : 
IoN 


In words 


Cross-section 


number of particles b emitted/s 


~~ (number of particles ‘a’ incident/unit area/s) (number of a target nuclei within the beam) 


In nuclear Physics the unit of cross-section is a Barn (b) 1 b = 107%% cm? = 
10728 m2; The sub-multiples are: millibarn, 1 mb = 107? b, microbarn, 1 ub = 
1076 b, nanobarn, 1 nb = 107? b. 

The number of particles b emitted per unit time within an element of solid angle 
dN in the direction with polar angles (6, œ) with respect to the incident beam will 
be proportional to d2 as well as Jp and N, Fig. 7.1. The constant of proportionality 
is known as the differential cross-section da (0, ¢)/d 2, also written as (da /d 2) or 
o (0, $) so that 


do = I 
dR  IpNdQ 


(7.21) 


the unit of do /d 2 is barn/steradian. If the particles are unpolarised then the scat- 
tered particles will not depend on the azimuth angle ¢, and the scattering will be 
symmetrical about the beam axis. In that case the differential cross-section will de- 
pend only on the polar angle 0, and will be written as dø (0)/d 2 or o (0). 

The total elastic cross-sections ø and do /d 2 are related by 


= "(4 Jae 7.22) 
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Fig. 7.2 Effect of collision 
between two spheres and 
point particle and disc 


But d2 = sin Oddo; so that 


T 20 
o= | sinodo | Ae) 


In the absence of spin polarization, do /d 2 is independent of ¢, we get 


TT 
por / (Z) snodo (7.23) 
o (d2 


For the same entrance channel a number of exit channels will be open corresponding 
to different reaction products at a given energy. As the exit channels are independent, 
there will not be any quantum interference and the cross-section of different reaction 
channels may be added. The sum of all these non-elastic channels cross-section is 
called the reaction or absorption cross-sections and is denoted by o,. When the 
elastic cross-section is also added we speak of the total cross-section 


Ototal = Or + Oel (7.24) 


Strictly speaking the finite dimensions of the projectile must also be taken into ac- 
count in the calculation of cross-section. Let a sphere | of radius Rj be at rest and 
sphere 2 proceed toward it with impact parameter b, see Fig. 7.2. The two spheres 
will collide only if the impact parameter b < Rj + Ro. 

The effect is the same as for the collision of a point particle with a disc of ra- 
dius Rı + R2, the disc being perpendicular to the axis joining the centres of the 
spheres. The area of the disc which is the projected area of the two spheres touching 
each other, is equal to x (R1 + R2)*. This is the cross-section for the collision. This 
then means that if the radius of target nucleus is to be determined the radius of the 
bombarding particle must be taken into account. 


7.5 Exoergic and Endoergic Reactions 


We may illustrate these reactions in the following examples: 
D+D-—>3He+n+@Q (7.25) 
P+3Li’ > jBe+n+Q (7.26) 


The energy Q that is released is given by subtracting the sum of masses on the 
RHS from the sum on the LHS and multiplying by c°. In (7.25), Q = +3.29 MeV, 


432 7 Nuclear Reactions 


Fig. 7.3 Emission of reaction Y 
products at different angles 


and is positive; the reaction is called exoergic reaction, where as in (7.26), Q = 
—1.64 MeV, being negative, is called endoergic reaction. The excess of energy man- 
ifests itself as kinetic energy of the product particles. 

The Coulomb’s repulsion between the incident and the target particle means that 
the incident particle must have certain minimum kinetic energy in order to get close 
to the nucleus and thence induce a nuclear reaction. Certain conservation laws must 
be valid for a reaction to proceed, e.g. the conservation of charge, linear momentum, 
nucleon number, angular momentum, energy etc. 

In general, we may write the reaction of the incident particle ‘a’ of kinetic energy 
Ea with the target nucleus x, resulting in the products, b and y 


a+x>b+y (7.27) 
Conservation of energy gives us 
(my + Ma) + Ea = (my + mp)? + Ep + Ey (7.28) 
Now 
Q = (mx + Ma — my — mp) = Ep + Ey — Ea (7.29) 


Note that Q is independent of E4 and can be positive or negative; or zero for elastic 
scattering. 

Let the reaction products b and y be emitted at angles 6 and a, respectively, with 
respect to the original direction (see Fig. 7.3). 

Conservation of energy and momentum gives us 


Q = E; + Ep — Ea (7.30) 
Pa = pp cos 0 + py cosg (7.31) 
0 = —ppsin®@ + py sina (7.32) 


where p is the momentum. Writing, p? = 2mE, and eliminating œ and Ey, we 
obtain 


2 
g= m(ı $ me) = E,(1 e re) = mam E À (1.33) 


My My 
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If the nucleus y is produced in the ground state, then the Q-value deduced 
from (7.33) and (7.29) would be identical. On the other hand, if the nucleus y is 
produced in an excited state, then the Q-value calculated from (7.33) would be 
lower corresponding to the energy of the excited state. The experimental Q-values, 
therefore, allow the energy levels to be determined. We shall now study the variation 
of Ep for a fixed value of Q. Writing 


Eamamp 


C = —— cosl (1.34) 
mb +My 
pa a = a) + U (7.35) 
mp +My 
Equation (7.33) may then be written as 
E, —2C/E, —-D=0 (7.36) 


The solution of the above equation is 


JEp=C+4VC24+D (7.37) 


Now, Ep must always be real and positive. The factors which can make the emission 
of b at an angle @ impossible are, (i) negative Q-value, (ii) ma > my, (iii) large 0 so 
that cos @ may be negative. 


7.5.1 Exoergic Reactions (Q-Value is Positive) 


Example 
n+!B+>a+/Li (Q=+2.8 MeV) (7.38) 


When the bombarding energy (energy of the incident particle) is very small, i.e. 
Eq — 0 then C —> 0, and (7.37) shows that 


m 
Ep= Qmy 


= 7.39 
Tes (7.39) 


The particle b is, therefore, emitted with the same energy at all angles. When the 
bombarding energy, Ea is finite two cases may be distinguished 


(A) mg < my 


In example (7.38), we choose a=n, b=a, y= 7Li. This means that D is always 
positive, and only one of the solutions of (7.37) viz, Ep = C + VC? + D is ac- 
ceptable. Further, E, will depend on 0, the angle of emission; being maximum for 
0 = 0 and minimum for 0 = 180°, Fig. 7.4. 
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Fig. 7.4 Energy of the 
produced particle as a 

function of the incident 
energy, for the exoergic ji 
reaction n + !9B > 
a+/Li+2.8 MeV 


(B) ma > my 
Consider the reaction 
a + B —>}ÌC+p (7.40) 


Here, we choose mp = 13, my = 1, and ma = 4. The energy of the product parti- 
cle !3C is being studied. It follows that D = (Q — 3E,)/14, which goes negative 
for a energies greater than Q/3, i.e. > 1.33 MeV, since Q = 4 MeV. For a energy 
<1.33 MeV, only one solution for Ey is acceptable. Ep is positive for all angles 
0 <6 < 180°. For a energy >1.33 MeV, D is negative and there are two solutions 
for Ep in the interval 0 < 0 < 90°. But, for 6 > 90°, only one solution is possi- 
ble. 


7.5.2 Endoergic Reactions (Q-Value is Negative) 


There exists a threshold below which the reaction cannot proceed. The threshold 
energy is the minimum energy required in the lab system so that in the center of 
momentum system, the product particles are at rest. 


Calculations in the CM System Let the particle ‘a’ of mass ma be moving with 
velocity vg and kinetic energy Ea in the Lab system, and hit the target particle x, 
initially at rest (Fig. 7.5). In the CM System, both the particles will be observed 
to be approaching each other with equal and opposite momentum (by definition of 
the CM System). Let the CM system itself be moving with velocity ve along the 
incident direction. Let vý and vž be the velocity of ‘a’ and ‘x’ respectively, in the 
CMS. Clearly 


vr = ve (7.41) 


since to an observer fixed to the CM System, the particle x will be seen to approach 
with velocity ve. Also 


VŽ = Va — Uc (7.42) 


By definition 
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Fig. 7.5 Mass, energy and Lab: System 
velocity of the particles in lab 


system and the CM system Ea 
— * 
Me Mr 
CM system 
v v 
— a— EEEEEEEEEE aE! 
Ve 
— C p 
Mav =z, (7.43) 
Ma(Va — Vc) = Mx Ve (7.44) 
whence, we find 
$ VaMa 
zy = 7.45 
U aT (7.45) 
Also 
* VaM x 
= 7.46 
a (7.46) 
The sum of the energy of the particles in the CMS is then, 
1 2 1 2 1 (mx) 1 (ma)? 
* * ae 2 x 2 
Pe gree gee ee ay 
E 
Sg See (7.47) 
2 Ma +m, Mmqa+tm, 


where, we have used (7.45) and (7.46), and Ea = (1 /2)mav?. If the reaction is to 
barely proceed then we must write, E* = — Q 


Ma 
Ea(threshold) = |—-Q| 1+ is (7.48) 


x 


At E4 corresponding to the threshold energy, the particle b appears at 0°, with en- 
ergy 
Eqmqmp Eamamp 


r TEE e 


As Ea is raised above the threshold, b appears at angles >0°. At angles >90°, the 
particle b first appears with Ep = 0 when the terms C and D vanish separately. 
Thus, at 6 = 90° 

~Qm, 


Ea(90°) = (7.50) 


My — Ma 
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Fig. 7.6 Energy of the 

produced particle as a 

function of the incident 

energy for the endoergic 

reaction, p+ 7Li— 7Be+n ji 
(Q = —1.64 MeV) 


E, 0° o°]  /180° 
1.88 MeV E> 
a = 
Threshold Amy 
Ma My Ma 
=Q(1+7 ) 


The particle b can appear in the forward direction with double solution for Ep, 
provided Ea < —Qmy/(my — mq), and Eq > Eq), i. C? + D > 0. In other 
words, for the backward hemisphere (6 > 90°) there is a single solution. 

In endoergic reactions, Ey becomes single valued for all 9 when Ea > 
—Qmy,/(my — ma). It may be remarked that the heavier fragment can never be 
projected in the backward direction. Also, Ep can be zero only at 90°. The energy 
E, as a function of E4 is graphically represented in Fig. 7.6, for the typical endoer- 
gic reaction 


p +'Li —> Be +n — 1.64 MeV 


7.6 Behaviour of Cross-Sections near Threshold 


For a given pair of nuclei a large variety of nuclear reactions are possible. However, 
the general trends for the variation of cross-sections with energy can be investigated 
for different classes. 

Consider the reaction of the type X (a, b)Y. Let ng be the number of particles 
of type ‘a’ per unit volume and vg, the velocity of ‘a’ relative to X. The product 
NaVax represents the flux of ‘a’, that is the number of particles of type ‘a’ crossing 
unit area per second. We can write 


VaxNagOx—>y = W (7.51) 
where W is the number of transitions per second. Now the golden rule gives 


dN 


_ 27 
E dE 


W = —(\Hi fl’) 


i (7.52) 


where (|Hj|) is the matrix element averaged over individual states and dN/dE is 
the density of final states. The statistical factors due to spin are 


gi = (2Sa + 1)2 Sx +1) and gr =(2Sp+1)2Sy +1) (7.53) 
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for the initial state 7 and the final state f. Experimentally the initial system is nor- 
malized to have a weight 1. In the final state, since different spin orientations are not 
distinguished, (| Hj |?) must be multiplied by gf. The matrix element Hj is 


Hif = J wy Vyidt (7.54) 
As the wave functions We and y; are normalized, we put 92 = 1. The density of 
final states is 


dN _ phase space _ (physical space) x (momentum space) 
dE Bo h3 

24Pp = 4x p?dpp _ 4np? 

b dE UpydPb Uby 


= Q4rp (7.55) 


Combining (7.51) and (7.55) and calling vg = Vax and vp = vpy for simplicity, and 
noting ng = 1/2 = 1, we find 


2 


1 
— (Hig?) 7+ ary +1)(2 +1) (7.56) 


Ox>y = 
yh Va Up 


Equation (7.56) permits us to investigate the variation of cross sections for different 
class of reactions. Here we avoid the regions of resonances, that is nuclear levels 
which play a dominant role 


1. Elastic scattering (Both bombarding particle and scattering particle are un- 
charged) as for neutron scattering, vg = up, therefore p? [Vavb = (Mneutron) = 
const. At low energy Hj is approximately constant so that o ~ constant at low 
energy, Fig. 7.7(a). 

2. Exoergic reaction The bombarding particle is uncharged, for example neutron 
at low energy. The Q-value is positive and is of the order of few MeV and 
neutron energy is a few eV so that vp ~ const, and P;/ Vavp X (1/vg). Now 
| Hip | x e~*(Gn+Go) where the exponential is the barrier factor. But Gn = 0 for a 
neutral particle and Gp = (1 Zp Zy e? /hvp) ~ const. It is therefore concluded that 
o x l/v,, the famous 1/v law, Fig. 7.7(b). The examples to be considered are 
(n, y), (n, p), (n, a), (n, f) reactions where f is for fission. 

3. Exoergic reaction, charged incoming particle Examples are (p,n), (œ, n), (p, y), 


Pp x 1 
VaUb Va 


factor e~@ alone is of consequence so that o « (1/ vaje? ss, Fig. 7.7(c). 

4. Inelastic scattering (n, n’) This is a particular case of an endoergic reaction. Q is 
negative and — Q is the excitation energy of the nucleus. At incident neutron en- 
ergies slightly above the threshold, v, ~ const; since the fractional change in in- 
cident energy is small. But vy x (AE \0/2 where AE = excess of energy above 


(a, y) reactions. At incident energies < Q, the factor and the barrier 


2 
the threshold. Consequently, the factor Pal v! or x (AE)"/?). Therefore, near 


Un Vy! 


the threshold o « (energy excess)!/*, Fig. 7.7(d). 
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Fig. 7.7 Schematic behavior of various cross-sections near the threshold 


5. Endoergic reaction; charged outgoing particles Examples are (n, p), (n, œ) re- 
actions. The dependence is the same as in case 4, except the barrier factor e, 


operates and o « (energy excess) !/2 x e~2, or x (AE)'/2¢¢1 / EN? Fig. 7.7(e). 
6. Endoergic reaction; charged outgoing particles Examples are (n, p), (n, œ) re- 
actions. The dependence is the same as in case 4, except the barrier factor e Ob 


operates and o « (energy excess) !/? x e~2 or x (AE)2e~¢/E 1/2, (c = const) 
Fig. 7.7(e). 


7.7 Inverse Reaction 


If the equation describing the reaction process 
a+x—>b+y+0Q 


is invariant under time reversal (changing the sign of the time variable) then it also 
describes the process 


y+b—>x+a-Q 


At a given total energy in the CMS, the forward reaction cross-section o(a —> b) 
and the backward reaction cross-section o (b — a) are not identical but are simply 
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Fig. 7.8 An experimental test of the reciprocity theorem, Eq. (7.58). The vertical scales for the 
cross-sections of the reaction and its inverse have been adjusted to compensate for the statistical 
weights due to spin and momentum which appear in Eq. (7.58) [31] 


related by the density of final states, that is by the phase space available in the 
respective exit channels. The number of states available for momenta between p 
and p + dp is proportional to p?. Hence ø (a —> b) is proportional to p? where pp 
is the relative momentum of b with respect to y, and ø (b — a) is proportional to 
p? if pa is the relative momentum of “a” with respect to x. We then have 


o(b>a) _ pe 
o(a—b) pe on) 


This is known as the reciprocity theorem or the principle of detailed balance. It is 
valid for differential as well as total cross-sections. 

For particles with spins we must also take into account the corresponding statis- 
tical weights. Assuming that the participating particles are unpolarised, there will 
be (2I + 1) states of orientations available for a particle of spin Z. For particles with 
spin la, Ix, Ip and Ty (7.57) becomes 


o(b>a) (2h +1) (2h+ 1p? 


eg e a 7.58 
o(a >b) 2i +1)2h+1)p; a 


The reciprocity theorem has been tested in numerous experiments. The agreement 
is excellent and demonstrates the validity of time-reversal invariance of the underly- 
ing equations. In case one or more particles are polarised more complicated relations 
hold for these relations. The measured differential cross-sections for the reactions 
Mg(«, p)'Al and 27 Al( P, a)”Mg at the same energy in CMS and at the same 
angle are compared and are shown to verify the predictions of time-invariance to 
a high degree of accuracy, Fig. 7.8. The principle of detailed balance has been ap- 
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Fig. 7.9 A comparison of the 
energy spectra for the 
products from the reactions 
2¢(2C, a) and 

16Q(7Li, t)2°Ne which lead 
to the same final nucleus. 
This shows that the two 
reactions do not excite the 
states of Ne in the same way; 
both reactions are very 
‘selective’. The peaks are 
labeled by the excitation 
energy of the corresponding 
states in 2°Ne [8] 


CROSS SECTION (arbitrary units) 


8.0 7.5 70 6580 _ 75 70 65 
EXCITATION OF Ne (MeV) 


plied to the photo-disintegration of deuteron and the capture of neutron by proton. 
Another important application is the determination of pion spins [24], Chap. 3. 


7.8 Qualitative Features of Nuclear Reactions 


Nuclear reactions display a bewildering variety. Nevertheless some general charac- 
teristics can be studied and certain types can be classified. Nuclear reactions often 
result in the production of a variety of nuclei which are left in various excited states. 
It is possible to obtain the same product nucleus with the use of different pairs of in- 
cident and target particle. As an example consider the production of 7°Ne nucleus in 
the reactions !?C(!2C, a@)?9Ne and !°O(/Li, t)?°Ne. Referring to Fig. 7.9 it is found 
that not all the states are excited with equal probability. Further the excited states 
in Ne are populated differently in the above mentioned reactions. Thus, there is 
certain amount of selectivity in various channels which varies with the bombarding 
energy. It often permits us to obtain useful information about the mechanism of the 
reactions and the nuclear structure. The type of information obtained from reaction 
measurements also depends upon the nature of the projectile and the bombarding en- 
ergy. Thus, the collision of a proton of several hundred MeV with a nucleus will be 
like a nucleon-nucleon collision in which pions or strange particles may be produced 
and a target nucleon may be knocked out. The collision of a heavy ion such as Ca 
on *4Kr of the same energy will be different as the energy will be deposited over 
a large volume, setting up a large scale collective motion of the compound system. 
Further, the heavy ion may input larger amount of angular momentum. For example, 
a proton of 400 MeV incident upon an !97Ag nucleus will not strike the nucleus if 
its angular momentum is greater than about 30 h, while a °*Kr with 400 MeV can 
interact with the same target nucleus when their relative angular momentum is up to 
470 h. 
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7.9 Reaction Mechanisms 


Three different reaction mechanisms are compound nucleus reactions, direct reac- 
tions and pre-equilibrium reactions. In the compound nucleus reactions the incident 
particle is captured by the target nucleus and its energy (kinetic + binding energy ~ 
8 MeV) is shared among the nucleons of the compound nucleus until it attains 
a state of statistical equilibrium. After a time of the order of 107'4-10~) s at 
low incident energies and 10-100 times greater at high energies, a nucleon or 
a group of nucleons near the surface may, by a statistical fluctuation, receive 
enough energy to escape, in the manner of evaporation of a molecule from a 
heated drop of liquid. This statistical process favours the emission of low energy 
particles which form the Maxwellian distribution. If the excitation energy of the 
compound nucleus is high enough, several particles may be emitted in succes- 
sion until the energy of the nucleus has dropped below the threshold for particle 
emission. Then the nucleus emits y rays until the ground state is reached. The 
nucleus may decay in a variety of other ways such as fission into two large frag- 
ments if the compound nucleus is very heavy or through the production of ra- 
dioisotopes. The type of information which the study of compound nucleus yields 
includes the properties of energy levels of the compound nucleus which are ex- 
cited, the mechanism of nuclear de-excitation, the density of high energy states, 
the role of angular momentum and nuclear deformation in affecting the evapora- 
tion process. The measurement of y ray energies and intensities and their angular 
correlations find important applications for the structure studies of low energy lev- 
els. 

The direct reactions take place in the time the incident particle takes to traverse 
the target nucleus which is typically of the order of 107?? s. Here the incident par- 
ticle may interact with a nucleon or a group of nucleons or the entire nucleus and 
emission takes place immediately. The simplest direct process is the elastic scatter- 
ing in which the target nucleus is left in the ground state. In non-elastic processes the 
states of the residual nuclei which are excited bear a simple structural relationship to 
the ground state of the target nucleus. Inelastic scattering predominantly excites col- 
lective states, one nucleon transfer excites single-particle states and multi nucleon 
transfer excites cluster states. Measurements of cross-sections of these states, the 
angular distribution of the emitted particles, and their state of polarization permit 
the study of these states. Much of our knowledge of nuclear structure has originated 
from the study of direct reactions. 

It is possible that after the interaction the particle may not be emitted immedi- 
ately as in the direct reactions nor after a long time in the statistical way as from the 
compound state. The particle may be emitted before reaching the statistical equilib- 
rium, such processes are termed as pre-compound or pre-equilibrium reactions and 
constitute the third category. 

The interaction of two heavy ions requires yet one other mechanism. 
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Fig. 7.10 (a) Some resonance peaks that show up when 77 Al is bombarded with protons. The or- 
dinate measures the gamma radiation from the target; the abscissa is the proton energy in MeV [11] 


7.10 Nuclear Reactions via Compound Nucleus Formation 


In early 1930’s a large number of nuclear reactions were studied. Detailed studies 
showed sharp peaks in cross sections at selective bombarding energies, Fig. 7.10(a). 

This led Bohr [6] and independently Breit and Wigner to postulate that these 
reactions proceed through two stages, first the formation of an intermediate state, 
called compound nucleus state, second its break up in a relatively long time into the 
observed products. According to Bohr: 


(i) The same compound nucleus can be formed in a variety of ways. For exam- 


ple, the compound nucleus in a particular excited state in the compound state 
designated as ©*Zn* can be produced by 


Ni + “He 

Siyi +°He 

Sou +H 

“cu +74 ora (7.59) 
Sou +H 

on +n 


64. 
Zn+y 


The asterisk (x) shows that the compound nucleus is produced in an excited 
state. 

(ii) A particle which hits the nucleus is captured and the energy released consists 
of its binding energy plus the kinetic energy. In its strong interaction with one 
or more nucleons, the available excitation energy is dissipated and shared by 
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Fig. 7.10 (Continued) 
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several nucleons in the collision processes. The excitation energy (Eexc) is 

given by adding the binding energy (B) and the available kinetic energy in 

the c-system. Thus, Eexc = B+ i. where Ea is the bombarding energy 
in the Lab system. The new nucleus is thus formed in the intermediate stage 
(compound nucleus). Sooner or later lot of energy may be deposited on one 
or more particles of the compound state nucleus, resulting in the emission of 
a particle (s). The compound state nucleus is long lived (~107!6 s) compared 
to the natural nuclear time which may be taken as the time taken to cross the 
nuclear diameter, that is t ~ 10cm —1077! s. 

(iii) The final break-up of the compound state nucleus is independent of the mode of 
formation. The time involved in break-up is so long that ‘memory’ is lost. The 
formation and break-up can be regarded as independent events. For example, 
the compound nucleus ©4Zn* can decay into a variety of ways as in (7.60). 

Figure 7.10(a) shows the resonance peaks formed in the reaction (p, 27 Al) 
the corresponding energy level diagram is indicated in Figs. 7.7—7.10, the en- 
ergy level diagram is constructed from the measured Q values for various en- 
ergy levels. The ground energy level Eo is taken as zero. The energy level En 
is given by En = Qn — Qo, where n is the energy level 


Ni + ‘He 
Wi +°He 
Sous 
Sazi Tu +H (7.60) 
ou + ty 
ard +n 


“Zn +y 


(iv) The exit channel with neutron emission is much more favoured than the 
charged particles like proton and a as the latter have to overcome the Coulomb 
barrier. 


Reaction Channels-Various ways in which a compound state is formed are called 
entrance channels, and the various ways in which a compound nucleus breaks up 
are called exit channels. 


7.10.1 Resonances in the Formation of the Compound Nucleus 


In order to form a compound nucleus the incident particle must penetrate the 
Coulomb barrier as well as the nuclear surface. Now the probability of transmis- 
sion through the potential step at the “surface” of the nucleus is not a monotonic 
function of the bombarding energy but shows very large values for certain selected 
values. If the excitation energy of the compound nucleus is just equal to one of the 
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Fig. 7.11 Relative yield of the 3.9 MeV y-rays from C!**, showing resonances in the formation 
of the compound nucleus in the reaction B!°(a, p)C!**. A thin target (~10 keV stopping power 
for a-rays) of isotopically enriched !°B was used. The y-rays were observed with a scintillation 
spectrometer, at 90° from the a-particle beam (Talbott and heydenburry) 


excited levels then a resonance formation of the compound nucleus is expected. Fig- 
ure 7.11 shows the resonances in the formation of the compound nucleus !4N* in 
the reaction !°B(a, p)!°C*. Relative yield of 3.9 MeV y-rays from !3C* is mea- 
sured as a function of w-energy. Peaks of y-ray intensity in Fig. 7.11 correspond to 
resonance penetration of the !°B + @ barrier and formation of !4N* in a succession 
of excited levels. 


7.10.2 Width of Resonance Levels 


From Fig. 7.11 we can also estimate the width T of each of the virtual levels. Be- 
cause of its finite lifetime, the level can not be said to have a perfectly sharply de- 
fined energy and the uncertainties in energy and time are related by the Heisenberg 
uncertainty principle AE At > h. 

Any level which has a number of possible competing modes of decay will have a 
corresponding number of “partial width” ”;, each corresponding to the probability 
of decay by a particular mode. 

The total width of the level, which corresponds to the total probability of decay, 
is the sum of all the partial widths 


The total width is defined as the full width of the resonance peak measured at one- 
half the maximum height of the peak, Fig. 7.11. 
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7.10.3 Experimental Verification of the Compound Nucleus 
Hypothesis 


According to the compound nucleus concept, we can write 
o (a, b) = oc po (€) (7.62) 


where o(a, b) is the cross section for the complete reaction X (a, b)Y; o¢ is the 
cross section for the formation of compound nucleus with excitation energy ¢ by 
absorbing particle ‘a’ with kinetic energy Ea; pp(e) is the normalized probability 
that the nucleus so formed will decay by emission of b. It is assumed that pp(e€) is 
independent of the mode of formation of the compound nucleus. In the experiment 
of Ghoshal [19] the same compound nucleus 64Zn* was produced with the bom- 
bardment of SONi by alpha particles and su by protons. The bombarding energy 
for each of the reactions was adjusted to yield the same excitation energy for the 
compound nucleus. 
The reactions observed were 


(1) ©Ni(a, n) Zn 
(2) VNi(æ, 2n)? Zn 
(3) Ni(a, pn)®Cu 
(4) Culp, n) Zn 
(5) 8Cu(p, 2n)® Zn 
(6) ?Cu(p, pn)?Cu 


Since the excitations produced through the two processes are the same the decay rate 
through the channel b is the same, as it depends only upon the excitation produced 
in the compound nucleus, and not upon the mode of formation. If the compound 
nucleus assumption is true then it is expected from Fig. 7.12 


o(p,n):a(p,2n):o(p, pn) =a(a,n):a(a,2n):a(a, pn) (7.63) 


These expectations were borne out by this and other experiments. In John’s exper- 
iment on reactions with heavy elements, excitation functions of (œ, Xn) reactions 
in 2°°Pb were compared with those of (p, Xn) in 209Bi where X = 2, 3,4. For the 
same excitation in the compound nucleus 7!°Po, the expected ratios 


o(p,2n):a(p,3n):a(p,4n) =o («, 2n) : a(a, 3n) : a(a, 4n) (7.64) 


were experimentally confirmed. 


7.10.4 Energy Level Density 


The density of nuclear levels depends strongly on the excitation energy and on the 
mass number. In the light nuclei, near the ground state the levels are about 1 MeV 
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apart, while in heavy nuclei about 50 keV apart, except in magic number nuclei. 
When the excitation energy is in the vicinity or the neutron binding energy (8 MeV) 
slow neutron resonances in medium-heavy elements are a few electron volts apart. 
Using Fermi’s gas model (Chap. 6) one can obtain the level density p(£) for the 
total system energy E by an approximate formula 


p(E) = p0)? 01? 


where (0) and ‘a’ are empirical constants. 


Decay of Compound Nucleus The compound nucleus formed by the absorption 
of neutron is de-exited by evaporating one or more neutrons or other particles. If the 
excitation energy is sufficient then the evaporation of one particle may leave enough 
energy to enable the second particle to leave and so on. We may then have (p, Xn), 
for example with X = 1,2,3,... upto 6 or 7. The probability of decay through a 
larger number of particles increases with greater excitation. When little excitation 
is left particle emission ceases and only gamma emission is possible. The energy 
distribution of the evaporated neutrons is described by the Maxwellian distribution 
at the temperature T of the residual nucleus. Number or neutrons emitted between 
En and E, + dEn, being 


ndEn = const: Epe *"/ dEn 
In the case of charged particles the Coulomb barrier inhibits the emission of low 


energy particles. The energy distribution is modified by multiplying the Maxwell 
distribution by the Coulomb barrier penetration factor. 
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7.11 Partial Wave Analysis of Nuclear Reactions 


The method of partial waves was used for n-p and p-p scattering (Chap. 5). This 
method has been successfully applied by Weisskopf and others to nuclear reactions. 
We consider two-body collisions. Two possibilities are: 


1. ‘a’ is elastically scattered from X. 

2. ‘a’ reacts with X in such a way that it is removed from the incident beam by 
any process other than elastic scattering. Process, 1 is described by an elastic 
scattering cross-section oe; and process 2 by the reaction cross-section o;. 


The total cross-section o; is composed of the elastic scattering cross-section os and 
the reaction cross-section o, 


Ot = 0; +0; (7.65) 


We shall derive expressions for o; and o, for the /th partial wave for neutron beam. 
The incident beam of unit density and of flux v along the z-axis in the partial-wave 
expansion can be written as 


[0,6] 
e" = ra + 1) jı (kr) P;(cos 0) 
1=0 


= m + fowl -i( r- 5 )|-li( r-z) 1 (Cos 0) 


(7.66) 


Equation (7.66) is the superposition of both the incoming and outgoing spherical 
waves. In scattering or nuclear reaction the amplitude of the outgoing spherical wave 
part of the plane wave is modified. 

The wave function y(r) describing the outgoing wave after interaction is written 
as 


141 
w(r) ae 2 Gel + 1)fexp| =i( — >) — NI exp ir — T) [reso 


(7.67) 

where 
n= e751 (7.68) 
is a complex amplitude for the /th partial wave. If |7;| = 1, there is no change in 


the number of particles in the /th wave and only elastic scattering will occur. If, 
however || < 1, then both elastic scattering and nuclear reaction will take place, 
a condition that is valid for all values of /. In case the incident particles are charged 
then the Coulomb function must be incorporated in the exponential factors in (7.67). 
When the target is polarized and the non-central forces are present, the factor 2/ + 1 
must be replaced by a weighted sum over the magnetic quantum number m. 
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The elastically scattered wave function Wer, which is the difference of (7.66) and 
(7.67) is given by 


I+] 
TRS Da pl aie nero (x = >) P,(cos0) (7.69) 


Now the quantum mechanical expression for current density is 


j= (ys _ avs tiu) (7.70) 


2mi 


The ingoing flux corresponding to ys through a sphere of radius ro is given by 


hr2 ð 

o= 5 È ôV ye — Ms te yaa (7.71) 
1m wr r=ro 
@ xħk ft! 

o= >= za +1) — ni) Pi (cos 0)|? dcos 
v  2k?mv 
(oe) 

o; = a (7.72) 
1=0 

where 
of = 214+) — ml? (7.73) 
Ss k2 < 


The total flux entering a large sphere of radius rọ may be computed from (7.71), by 
using y(r) and not Ys 


2 * 
eee (r-H v)ao 


2im or or 


-a [peso i(t) 
-aneafi -Ffl ale- 


— complex conjugate | dcos 


= DERAN (1— |m|*) (7.74) 
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Fig. 7.13 The cross-hatched 
area shows permissible value 
for the scattering and 
absorption cross sections 
multiplied by 6 [5] 
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where 
TT 
ol = gl + 1)(1 — |?) (7.76) 


The total cross-section is the sum of the scattering and reaction cross-sections 
Ll l 32 a) * 
o; =o, +0, = TÄ (21 + 1)|1 — n|" = wa" (21 + 1)(2 — n — 07) (7.77) 


Equations (7.72) and (7.75) suggest that there is a relationship between o, and os. 
This becomes quite apparent if we consider the partial wave cross-sections a and 
al . These quantities divided by 7 (21 + 1)A? = (1/8), are plotted in Fig. 7.13. 

All possible values of these quantities lie in the cross-hatched area. Values out- 
side this area are not realized. 

Thus ol [TA (2l + 1) cannot exceed unity and al / TA? (21+ 1) cannot exceed 4. 
Note that (7.73) and (7.76) cannot be directly compared with experiment because 
ôrs and nr's are undetermined. When there is only scattering and no reaction, 
Inl? = |. In terms of phase-shifts, since nj = e”! ô is real: In the presence of 
any reaction, atleast one of the 6;’s is complex so that n; has magnitude less than 1. 

The maximum value of øl is obtained for 5; = 180° for which n = —1; 
al (max) = 47 X° (21 + 1) in which case al =0. 

The maximum value of al is obtained for 7; = 0 in which case al + 0. Blatt 
and Weisskopf explain this fact by suggesting that the outgoing part of the wave is 
weakened. Such a weakening can be caused by the coherent elastic scattering of a 
part of the incoming wave with a phase shift of 180°. Thus there can be scattering 
without absorption but the converse is not true. 

Consider a limiting case of a nucleus with a sharp edge of radius R > À so that a 
semiclassical concept of trajectories is valid. We assume that all particles that strike 
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the nucleus react. If the impact parameter is b; then the angular momentum 
bı 
L=1Iħ= po; =h (7.78) 


Hence all the incident particles with b; < R or < (R/4), react and all those with 
l > R/X do not, the last condition gives In|? = 1 for 1 > (R/X). For L < (R/4), 
the reaction is maximum, which is equivalent to the condition 7; = 0. Then, since 
(R/à > 1) we find from (7.75) and (7.76) 


i 2(R/D + 5) R 
ED _ 732 À E 
o = mk Det yaa] +14] 
=n(R+%)*~7R? (7.79) 


where we have summed over natural numbers. Similarly, the scattering cross-section 
is given by 


os ~ n R? (7.80) 
Adding Eqs. (7.79) and (7.80), the total cross-sections is 


o, ~ 27 R? (7.81) 


Equation (7.81) implies that o; is approximately twice the geometrical cross-section 
of the nucleus for fast neutrons reacting with totally absorbing nucleus. The nucleus 
absorbs the partial wave completely and acts as a black disc. However even in this 
case there is scattering. Equations (7.79) and (7.80) show that the elastic cross- 
section is then equal to the reaction cross-section. Classically one might expect that a 
reaction cross-section equal to 7 R? should not be accompanied by elastic scattering. 
In the high energy limit (kR > 1). It is then possible to make wave packets that are 
small in comparison with the size of the scattering region, and these can follow 
the classical trajectories without spreading appreciably. However, the apparently 
anamolous result (7.81) is explained by the fact that the asymptotic form of the wave 
function is so set up in Eq. (5.112) Yoo = Ale’ + (1/r) f (@)e'*"] that in the 
classical limit the scattering is counted twice; once in the true scattering which turns 
out to be spherically symmetrical, and again in the shadow of the scattering sphere 
strongly in the forward direction, since this is produced by interference between the 
incident plane wave e! kz and the scattered wave f (0)(e'*" /r). So long R/X is finite 
and diffraction around the sphere in the forward direction does take place. In order 
to suppress completely the incoming wave behind the obstacle, a source must be 
placed on it with the same amplitude but opposite phase uniformly spread over the 
obstacle. This source produces a beam, in a cone of angular aperture ~ (A/R) of 
intensity approximately equal to that intercepted by the obstacle. This is known as 
shadow-scattering and is detectable provided R is a few times à. 

At very high energies the wavelength of the projectile becomes small compared 
with R, and collisions occur with single nucleons in the nucleus. Between these two 
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limits the nuclei are partially transparent for the incident particles. They are said to 
be ‘grey’ obstacles. 


7.12 Slow Neutron Resonances and the Breit-Wigner Theory 


The resonances shown in Fig. 7.11 correspond to various energy levels (states) of 
the compound nucleus characterized by definite spin, parity and width. The life time 
of a given level is related to the width of the level through the uncertainty relation. 


troh (7.82) 


The lifetime of compound states t is of the order of 10715 s. For lighter nuclei, 
the widths of the resonances are greater and the corresponding lifetimes shorter, 
but in any case they would be much larger than the characteristic time on nuclear 
scale (10~*? s). Bohr assumed that when the compound nucleus decays it has lost 
the ‘memory’ and does not ‘remember’ how it was formed. This independence has 
been experimentally verified. 

Consider only the s-wave (/ = 0) neutron of low energy. We shall derive Breit- 
Wigner formulae for elastic scattering and reactions in the neighbourhood of a single 
isolated resonance level. These formulae describe the variation of cross-sections for 
slow neutrons as a function of energy. To begin with we ignore the spins of the par- 
ticles. In Chap. 5 we observed for zero-energy neutrons the connection of the phase 
shift 6 with the scattering length ag, and the effective range ro, the corresponding 
equations are 


ô 
lim — = —ak (7.83) 
k>0 k 
1 rok? 
kcoté = —— + — (7.84) 
ak 2 


where k = 27 /à. We define a(k) through the relation 


1 


for all values of k. If there is no reaction, a(k) is real. For o, 4 0, a(k) is in general 


complex. By putting a(k) =a 


n= e”? = (cosô +i sin 5)? 


=( 1 — ika ) 
~V 1 + k2a2 
1 — ika 
~ IFika (86) 
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The scattering cross-section osc in Eq. (7.73) and the reaction cross-section o, in 
Eq. (7.76) are expressed in terms of the scattering length ‘a’ by substituting the 
value of 7 from (7.86). Remembering that / = 0 


OT 2 4r 


= a ee (7.87) 
f= a= ep 
1 
7 >, 40 mG) 

4 = Se 7.88 
o, z Inl) k A+ ikl? (7.88) 

For real a, o, = 0. At resonance, the phase-shift is 7/2, so that 
— (7.89) 

a(Eo) 


where Eo is the energy at which the resonance occurs. Expanding |/a(E) about Eo 
by Taylor’s series 


1 d (1 


FO om 
dE\a) nT : 


Retaining only the linear term in the expansion and substituting in (7.87) for os, we 
obtain 


Defining 


_ Ar _ mr? Tr? 
I(E — Eo) Fe +ik|? |\(E — Eo) + 42)? 


Os 


_ mAT? 
(E= GI 


(7.92) 


where J, is defined as the width of the level from which the scattering takes place. 
It is the width at half maximum, Fig. 7.14. 

Equation (7.92) is known as the Breit-Wigner single-level formula for scattering 
when the absorption is absent. 

We can follow the shape of the resonance curve by invoking for the phase-shift 
which is more physical than the scattering length. At the resonance energy Eo, the 
cross-section is a maximum and this occurs when o; = 7x /2. We expand the phase- 
shift around 7/2 to obtain 


TT 
ô = — — (Eo — E)— (7.93) 
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Fig. 7.14 This curve gives 
the schematic representation 
of the width I, of a level of 
energy Eo with a spread in 
energyof+I;/2 0 TA Pine ness = 


Potential 
scattering 


where d6;/dE determines the sharpness of the resonance. If it is small the resonance 
is broad, if it is large the resonance is sharp. Assume 

dôl 2 

eee 7.94 

JETT, (7.94) 
where the factor 2 ensures that I” refers to full width at half maximum. From (7.93) 
and (7.94) we find 


Py /2 
tan ô; > ô = — (7.95) 
(Eo — E) 
r2 
sin? 5; = 2 (7.96) 


T2 +4(Ey — E)? 
Using (7.96) in the formula for scattering cross-section 
ol = nA? (21 + 1) sin? ô 


for s-waves we get Eq. (7.92). Note that at E = Er, the cross-sections for resonance 
scattering and potential scattering (without the compound nucleus formations are 
equal, each equal to 47r à? Fig. 7.14). 

We shall now derive the formulae for o,, the scattering cross-section in the pres- 
ence of absorption and the cross-section for absorption (o+). In this case a(E) is a 
complex function of the variable E. 

Let 1/a(Eo) = 0 at Eo = £ọ — i lR/2, where £ọ and Ip are real. Expanding 
1/a(E) about Eo, 


1 d /1 
a e zo sela), Jeri (7.97) 


G) = (7.98) 
a Eo Ty 


G)! = kæ (7.99) 
a} TE 


Let 
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Combining (7.97), (7.98) and (7.99) and substituting for Eo, 


1 pan a (2% sg 
= —€ + — || — +ika 
a(E) ar ae Wat 


ed, ee mre E — Eo) (7.100) 
=F R in| 7 a ( D| . 


where 
alls 


ER = £0 + (7.101) 


The scattering cross-section is given by 


OoOo m mar? 
[4 + ik]? (E — Ep)? + (2H etar (E—eo))2 


Os 


For sharp resonance, œ is small, so that near resonance, œ T(E — Eo) is very small. 
Writing for the total width 
r=,+Tr (7.102) 
E wie r? 
(E — ER? + (D? 


Os 


(7.103) 


Substituting (7.100) in (7.88), 


xX [rT + T?a(E — Eo)] 
or = ——— nE (AA 
(E — Er) + e) 


Again neglecting «(E — Eo) and using (7.102), (7.104) becomes 


a TA RT, 
(E — Er? + (5) 


(7.105) 


Or 


Equations (7.103) and (7.105) are the Breit-Wigner formulae for a single isolated 
level for neutrons with / = 0. Here Er = Ep, is the resonance energy at which the 
cross section is maximum. So far we have not taken the spins of the particles into 
account. If J, is the spin of the projectile and /, that of the target nucleus and Ze that 
of the compound nucleus then both formulae (7.103) and (7.105) must be multiplied 
by the statistical weight 


_ kD 
m la + DQ FD 
which is the probability that the two randomly directed spins J, and J, couple to 


give Ic, this will be so for unpolarised projectile and target particles. In the preceding 
formulae I~ is the level width defined by (7.82), Ty = I and IR = Ip are the 


(7.106) 
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“partial level widths” defined from 
yt =h and I,m =h (7.107) 


where Ta and tp are the mean lifetimes that the compound nucleus would have if 
(1) the elastic scattering of “a” or (2) the emission of “b” were the only possible 
modes of decay. Clearly 


Pat lp XiT; (7.108) 


where the summation is over all possible modes of decay except the two mentioned. 
The concept of “width” is not always applicable so that the definition of the [~’s 
in terms of a mean life time or its inverse, the decay probability is to be preferred. 
The energy E = Ea is the relative energy of the system a + x, and Eo = Ep isa 
constant, the resonance energy. When Ea = Er 


4x0 


o (a, b) = o0 = 


7.12.1 Resonance Absorption and the 1/v Law 


For reactions involving neutrons of energy <1 keV, (7.105) leads to the well known 
1/v variation for the cross-section for energies away from the resonance. Suppose 
the particle b is a gamma ray (the usual case when a slow neutron is absorbed). In 
order to find out the variation of cross-sections for both the types of channels with 
neutron energy it is necessary to know the behaviour of Ip and T4. Now 


(7.110) 


When a slow neutron is absorbed an excitation energy equal to the binding energy 
(~8 MeV) + En the kinetic energy of neutron (few eV—-few keV) is imparted to 
the compound nucleus. Clearly the excitation energy Eex is insensitive to small 
variation of E, since the former will be of the order of few MeV and E, ~ few 
eV-few keV. Hence the energy available for y-ray transition is practically constant. 

It follows that T, = Ip which represents the probability for y emission also 
remains constant. 


I, ~ const (7.111) 


For particle emission, however, the situation is completely different. Since the ex- 
citation energy is shared among many particles in the compound nucleus the possi- 
bility of emission of a particle depends on the concentration of sufficient energy on 
this particle to allow it to escape. Upon leaving, the emitted particle must return the 
binding energy to the nucleus. Let t/ be the average time between such rearrange- 
ments of the nuclear constituents as would permit the emission of particle a. The 
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frequency of emission of the particle “a” is given by the product of the frequency 
for the favourable configuration and the probability P, that the particle a is given 
the required amount of energy to penetrate through the nuclear surface 


h hPa 
I, = — = 7 
Tn Ta 
But 
P, = n (7.112) 
“ (k+K)? l 


where K and k are the inside and outside wave numbers, respectively. Equa- 
tion (7.112) is the formula for the penetration of a rectangular barrier. 
For small E„, k < K. Therefore P, ~ a = fin giving 


Aout ” 
Pa X , so that 
out 
In XVn (7.113) 
Further 
Ty >, and T =T; + In ~ const (7.114) 


since T, ~ const. When E, < Ep (resonance energy) the denominator in (7.103) 
and (7.105) are nearly constant. Using (7.110), (7.111), (7.113) and (7.114) in 
(7.105), we get (away from resonance energy) 


1 
O(n,r) X — (7.115) 
v 


As E, —> Er, o (n, y) varies much more rapidly and o (n, y) —> o0 = Omax When 
En = Er. Subsequently, when En exceeds Er, o(n,y), will decrease at first 
sharply, then more slowly with increasing E,,. Note that the absorption curve is 
asymmetric because of 1 or (1/ VE) factor in the expression. 

When I > En — Ep, then again o (n,r) « (1/v,). Thus the (1/v) law is valid 
either when 


(1) En X ER 
(2) [> En- ER 


In (2) no maximum occurs in the o (n, y)—En plot, o (n, r) decreasing with increas- 
ing neutron energy En. 

In the case of emission of charged particles the Gamow factor is introduced in the 
final formula. The energy levels in the compound nucleus are relatively far apart near 
the ground state and become closer at higher excitation energy. At energies ~15— 
20 MeV, energy levels are practically continuous. For nuclei in the medium range 
of A = 100-150 the spacing near the ground state is ~0.1 MeV. However, when the 
energy is in the region of 8 MeV above ground state, the spacing is 1-10 eV. For 
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light nuclei, the spacing is ~1 MeV near the ground state and ~10 keV when the 
internal energy is ~8 MeV above the ground state. 

For elements of moderate and high mass numbers, resonances occur for neutron 
energy ~1 eV-10 eV. For example ?38U exhibits resonance capture of neutrons in 
the eV and keV range as in Figs. 7.15 and 7.16. If the neutron kinetic energy is 
such that the excited level coincides with one of the levels of the compound nucleus 
then a high absorption takes place. Note that at high neutron energies, 1 MeV or 
more, the compound nucleus will acquire 9 MeV or more above the ground level, 
Fig. 7.17. 

In this region the levels widths are frequently comparable with the level spacing. 
Hence resonance effects will not show up. 

For nuclei of low mass number the spacing of the energy levels in the 8 MeV 
region is larger than for nuclides of moderate or high atomic weights. Hence reso- 
nance absorption occurs with En ~ 10 keV or so. But the absorption is not marked 
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Fig. 7.17 Hypothetical levels 
for a compound nucleus 
ER = 8+ En 


as there is a general tendency for the absorption to decrease with the increase of 
neutron energy. 


7.12.2 Elastic Scattering 


Two types of elastic scattering must be distinguished (1) potential scattering, (2) res- 
onance scattering. The potential scattering also known as shape-elastic scattering 
is caused by the interaction of the neutron wave with the potential at the nuclear 
surface. Effectively the incident neutron does not enter the target nucleus and the 
compound nucleus is not formed. It results from the diffraction of those neutrons 
which pass close by, but not into the nucleus. In the case of elastic resonance scat- 
tering the neutron is captured by the target nucleus when its energy is close to one 
of the quantum states and it is re-emitted. Re-emission of the captured neutron is 
expected from the fraction (I„/T) of the compound nucleus. Formula (7.103) for 
o (n,n) is applicable only if this resonance elastic scattering is the only kind of elas- 
tic scattering (Fig. 7.14). However, because of the presence of potential scattering 
the two types are superimposed coherently. For / = 0 and the neutrons assumed as 
projectiles 


T iln : ? 
+ [exp(2ikR) — 1] (7.116) 


- K| (En — Er) + 


Oel 


The quantity between the vertical bars is a complex number. The first term is called 
the resonance scattering term, the second is called the potential scattering term. We 
can write (7.116) as 


IU 
del = qz lAres + Apol (7.116a) 


with 
A = : r nd A = exp(2ik R) 1 
a l — 
res ( 7 ) m pot 
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Fig. 7.18 The upper curve 
shows the elastic scattering of 
protons from aluminum as a 
function of proton energy. 
The ordinate is the ratio of the 
observed scattering to the 
scattering at energies far from 
resonance. The lower curve 
shows how the gamma 
radiation from the target 
varies with proton energy; it 
is a measure of the resonance 
absorption. Both curves are 
drawn to give a best fit, 
without regard to theory [2] 
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where R is the nuclear radius. The potential energy term varier smoothly with en- 
ergy. The resonance term rise to large values when E, = Er, otherwise it is small. 


For En < Ep the two terms interfere destructively yielding a low value of og. 
For En > Ep they interfere constructively (Fig. 7.18). 


Except near resonance, the resonance scattering is usually much less than the 
potential scattering. Away from the resonance energy (En < Ep), in (7.103), the 
denominator is constant as before, à? œ (1 /v*) and r? œ v?. Hence ø (n, n) ~ const 
(Fig. 7.18). The cross-sections for resonance scattering and potential scattering are 
of the same order of magnitude, except near the resonance. It is generally accepted 
that the total elastic scattering cross-section is independent of En. This is specially 
true for neutrons with energies <0.1 MeV when scattered by nuclei of fairly low 
mass number. 


7.13 Optical Model 


It is of interest to consider cross-sections averaged over energy ranges greater that 
the average resonance spacing. At such energies the characteristic features of a 
particular compound nucleus are suppressed and features common to all nuclei 
are revealed. It turns out that these energy averaged cross-sections vary smoothly 
with projectile energy in passing from one nucleus to the neighbouring one. As 
the incident particle energy is varied broad resonances are encountered with life 
times of 107?!-107?2 s. This smooth variation of the cross-sections is displayed. 
In Figs. 7.19(a) and 7.19(b) for neutrons interaction with element heavier than Mn, 
as a function of the neutron energy and the target nucleon mass [1] and [15]. These 
cross-sections appear to be related to the bulk properties of the nucleus, the details of 
its structure being unimportant. This remarkable feature of nuclear scattering cross- 
section can be explained by the optical model which employees a complex potential 
based on the nuclear dimension and nuclear shape. 
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Fig. 7.19 (a) Measured cross-section averaged over resonances for E and A [1]. (b) Observed 
“gross structure” of total neutron cross section (compiled by Feshbach et al. [15]) 


It is assumed that all the individual nucleon-nucleon interactions between the 
projectile and the target nucleus can be replaced by a one-body interaction that can 
be represented by a potential V(r), where r is the separation of the projectile and 
the nucleus. This assumption is similar to that underlies the shell model (Chap. 6). 
V(r) is expected to be uniform in the interior and fall off exponentially toward the 
surface following the nuclear matter distribution, Fig. 7.20. Outside the nucleus it 
is zero because of short range of nuclear forces. A real potential alone is not ade- 
quate to describe the experimental data since besides scattering absorption will also 
be present by which the incident particles can be removed by various non-elastic 
channels via compound nucleus reactions, direct or pre-equilibrium reactions. 

Now, it is well known that the scattering and absorption of light can be success- 
fully explained mathematically by using a complex potential. It is therefore tempting 
to use a complex potential for the nuclear case. 
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Fig. 7.20 The radial r —> 
variation of the nuclear 
optical potential 
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For simplicity we consider a one-dimensional model with a wave incident on a 
square well potential 


V=-U —iW, z< R; V =0, z> R (7.117) 


The energy of the nucleon outside the nucleus is E and its wave number is k = 
(2mE)'/*/h. As the nuclear potential is attractive the particle moves more rapidly 
inside the nucleus so that its wave number becomes 
1/2 
kek + tix = CEHU HIWI” (7.118) 
2 h 
The wave number is complex because V is complex. The factor (1/2) is introduced 
to make the absorption coefficient K equal to the reciprocal of the mean free path 
of the nucleon in nuclear matter as in (7.125). 
In analogy with optics we can define the refractive index n as the ratio of the 
particle velocity inside and outside the potential well 


aw ap) 
E+U+iW ky iK 
( “) E a (7.119) 


At high energies kR > 1, kı & k, and K <k so that n ~ 1 and to a high degree of 
accuracy 
n? —1~2(n—-1) (7.120) 


Combining (7.119) and (7.120), and equating real and imaginary terms, we easily 
find 


U=hvk, and (7.121) 
W= laK (7.122) 


where v = y (2E /m) is the velocity of the incident nucleon. The nucleon wave 
function inside the nucleus is given by 


Yy = ek = gilk-tkiz g—/2)Kz (7.123) 
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Fig. 7.21 Schematic 

representation of the path of a Á NA 
high energy neutron within a z] 

nucleus 


Thus the nucleon wave is attenuated exponentially according to 
Iy =e" * (7.124) 


and it implies that the imaginary potential removes particles from the elastic chan- 
nel. In (7.124), K is clearly the reciprocal of the mean free path in the nuclear matter 
in (7.122), the product vK = v/A represents the number of collisions per unit time 
(collision frequency) of the incident nucleon with the nucleons of the nucleus. If p 
is the nuclear density, that is number of nucleons per unit volume and o the average 
nucleon-nucleon cross-section in nuclear matter then 

1 30 


K = - = po = 
À Arro 


(7.125) 


because p = A/V and nuclear radius R = rgA!/3. The average cross-section o 
must be corrected for the fact that the interaction occurs with nucleons endowed 
with Fermi moment varying in magnitude and direction and that the collision cross- 
sections are energy dependent. Further, the cross-sections are reduced due to Pauli’s 
principle which forbids nucleon-nucleon interactions leading to nucleon to a state 
already occupied. According to Goldberger the reduction factor is obtained from 


2 
Onp = 3 np (free) (7.126) 


We shall now derive expressions for the reaction and elastic cross-sections for a high 
energy neutron interacting with a nucleus of radius R, see Fig. 7.21. 

The portion of the wave which strikes a distance b from a line through the centre 
of the sphere emerges after travelling a distance 2S, with S? = R? — b?, on emerging 
has the amplitude a = e(—* +7/*)S so that 


R R 
o =2 | (1 — laP)bdb =27 f (1—e***)sds 
0 0 
1—(1+2KR 
gR ly | OU TAKR) ore (7.127) 
2K2R2 


According to (7.123), the wave transmitted through a distance z in the nucleus is 


= eC F tiki) pikz — qet (7.128) 
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Fig. 7.22 Curves for 
kı/K =1.5 
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The expressions (7.127) and (7.129) reproduce the experimental data quite accu- 
rately at high energies. Note that o, /7 R? is a function of K R alone while o, /m R? 
depends on ki /K as well. A direct confirmation of the theory, quite independent 
of the parameters is obtained by plotting drotal (exptl)/ A? against A! where one 
finds that the experimental points from Li to U lie on a smooth curve which reaches 
a maximum and comes down as predicted by the theory. By contrast, the curves 
would be a horizontal line if the nucleus were taken as a totally black sphere, that is 
a body with complete absorption. 

In Fig. 7.22 the curves are drawn for kj /K = 1.5. For a given sss and K we 
can find R, the radius required for each nucleus to give the observed total scattering 
cross-sections. A value of K = 2.2 x 10!? cm7! corresponds to a mean free path in 
nuclear matter, à = 4.5 fm. The radii calculated from the measured cross-sections 
(Fig. 7.22) yield ro = 1.37 fm. The associated value of 3.3 x 10!? cm7! corresponds 
to U = 30.8 MeV. 

The concept that the imaginary part of the complex potential in the potential 
model has the effect of removing particle flux from the elastic channel is equally 
valid for the three-dimensional problem. To this end we set up the Schrodinger equa- 
tion for scattering by the complex potential (7.117) 


2 2m : 
V Vee CEU =p (7.130) 


Multiply (7.130) by y* and subtract the complex conjugate of this equation multi- 
plied by w to obtain 


4imW 


a (7.131) 


WV = YV? y* —— 
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The quantum mechanical expression for the current density is 


j=5 ("Ve -vvv") (7.132) 
im 
so that (7.131) becomes 
2 
div j = ee (7.133) 


Since wy™* is the probability density and W is given by (7.122), this equation is 
equivalent to the classical continuity equation 


dp 


v 
div j = —— 7.134 
PP +div J P ( ) 


where v is the particle velocity. When steady state is reached, the term dp/dt in 
(7.134) vanishes. Provided W > 0, the imaginary part of the complex potential has 
the effect of absorbing flux from the incident channel. 


7.14 Direct Reactions 


It was pointed out that direct reactions are those which proceed without the forma- 
tion of the compound nucleus. They include a variety of nuclear reactions such as 
inelastic scattering, stripping and its inverse, pick-up reaction, Knock-out reaction 
and heavy ion reaction. The time during which the incident and the target nucleus 
interact is very much shorter (of the order of 1072! s) than the life of a compound 
nucleus (10~!°-107!® s). Because of this difference, the reactions products have 
characteristics which are entirely different from those observed in compound nu- 
cleus reactions. 

These two processes represent extreme views of the mechanism of nuclear reac- 
tions. It is difficult to state at which energy one or the other mechanism will operate. 
As a rule at low energies, compound nucleus formation is more likely while at high 
energies direct reaction will dominate. 

While compound nucleus reaction is a two-step process, direct reaction is a one- 
step process. The possibility of the direct reaction was first recognized by Oppen- 
heimer and Phillips while analyzing the low-energy (d, p) reactions. It was exper- 
imentally observed that (d, p) reactions were more frequent than (d, n) reactions. 
This is opposite to what is expected if the reaction proceeds through the compound 
nucleus formation. In the collision of deuteron, the neutron is captured by the target 
nucleus, while the proton is repelled due to Coulomb forces, leading to a prepon- 
derance of (d, n) reactions over (d, p) reactions. 

Butler’s theory [13] has demonstrated that the forward peak in the angular dis- 
tribution is given by the square of the spherical Bessel function of order /, where 
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l is the angular momentum of the state is which the neutron (for (d, p) reac- 
tion) and the proton (for (d, n) reaction) is captured. (See Fig. 7.27.) The spheri- 
cal Bessel functions are given in [24], Appendix C. The uncaptured nucleon pro- 
ceeds in the forward direction giving a forward peak. Such reactions are called 
“stripping” reactions. Later it was found that a large number of reactions such as 
31P(x, p)ss, 13CCHe, «)!*C?3, Na(d, p)-*Na, TLi(p, d)°Li etc. show character- 
istics of “stripping” or “pick-up” reactions recognized by the forward peaking. The 
reactions (p,d) and (n,d) are known as the inverse of the (d, p) and (d, n) reac- 
tions. In the process of pick-up, the incident proton on approaching close to the 
target nucleus strongly interacts with an outer neutron and forms a deuteron which 
is emitted. A similar explanation is given for the (n, d) reaction. The forward peak- 
ing in (x, p) reaction is explained as the stripping of a triton from the alpha particle. 
On the other hand, the (p, œ) reaction is the pick-up of a triton by the proton from 
the target nucleus to form an alpha-particle. Reactions of the type (x, p) and (n, p) 
are known as knock-on reactions in which the incident particle strikes a nucleon or a 
cluster of nucleons and ejects it. The stripping or pick-up reactions mentioned above 
are special cases of a general class of direct reactions known as transfer reactions or 
rearrangement collisions. 

Reactions which correspond to inelastic scattering such as (p, p’), (x, x’) and 
(d, d’) may also fall under direct reaction category and analyzed similarly. 

Direct reactions have provided valuable information for nuclear structure. The 
Born approximation which is based on plane-wave approximation does not give 
satisfactory results to explain the direct approximation. Since the incident wave is 
distorted due to nuclear reaction, one resorts to the distorted-wave Born approxima- 
tion (DWBA) which is outside the scope of this book. We shall now describe various 
types of direct reactions in the order of complexity. 


7.14.1 Inelastic Scattering 


In the inelastic scattering process the incident particle interacts with the target nu- 
cleus and imparts some of its energy, raising it to an excited state. Measurement of 
the energy loss of the scattered particle indicates the energy of the excited level and 
the differential cross-section and polarization of the scattered particle throw light on 
the nuclear structure. 

At low energy the target nucleus can be excited by pure Coulomb field between 
the projectile and the target, a process known as Coulomb excitation and is important 
only for high Z particles. This aspect will be discussed in Sect. 7.17.2 which is 
devoted to heavy ion reactions. At higher energies the excitation is caused by the 
nuclear interaction in the presence of Coulomb field. 

The simplest model for the inelastic scattering is the shell model which assumes 
that the interaction raises a single nucleon to a higher state. However, the calculated 
cross-section is far below the experimental values. 

The observation that the collective states are strongly excited by inelastic scatter- 
ing led to the assumption that the incident particle interacts with the target nucleus 
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Fig. 7.23 Elastic and 
inelastic differential 
cross-sections for the 
interaction of 12 MeV 
protons with a medium 
weight nucleus, compared 
with calculations made using 
the coupled channel theory. 
The spin of the Ni state 
excited in the inelastic 
process is 2* [12] 
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as a whole. This then is the collective excitation which is described as the coherent 
sum of many particle hole excitation. In heavy ions such as uranium highly devel- 
oped rotational bands have been found with only even values J = 0,2,4,... The 
symmetry of the problem demands that I can take only even values with even par- 
ity. The nucleus is excited by quadrupole transitions in successive jumps produced 
by the electromagnetic field of the same projectile. Calculations are therefore made 
using the collective model for the rotational or vibrational states. 
Reasonably good results are obtained by using the weak coupling expression 


doif _ Kemi mf 


O are (FIV li) |? (7.135) 


for the differential cross-section for the transition from the initial state i to the fi- 
nal state f. Here (f|V|i) is the matrix element. However, the interaction being 
strong, the so-called coupled channel theory is employed. This theory is much more 
accurate and takes into account the coupling between various reaction channels. 
The theory gives both the differential cross-section and polarization. As an example 
the theoretical predictions are compared with the experimental data on differential 
cross-sections for both the elastic and inelastic scattering of 12 MeV protons from 
Ni nuclei, in Fig. 7.23 from the work of Buck [12]. Further the spin and parity of 
the excited state of Ni(2*) is extracted from the theory. 


7.14.2 Charge-Exchange Reactions 


In a charge-exchange reaction both energy and charge are exchanged between the 
projectile and the target nucleus. The most important charge exchange reactions are 
the (p,n) and the He, t) reactions. Both provide useful information on nuclear 
structure. The cross-sections for the former are one order of magnitude greater than 
the latter. However, the (p, n) reactions occur throughout the nuclear volume while 
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Fig. 7.24 Triton spectrum at 74Ga (He,t) 7Ge 
0° in the 7!Ga(?He, t) at 3200F 450 Mev 
450 MeV [18] 2800} 8 =0° 


O 420 430 440 450 460 470 
Triton Energy {MeV) 


the He, t) reaction is confined to the nucleus surface since both 7He and t easily 
dissolve into their constituents in their passage through the nuclear interior. 

In such a charge exchange process the target nucleus is converted into an iso- 
bar. That the isospin T is a good quantum number is evidenced by the parity of 
the isobaric analogue state (IAS) excited in the high resolution measurements of 
(He, t) reactions. As an example Fig. 7.24 shows the IAS excited in the reaction 
31GaCHe, t)4,Ge obtained by Fugiwara et al. [17]. 

If the reaction goes to the isobaric state of the target nucleus only the isospin 
vectors are flipped and the isobar analogue will have the same isospin as the target 
nucleus. Such reactions are quite similar to elastic scattering and are referred to as 
quasi-elastic scattering. 


7.14.3 Nucleon Transfer Reactions 


Here one or more nucleons are transferred from the projectile to the target nucleus 
(stripping reactions) or from the target nucleus to the projectile (pick-up reactions). 
Deuteron stripping reaction is the simplest example of transfer reaction in which 
one neutron or proton from deuteron is transferred to the target nucleus. Direct re- 
actions in which a single neutron or proton is transferred from the projectile to the 
target nucleus are known as single transfer reactions. Examples of this in heavy ion 
collisions are 


5 (/4N, 'SN)*¥s and °°Me('4N, 'SN)?Mg 


Double transfer means that two particles, for example two neutrons or two protons 
have been transferred from one nucleus to the other. Multiple transfer is then the 
transfer of many particles, all in one direction. 

The neutron-transfer reaction has several fairly well established features. Below 
the Coulomb barrier, the excitation function decreases more slowly with decreasing 
energy than the excitation function for the compound nucleus formation. This is to 
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(a) (b) 


Fig. 7.25 Schematic representation of a (d, p) reaction 


be expected for a direct reaction which takes place on the nuclear surface and which 
proceeds without the formation of compound nucleus. The total cross-sections for 
neutron-transfer reactions tend to level off at values of tens of mb. Further, cross- 
sections are strongly dependent on Q values. 

The angular distribution of neutron transfer of the type ('*N!°N) show a peak 
in the forward direction. Consider the transfer reaction to be quasi-elastic scatter- 
ing modified by the passage of a neutron from one nucleus to the other. Neutrons 
are not transferred for very distant collisions (small angle scattering) and for very 
close collisions for which the compound nucleus reactions strongly compete with 
the transfer processes. The position of the maximum depends on the energy of the 
incident ion. The peak is shifted to wider angles at higher incident energy. 

We shall focus on the (d, p) reaction as historically it was the first to be studied 
in detail and was found to be valuable in nuclear structure studies. In this reaction 
the neutron from the projectile is transferred to an unfilled single particle state of 
the residual nucleus. The same analysis is valid for (d, n) reaction and other one 
nucleon transfer reactions. The (d, n) reaction is not favorable to study as the energy 
resolution of the resultant neutrons is so low that it is not possible to resolve the 
neutrons corresponding to protons captured in nearby states. 

The angular distribution of protons from (d, p) reactions was observed to be 
peaked either in the forward or backward direction. this observation led Serber to 
suggest the direct reaction model. When the capture of neutron by the target nucleus 
takes place at the surface in a peripheral collision, the proton is detached and con- 
tinues its flight in the forward direction at a small angle. This explains the forward 
peak. On the other hand if a deuteron at low energy makes a head-on collision on 
a heavy nucleus, the neutron may be captured and the detached proton would be 
repelled in the backward direction due to Coulomb forces, leading to the backward 
peak. 

In the stripping reaction of deuteron (d, p) let the energies of the incident 
deuteron and the outgoing proton be large enough so that these particles are un- 
affected by the Coulomb field. Let the incident deuteron have linear momentum 
kah, the outgoing proton k,h and the captured neutron k,,h directed toward target 
nucleus. The momentum of the deuteron is then given by vector sum of momenta of 
proton and neutron, Fig. 7.25. 

The momentum triangle, Fig. 7.25(b) gives 


ka =k, + kå — 2kpka cos 0 (7.136) 
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The momentum transfer to the neutron is 


Ln 
Ika —Kp| = kn = — (7.137) 
R 
Now, the absolute value of the angular momentum carried by the neutron into the 
nucleus is hk,b, where the impact parameter b ranges from zero to R, the radius of 
the nucleus. But the neutron is captured from an orbital of angular momentum lA, 
so that 


kn R > In (7.138) 
Squaring (7.138) and combining with (7.136) 


12 


2kpkacos0 < k? +k; — (7.139) 


n 
R2 
For n = 0, J, = 0, and (7.139) will be satisfied, at 0 = 0°. For a given transition 
ke and k3 are constants determined by energy conservation, and (7.139) shows that 
the preferred angle of scattering 0 will increase with increasing l„. Actually the 
semi-classical argument is oversimplified. In any case (7.137) will be satisfied for 
a larger angle when kn has increased. Sophisticated calculations are made using 
DWBA. The shape of the angular distribution permits the determination of /. The 
analysis is simple if the target nuclei have J = 0. If the neutron is captured with 
orbital angular momentum L, then the total angular momentum of the final state 
consisting of target + neutron, is J = L + (1/2) so that J = L + 1/2. Thus the 
determination of L gives two possible values for J. The ambiguity is removed from 
the measurement of polarization of the outgoing proton which has opposite sign 
for the two possibilities. Furthermore, the product of the parities of the initial state 
and final state is determined by (—1)!. This means that both spin and parity of 
the final state is determined with the knowledge of initial state and the value of /. 
Figure 7.26 shows the fitting of theoretical curves with the experimental data. There 
are many other types stripping and pick-up reactions in which one or more nucleons 
are transferred. They have been used to determine nuclear structure of numerous 
nuclei. 

One-nucleon transfer reactions give valuable information on the single-particle 
structure of nuclei, two neutrons transfer reactions such as (p,t) and (t, p) reac- 
tions provide information on pairing energy, while «-transfer reaction like (°Li, d) 
reaction throw light on the «-cluster structure. 

The contributions of different angular momentum (/) values shown in Fig. 7.26 
are reminiscent of Butler’s semi classical theory, using approximations which are 
equivalent to Born’s approximation. The energetics of the stripping reactions are 
indistinguishable from those of compound nucleus reactions. However,the angu- 
lar distribution does not have fore-and aft symmetry about 6 = 90°, but shows a 
pronounced maximum in the forward direction. Note that for /, or lp = 0, this max- 
imum lies at 0 = 0 and progressively advances to wider angles for larger values of 
I, or lp. Besides, there are also secondary maxima for each value of l, or lp value 
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Fig. 7.26 The differential cross-section for the 7°Se(d, p) reaction at 7.8 MeV to various final 


states showing how the peak angle increases with the orbital angular momentum transfer L. The 
curves were obtained from distorted wave calculations with two sets of optical potentials [26] 
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Fig. 7.27 Angular distribution of the uncaptured particle in the stripping reaction (d, p) and 
(d, n). The captured particle transfers orbital angular momentum J, or 7p directly into a level in the 
final nucleus. In general, the differential cross section is largest for I, or Ip = 0 and decreases as 
the angular momentum transfer increases. The illustrative angular distributions shown referto any 
stripping reaction for which the incident deuteron energy is 14.9 MeV and the uncaptured particle 
has 19.4 MeV, both in center-of-mass coordinates [13] 


(Fig. 7.27). The contributions to ø (0) is directly proportional to the square of the 
spherical Bessel function of the corresponding order. The spherical Bessel functions 
Jo(x), jı(x) and j2(x) are given in [24], Appendix C. 

At high energy the stripping mechanism can be described semi-classically by 
Serber’s model [29] in which one of the nucleons from deuteron is absorbed by the 
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Fig. 7.28 Schematic representation of (a) Coulomb break-up at low energies on a heavy target 
nucleus; (b) nuclear break-up at higher energies 


target nucleus and the other continues its flight almost unperturbed with the initial 
velocity of the deuteron, and therefore with half of deuteron energy. The energy 
and angular distribution governed by the addition of the internal momentum of the 
deuteron to half the momentum of its centre of mass. The energy spread of the 
stripped nucleon is given by 


AE = 1.5(BgEq)!/” (7.140) 
the angular width by 
By\'? 
AG= 1.6( 7) (7.141) 
Ea 
and the energy of the stripped nucleon by 
1 
Ey = 5 a (7.142) 


where B4 is the binding energy of the deuteron and Eg is its kinetic energy. 


7.14.4 Break-up Reactions 


In the Coulomb field at few MeV incident energy a composite particle may undergo 
a break-up into its constituents. The simplest example is a (d, pn) reaction. The 
break-up may take place in the Coulomb field specially when the target nucleus 
has high Z, without the neutron being captured. This is known as Coulomb break- 
up. As there are three particles in the final state, energy can be shared in a number 
of ways, the angular distribution of proton and the neutron is not a line spectrum 
but a continuous one, with a broad peak centred at about one-half of the incident 
deuteron energy. As the deuteron traverses a Coulomb orbit, the neutron and pro- 
ton break up, the neutron and proton are emitted on the same side of the incident 
direction, the proton being repelled and the neutron continuing in a straight line, 
Fig. 7.28(a). 

At higher energies (of the order of 100 MeV or more) the break-up may occur in 
the nuclear field. In this process the proton and neutron may be emitted on the oppo- 
site side and the target nucleus may be left in the ground state or raised to an excited 
state. These processes are known as elastic and inelastic break-up respectively. 
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Fig. 7.29 Schematic 
representation of the (p, 2p) 
knock-out reaction 


Proton 


7.14.5 Knock-out Reactions 


These consist of reactions X(a,bc)Y in which there are three nuclei in the final 
state. The simplest example of a knock-out is the (p, 2p) reaction. At high energies 
this can occur as a simple billiard-ball collision with a target nucleon, Fig. 7.29 with 
the two outgoing proton emerging at an angular separation of 6 = 6; + 62 = 90° in 
the Lab system. 

The condition for the occurence of the knock-out reaction is that the wavelength 
of the incident particle is small compared with the internucleon separation in the 
nucleus and that the projectile energy is much higher than the binding energy of 
the struck nucleon. The first condition ensures that the collision occurs with a sin- 
gle nucleon and not with the entire nucleus; the second one implies that the ejected 
proton results from a direct process and not via a compound nucleus. This then 
means that a few hundred MeV energy is required for the projectile. The knock- 
out process is recognized by detecting the two protons in coincidence. This is ac- 
complished by fixing one proton counter at a definite angle say 0 = 45°, on one 
side of the beam axis, and measuring coincidence rates with the second proton 
counter placed on the other side of the beam, in the same plane, at variable an- 
gle. There will be a peak in the coincidence rates at the angle 62 = 45° for the 
knock-out protons. This is singled out from the background protons resulting from 
other processes, such as pre-equilibrium reactions, which have continuous distribu- 
tion. 

If the energies of the two outgoing protons are measured then the energy bal- 
ance indicates the binding energy that the struck proton had in the target nu- 
cleus. One finds peaks in the summed energy spectrum corresponding to the bind- 
ing energies of the various shell model single-particle orbitals. This is one of the 
most direct pieces of evidences for the existence of these orbits and the results 
are analogous to those obtained by Franck-Hertz experiments on the ionization of 
atoms. 

The statement that the emitted protons subtend a right angle needs some qualifi- 
cation. The struck proton will not be completely at rest but will be moving about in 
the target nucleus. This will permit the emergence of the two protons at angle of sep- 
aration different from 90°, and also allow non-coplanar events. This leads to a peak 
centred around the favoured angle but broadened by the initial motion as shown in 
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Fig. 7.30 Illustrating a 
knock-out reaction of the type 
(a, a'b). The angular 
correlation between protons 
emitted with equal deflections 
to left and right (that is, with 
Oa = Op in the °Li(p, 2p) 
reaction at 450 MeV 
bombarding energy for 
knock-out from the 1s1/2 and 
1p3/2 orbits. The maximum 
and minimum, respectively, 
are shifted slightly from 

Oa = Op = 45° because of 
refraction of the incident and 100 z 
outgoing protons [23] Li (p.2p) 
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Fig. 7.30. Only if the struck proton is in a s-state then it can be found at rest. If 
it has a finite amount of angular momentum, it will always be in motion, although 
this motion will be slow compared to the projectile’s motion provided the incident 
energy is high. In such cases, there will be actually a minimum at the favoured an- 
gle 0 = 01 + 62, corresponding to a free particle, with a peak on either side. This 
is illustrated in Fig. 7.30 for the knock-out process °Li(p, 2p) from the p-state, in 
the work of Jacob and Maris [23]. From such measurements on angular correlation 
one can get information on the angular momentum of the state from which the tar- 
get proton was ejected as well as its energy. Furthermore from the observed shape 
of the peak, information can be obtained about the momentum distribution of the 
nucleon in the target nucleus before it was struck and emitted. A great advantage 
of the knock-out reactions is that the deep single-particle states can be studied from 
the missing energy while nucleon transfer reactions permit access only to such states 
which lie near the Fermi surface. 


7.15 Comparison of Compound Nucleus Reactions and Direct 
Reactions 


In Table 7.1 are compared the distinguishing features of the two extreme types of 
reactions. 


7.16 Pre-equilibrium Reactions 


So far we have discussed two extreme views of nuclear reactions. The direct re- 
action takes place with a single nucleon or a cluster of nucleons and the reaction 
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Table 7.1 Comparison of compound nucleus reactions and direct reactions 


Feature Compound nucleus reactions Direct reactions 

Times involved 107!4 —107!6 s ~ 10720-107?! s 

Dominance of reaction Low energy High energy 

Nature of reaction Surface phenomenon Nuclear interior 

Cross-section xb xmb 

Angular distribution Isotropic in the centre of mass Peaked in the forward 

system hemisphere 

Location of peaks Energy dependent Orbital angular momentum 
dependent 

Energy distribution Boltzmann distribution Peaked toward higher energy 
side 

Deuteron stripping at low (d, n) reactions more frequent (d, p) reactions more 

energy frequent 

Variation of excitation function Rapid and irregular Smooth 


with energy 


is completed in a very short time (~10~7°-10~7! s). In the compound nucleus re- 
action the projectile is captured and initiates numerous collisions and the energy 
is distributed over the entire nucleus so that a thermal equilibrium is reached in a 
relatively long time (~107!4-107!6 s). The hot liquid drop cools off by emitting 
one or more particles. We can expect some events to occur after the first stage of 
direct reaction is over but in relatively few collisions the compound nucleus evap- 
orates long before the thermal equilibrium is reached. Such reactions are called 
pre-equilibrium reactions or pre-compound reactions. Their time scale is intermedi- 
ate between the very fast direct reactions and the relatively slow compound nucleus 
reactions. Direct evidence for pre-equilibrium reactions is provided by the energy 
spectra of particles at relatively high energy particles. They show conspicuous devi- 
ation from the Maxwellian distribution expected from compound nucleus reactions 
and by the presence of peak from the excitation of low lying energy level due to 
direct reactions. As an example Fig. 7.31 shows the energy spectra of inelastic pro- 
tons emitted from the bombardment of *>Fe by protons of 29, 39 and 62 MeV. The 
spectra can be divided into three distinct regions, the one on the left side corre- 
sponds to low energy particles evaporated from a hot nucleus with the characteristic 
Maxwellian distribution; this is followed by a somewhat structure less continuum in 
the middle, which is weakly dependent on ejectile energy; finally on the right side 
toward the higher energies, sharp peaks corresponding to protons associated with 
single particle excited states. 

Analysis of the angular distribution of the observed particles reveals that the 
Maxwellian peak is symmetric about 90°, thereby confirming its compound state 
origin. On the higher side the sharp peaks reveal a forward-peaked structure con- 
firming their origin in the direct reactions. Further, these peaks shift toward higher 
energy with the increase of bombarding energy, showing that higher states are ex- 
cited. The structure less continuum in the middle can neither be attributed to the 
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Fig. 7.31 The energy spectra 20.0 

of inelastic protons emitted 18.0 E = 29MeV 
after bombardment of >>Fe by 
protons of 29 (upper left), 39 
(upper right) and 62 MeV 
(lower). The highest-energy 
protons emitted (right hand 
end of spectra) correspond to 
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compound state reactions nor to the direct reactions. On the lower energy side of 
this continuum the angular distribution is symmetric about 90° but the cross-sections 
are much greater than those predicted by the compound state theory. On the higher 
energy side the angular distributions are peaked forward but lack both diffraction 
structure and the nuclear structure dependence which characterize particles origi- 
nating from direct reactions. 

These observations are explained by assuming that the nucleon cascade generated 
in the high energy collisions causes the excitation of particle-hole states (excitons) 
through nucleon-nucleon interactions. At various stages particles may be emitted 
from these particle-hole states in the intermediate nuclei much before they have 
attained thermal equilibrium. Such particles are said to result from pre-equilibrium 
reactions. 

Usually the individual final states cannot be resolved as they occur at consider- 
able energy. The total cross-section for the pre-equilibrium reactions comes from 
the continuum of final states. As there is no interference in the reactions occuring at 
various stages, the total pre-equilibrium reaction cross-section is evaluated by sim- 
ply adding the contribution from various stages of the nucleon-nucleon interaction 
cascade. 
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The first successful theory to explain these processes was the excitation model, 
introduced by Griffin [22]. It is outside the purview of this book. Such reactions 
may be studied by Monte Carlo methods. 


7.17 Heavy-Ion Reactions 


A heavy ion is defined as a nucleus with mass number A > 4. Reactions between 
two heavy nuclei offer a richer variety of phenomena than those between a light ion 
and a heavy target nucleus. 


7.17.1 Characteristics of Heavy Ion Reactions 


(1) The large mass implies a greater linear momentum compared to a light ion 
of the same energy. This also means a greater angular momentum about the 
target nucleus (l <~ pR). For example, consider a Zn nucleus (A; = 30) at 
500 MeV making a grazing collision with a Sn nucleus (A2 = 50). Then the re- 
duced mass u = 30 x 50/(30+50) = 18.75. The relative velocity of Zn nucleus 


will be v = cy 2E /Mıc? =c./2 x 500/(63.93 x 931.5) = 0.13c. The inter nu- 
clear distance r = Rj + R2 = 1.3(A 1 + A3) = 1.38013 4501/3) = 6.79 fm. 
J=por=Ih 


I= 18.75 x 931.5 x 0.13 x 6.79 


78 
197 


Thus an angular momentum of 78% is involved in the grazing collision of Zn 
nucleus about the centre of the Sn target nucleus. This affords the excitation 
of nuclear states with very high spin. States as large as 60h or more have been 
excited in (HI, xn) reactions. Here HI means heavy ion projectile which is ab- 
sorbed by a target nucleus resulting in the evaporation of x neutrons. 

A large amount of kinetic energy and angular momentum is distributed over 
a large number of nucleus leading to the formation of a compound nucleus. It is 
interest to know whether there is some critical limit to the angular momentum 
that can be sustained by the compound nucleus beyond which the compound 
nucleus becomes unstable against fission by virtue of centrifugal forces. Indeed, 
experiments have demonstrated that for angular momenta larger that the critical 
value the compound nucleus breaks into two large fragments. 

(2) For reactions intermediate between extreme peripheral (grazing collisions cor- 
responding to direct reactions) and complete fusion reaction (compound nucleus 
reactions) resulting from head-on collision, the cross-sections are by far larger 
for heavy ions than for light ions. There are events in which two heavy nuclei 
stick together for a time longer than that associated with direct reactions but not 
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long enough to fuse into a compound nucleus. Large loss of kinetic energy oc- 
curs in such collisions, the energy being converted into heat (excitation energy) 
the system, however, retains the ‘memory’ as evidenced by the forward peak 
in the angular distribution. Such events have been referred to as deep inelastic 
or strongly damped collisions. After complete fusion, fission into two heavy 
fragments is more probable than evaporation of neutrons. 

(3) The large mass of a heavy ion means that its de Broglie wave length will be 
shorter than for light ion of the same energy. In a number of experiments the 
wavelength will be so short that classical concepts such as trajectory become 
valid, this has lead to the revival of semi-classical theories in heavy ion physics, 
atleast for qualitative understanding. 

(4) As the charge in a heavy ion may be quite large, high projectile energies are 
required to overcome Coulomb barrier between the incident ion and the target 
nucleus. Thus the Coulomb barrier to be surmounted before two lead nuclei 
come into contact is about 600 MeV this requires a bombarding energy in the 
Lab system of about 1200 MeV. The subject of heavy ion interactions has now 
become fascinating and accelerators have been constructed to produce heavy 
ions of energy ranging from few MeV per nucleon to as much as 200 GeV per 
nucleon, and to accelerate ions as heavy as uranium. In the collisions of such 
ultra relativistic ions with targets of heavy nuclei elementary particles and their 
resonant states will be produced copiously. 

(5) The velocity of sound in nuclear matter is estimated to be about 0.2c corre- 

sponding to ~20 MeV nucleon. This leads to the division of low energy into 

two parts, subsonic and supersonic. In the subsonic region nuclei are expected to 
behave as incompressible while in the supersonic region compressibility comes 
into the picture and shock waves are assumed to be generated in nuclei. 

It is suggested that ultra heavy nuclei with A ~ 310 may be stable although they 

have not yet been found in nature. One other interest in heavy ion physics is to 

explore the possibility of creating super heavy elements by fusing two heavy 
ions. 


(6 


wa 


7.17.2 Types of Interactions 


It was pointed out that in the semi-classical picture it was legitimate to use the ion 
trajectories. It Ecm is the centre of mass energy of the two interacting ions then the 
minimum distance of approach is given by 


b 
‘nin = ——————— (7.143) 
1.— V (Fmin) 


cm 


where b is the impact parameter and V (rem) is the nuclear potential acting between 
the two ions. The three regions in which different reactions dominate may be distin- 
guished in terms of the minimum distance of approach in the decreasing order: 
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Elastic (Rutherford scattering, Coulomb excitation) 


(a) Distant collision 


Incomplete fusion and deep inelastic 
collisions 


(b) Grazing collision 


(c) Close collision Fusion 


Fig. 7.32 Schematic representation of heavy ion trajectories showing distant, grazing and close 
collisions 


(a) The Coulomb region with rmin > Ry, where Ry is the distance for which the 
nuclear interactions are ineffective. 

(b) The deep inelastic and the incomplete fusion region with rmin = R1 + Ro. 

(c) The fusion region with 0 <rmin < Ri + R2. 


The ion orbits corresponding to the above regions are schematically shown in 
Fig: 7.32. 


7.17.3 Distant Collisions 


Elastic and Inelastic Scattering At energies below the Coulomb barrier two ions 
can suffer only Coulomb interaction. For distinguishable particles (projectile and 
the target) the angular distribution is accurately described by the Rutherford scat- 
tering. However, for the indistinguishable (identical) ions the quantum mechani- 
cal interference produces a conspicuous departure from the classical predictions, 
the scattering being modulated by damped oscillations. The problem of scatter- 
ing of identical particles was elaborately discussed for Fermions and Bosons in 
Chap. 5. 

Figure 7.33 shows the angular distributions of !6O ions on magnesium and alu- 
minium, showing the characteristic exponential decrease following a local increase 
above the Rutherford predictions. The local increase is attributed to interference be- 
tween Coulomb and nuclear amplitudes. From such data it is possible to extract the 
interaction radii. 

Figure 7.34 shows typical angular distributions for oxygen elastically scattered 
from oxygen. In both the diagrams the energies are below the Coulomb barrier. The 
data are in excellent agreement with the Mott scattering predictions along with the 
marked modulation. 
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Fig. 7.33 Angular 
distributions for O16 on 
magnesium and 

aluminium [9]. The data are 
normalized to the Rutherford 
predictions at forward angles 
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The appropriate formula for Mott scattering is 


_ (7) 
Mott 4E 


+ (<i 


do 
dw 


0 0 0 
cos y In tan? 5 (se — sec? >) | (7.144) 


2s5+1 2 


where S in the nuclear spin and n = du , is the Sommerfield parameter. The first 
two terms are clearly the Rutherford prediction for identical particles while the third 
one is due to quantum mechanical interference. The third term actually modulates 
the classical predictions through the 1n tan? (0/2) term as well as 1 which depends 
on both Z and v. Compared to the scattering of « particles on helium, the heavy 
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Fig. 7.34 Angular distributions for !ĉO on oxygen. The dashed and solid curves are the Ruther- 
ford and Mott predictions, respectively 
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Fig. 7.35 Angular distributions for 16O on oxygen. The legend is that of Fig. 7.34 with the addition 
of the dot dashed Blair prediction for Ing, = 6 


ion scattering tends to amplify the modulation markedly. Note that for 6 = 90° the 
energy modulation disappears. Secondly, the cross-section falls smoothly inversely 
with the square of energy as for Rutherford scattering. 

Figure 7.35 shows angular distributions measured at energies above the Coulomb 
barrier, showing the characteristic decrease in cross-section below the Mott predic- 
tion, but without marked change of shape [9]. The departure from the Mott scattering 
is obviously caused by nuclear absorption. Blair’s sharp cut-off model describes the 
elastic scattering reasonably well even in its very simple form [4]. In this model 
all partial waves in the incident beam with an impact parameter corresponding to 
a classical distance of closest approach (7.143) less than the nuclear interaction ra- 
dius are totally absorbed, while those with higher impact parameters are subjected 
to pure Coulomb scattering. This corresponds to the subtraction of the low partial 
wave contributions to the Coulomb scattered as shown in (7.145). For S = 0 bosons 
such as !°O or !?C the expression takes a simple form 


2\2 
0 0 
= (=) csc? = exp( 2d — iņlnsin? >) 
Blair 4E 2 2 


0 0 
+ sec’ exp (zia — inln cos? >) 


do 
daw 


2 
i Imax 
=e yal + 1) exp(2i6;) P, (0) (7.145) 
n 
1=0 
: — Fd+l+in) : 
where exp(2i6;) = Tarm’ IS Coulomb phase of order /. Here only even values 


are permitted. Since the Coulomb phases are completely defined in the Mott scat- 
tering formalism (7.144), it is possible to compare the experimental data with the 
predictions for absorption of different limiting values. Blair model predictions for 
160 on oxygen in Fig. 7.35, are shown to fit the experimental data with /max = 6. 
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Fig. 7.36 Differential 
209; 136 


cross-section for production Bi +° Xe 


of projectile-like fragments in fi @ Elap7 1130 Mev 
© E, p= 940 MeV 
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At large impact parameters inelastic scattering and transfer reactions also con- 
tribute to the reaction cross-sections. 

For large impact parameters and corresponding small scattering angles the two 
interacting nuclei do not come very close to each other so that the probability for 
nucleon transfer is small. The Coulomb excitation is simply the excitation of the 
nucleus by Coulomb interaction. When the Sommerfield parameter n is large this 
process may be comparable to the excitation by nuclear interaction, specially for the 
low multipoles (small L values). These two contributions are coherent and produce 
interference effects. Because of the long range character of Coulomb interaction 
(~ d/ r-+1) for the L!” multipole) the Coulomb excitation becomes important for 
L =2 and L = 3. Below the Coulomb barrier the Coulomb excitation dominates 
and provides an important tool for measuring transition probabilities. Because the 
Coulomb interaction is large for heavy ions, Coulomb excitation to very high spin 
states, particularly in nuclei displaying rotational spectra through repeated E2 tran- 
sitions up the band becomes important. 


7.17.4 Deep Inelastic Collisions 


When the impact parameter is reduced to the point that rmin = Ri + R2, then (a) 
grazing collision occurs as in the trajectory (b) of Fig. 7.32, the two ions make suf- 
ficiently strong contact resulting in large loss of energy in the form of excitation 
energy; hence the name ‘deep inelastic scattering or collision’ or damped reactions. 
In this process a few nucleons may be transferred, yet they do not stay long enough 
to be considered as a compound nucleus. The excited residues that are produced 
resemble the original ions, one projectile like and the other target like. This is ev- 
idenced by the angular distribution of the residues which peaks very close to an 
angle close to the grazing angle which is the angle at which the projectile would 
have suffered Rutherford scattering in the grazing collision. Figure 7.36 shows the 
angular distribution of residues in the collision of '°°Xe with 7°Bi at lab energy of 
940 and 1130 MeV [28]. The extreme peripheral collisions are the direct reactions 
discussed in Sect. 7.14. 
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The products of deep inelastic collisions are found to be primarily binary, their 
masses and charges differing by only a few units from those of the projectile and tar- 
get, meaning that only a few nucleons have been exchanged although considerable 
energy transfer has occured. 

The angular distributions of the deep-inelastic products are strongly correlated 
with the energy loss. These distributions are approximately Gaussian with a width 
which increases with decreasing total kinetic energy. This suggests a strong cor- 
relation between the kinetic energy loss and the number of nucleons exchanged. 
Peripheral collisions involve less energy loss and a quick separation time leading 
to the ejectiles projected in the forward direction concentrated in a small range of 
angles. Greater energy loss would imply a more intimate contact (as for trajec- 
tory (c) in Fig. 7.32) in which the two ions rotate about one another for a longer 
time. During this time they are assumed to retain their dinuclear configuration, 
without complete fusion. When they break-up they would have exchanged a large 
number of nucleons. Such events are characterized by a broader angular distribu- 
tion. The excited ejectiles decay by particle or y-ray emission. Measurements of 
neutron spectra from these ejectiles show that the two fragments have the same 
temperature, meaning that when they separated after the statistical equilibrium was 
reached. 

When the bombarding energy is below or close to the Coulomb barrier the re- 
action products exhibit angular distribution of “bell shape” centred around the de- 
flection angle for the grazing Rutherford orbit. As the energy increases above the 
Coulomb barrier, the angular distribution reveals the structure. With further increase 
of energy, a diffraction appears typical of direct reactions, Fig. 7.37. 

Another important aspect of direct reactions is the transfer reactions involving the 
transfer of an a-particle-like cluster of two neutrons and two protons to explore the 
validity of w-particle models for the lighter nuclei and the clustering of w-particles 
in heavy nuclei. To this end reactions such as (160, !2C), @Ne, 160), (Li, d) and 
their inverse have been used. 


7.18 Fusion 


Fusion in heavy ion reactions produce nuclei with high excited states and high spins. 
Further, these reactions can produce super heavy nuclei and proton rich nuclei far 
from the stability curve. We summarize the characteristics of fusion reactions. 


1. At low incident energies light projectile are found to have fusion cross-section, a 
large fraction of reactions cross-section. 

2. For larger ionic charges the fusion cross-section of falls off abruptly. 

3. The plot of of with 1/E -m shows a linear increase up to a maximum after which 
it decreases linearly. 

4. The variation of of with the bombarding energy is generally smooth, except the 
oscillatory behaviour when the interacting ions are light. 
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Fig. 7.37 Typical angular distributions for peripheral or direct reactions between heavy ions in 
which one or two nucleons is transferred and the residual nuclei are left with little or no excitation 
energy. (a) “Bell-shaped’ curves typical of reactions initiated by bombarding energies close to the 
Coulomb barrier Toth et al. [30]. (b) Transition from a bell-shape to a diffraction pattern as the 
bombarding energy is increased (from Bond et al. [7]). (c) An example of an oscillating angular 
distribution when two neutrons are transferred (Levine et al. [25]). In each case, the curves repre- 
sent theoretical calculations using the distorted-wave Born approximation. The notation g.s. means 
a transition to the ground state of the final nucleus 


5. The same composite system may be formed from different combinations of ions, 
but the energy dependence of of may be quite different. 


Quite a few of the above features can be explained at least qualitatively by using the 
critical model which is based on the optical potential. The real part of the effective 
one body potential describes the refraction of the incident ion and the imaginary 
part the absorption of all inelastic processes. For the present discussion we shall 
focus only on the real part which consists of three terms, the Coulomb potential, 
the nuclear potential and the centrifugal potential. To a good approximation the 
Coulomb potential may be taken as that between two uniformly charged spheres. 
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Fig. 7.38 (a) Sum of the nuclear, Coulomb, and centrifugal potentials for 'O + !?°Sn as a func- 
tion of radial distance for various values of orbital angular momentum L. The nuclear poten- 
tial has the Saxon-Woods form with V = 40 MeV, yọ = 1.31, a = 0.45. The horizontal line at 
Ecm = 87 MeV corresponds to an incident energy of 100 MeV. The turning points for various 
values of J are marked by dots. (b) The distance of closest approach for various partial waves, 
showing the discontinuity at L = 57 [20] 


The nuclear potential may be taken that of Saxon-Woods form 


Vo 
V, (r) = — r (7.146) 
1+ exp( =>) 
1/3 1/3 . , 
where R=ro(A," + A, ). The centrifugal term is 
h? (1+1) 
VL (r) = —l (7.147) 
2u r? 


The relative contributions of these three potentials is determined by the energy, 
masses and charges of the interacting ions. As an example, Fig. 7.38(a) shows the 
total potential V = Vy + Vc + V), as a function of R, for typical values of /, in the 
collision of 180 + !?°Sn [20]. Note that for smaller angular momentum a pocket is 
formed in the potential which vanishes for larger values of /. There is a range of 
partial waves for which the / values are such that the ions are permitted sufficiently 
close to be trapped in the pocket leading to fusion. Otherwise the two ions are re- 
flected back and do not fuse. Figure 7.38(a) shows that fusion may take place up to 
a critical angular momentum /.,;;. The figure also suggests that the pocket is located 
at a distance Rr which is approximately constant. The occurence of /¢,;; causes a 
discontinuity in the curve for the distance of closest approach D(F) as a function 
of / as in Fig. 7.38(b). In this example it occurs for / = 57. 

The maximum value or the fusion reaction occurs at an energy corresponding to 
the relative momentum 


V(RF) = Lerit 


k(Rr) =k. [1— 
Ecm RF 


(7.148) 
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T V(R 
op (max) ~ a = aR} = 2] (7.149) 
cm 
with the experimental value 
Rr ~10(Ay + Ay”) (7.150) 


Expression (7.149) shows that upto of increases linearly with decreasing 1/Eem 
and then it decreases as 1/E¢m at higher energies after the maximum is reached 
since / cannot exceed lerit, in agreement with the data. 

The critical-distance model also explains the fact that of is a substantial fraction 
of o, the reaction cross-section for light projectiles. Further, the abrupt decrease 
in the ratio of/o, for the higher Z ions is attributed to the increase of repulsive 
Coulomb potential which results to a decrease of /,;i;, thereby reducing the proba- 
bility of pocket formation. 

When the composite system is imparted a large amount of excitation energy as 
well as a large angular momentum, it is set into rapid rotation. Consequently, the 
original spherical shape of the nucleus in the ground state changes into a highly 
deformed shape. 

Now the rotational energy of a body the moment of inertia Z rotating with angular 
velocity @ is 


L328 
E= zie (7.151) 
Its angular momentum is J = Ja, so 


J? 


Ena 7.152 
Ji (7.152) 


Consider a deformable body rotating in space with a fixed angular momentum. The 
rotation deforms the body and it will take up a shape that minimizes the energy, 
and by (7.152) it tends to maximize the moment of inertia. At small deformations 
corresponding to small angular velocities the favoured shape is oblate, rotating about 
its axis of symmetry. This explains why earth is an oblate spheroid flattened at the 
poles. At high angular velocities, the favoured shape is a prolate spheroid with the 
axis of rotation perpendicular to the axis of symmetry. If the composite nucleus is 
imparted sufficiently high angular speed then at a certain stage the centrifugal force 
overcomes the attractive nuclear force and the system becomes unstable against 
fission into two fragments. The excitation energy can also be dissipated by particle 
emission. In the initial stages the particle emission occurs rapidly, the orderly motion 
of the interacting ions being transformed into a chaotic motion due to the cascade 
of nucleon-nucleon interactions while thermalization of the system goes on. The 
pre-equilibrium emission takes place in a time less than 10~*! s, this is followed 
by evaporation from the equilibrated nucleus in a time of the order of 10716 s. The 
particles thus emitted are recorded in coincidence with the residue nuclei. Fission 
requires much longer time for deformation and so does not compete with particle 
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Fig. 7.39 Angular 
distribution of fission 
fragments in the 
center-of-mass system for 
fission of !97Au induced by 
12C ions of 123-MeV energy. 
Solid line, experimental 
curve; broken line, 
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emission during the nuclear thermalization but only during evaporation stage. On 
the other hand if initially the compound nucleus receives an angular momentum 
greater than about 65A then fission into two fragments is the most favoured process 
for the decay because the fission barrier would be quite small. In the evaporation 
regime if the excitation energy is below the neutron binding energy, then neutron 
emission is inhibited, and the de-excitation occurs via y-emission, œ particle and 
even heavy ions emission at the end of the evaporation chain. 

The angular distribution of fission fragments as well as the evaporated particles is 
characterized by 1/ sin 0 form peaking in the forward and backward direction along 
the collision axis and symmetric about 90° in the CMS as in Fig. 7.39. The form is 
predicted from simple classical considerations. 

The angular momentum structure of the reaction or absorption cross-section for 
the heavy ion collisions may be schematically represented by a diagram such as in 
Fig. 7.40, which shows how various contributions vary with the angular momentum 
in the entrance channel. The diagram is only of a qualitative nature as the rela- 
tive contributions depend upon the energy and nature of the two ions. However, the 
figure does indicate qualitatively that in the event of genuine fusion, systems pos- 
sessing larger angular momenta are more likely to decay by fission into two large 
fragments, while those with smaller spins tend to decay via evaporation of low en- 
ergy particles specially neutrons and gamma rays. 
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7.18.1 Quark-Gluon Plasma 


The study of heavy ion reactions at relativistic energies is another fascinating area. 
At ultra relativistic energies (>100 GeV per nucleon). The approaching ions are 
Lorentz contracted in the form of flat discs. Upon collision the quark-gluon plasma 
(separation of quarks from gluons) may be formed in the hot and dense region, and 
when the ions separate the region between the ions expands and cools off. Thus the 
quark-gluon plasma may last for a time of the order of collision time. Its existence 
is based on the study of particles from a highly excited state. Experiments made 
at CERN [14] by bombarding heavy nuclei with 200 GeV/nucleon sulphur ions 
suggested that the conditions necessary for the formation of quark-gluon plasma 
might have already been realized-a conclusion which has been controversial. 

Such experiments have been repeated in the past 15 years both at CERN and 
Brookhaven laboratory. At CERN lead ions were used and at Brookhaven lab gold 
ions. In the latter heavy ion Collider was used and gold ions bombarded each other 
at beam energy of 130 GeV/nucleon. Temperatures as high as 10° times the central 
temperature of the sun were reached and the nuclear density 20 times the normal 
nuclear density was established. All sorts of elementary particle were recorded per- 
pendicular to the beams. All this had to be done in the time of the order of 10773 s 
during which the quark gluon plasma would last. It is found that the production rate 
of particles is less than that predicted by the standard theory. It is appears that under 
these conditions the quark-gluon plasma, the fifth state of matter, could exist. But 
the discovery is still uncertain. This problem is of paramount importance for the Big 
Bang theory of the early universe ([24], Chap. 8). 


Example 7.1 Calculate the energy of protons detected at 90° when 4.0 MeV 
deuterons are incident on 7’Al to produce 78Al with an energy difference Q = 
5.5 MeV. 


Solution Consider the reaction 
a+xX—>b4+Y+4+@Q 


mp Ma 2 
Q = E| 1+ — | — Eal 1 — — ) — —VJ mamp Eqa Ep COS 0 
m my 


Y 


Given reaction is 
d+” Al —> p+”Al 


put 


Mg =Mq4= 2, mp =mp=l, my =ma]=28 


Ea = 4.0 MeV, 0 = 90°, Q = +5.5 MeV 


Solving the equation we find Ep = 9.03 MeV. 
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Example 7.2 Determine the range of neutrino energies in the solar fusion reaction, 
p+p—>d+e* +v. Assume the initial protons have negligible kinetic energy and 
that the binding energy of the deuteron is 2.2 MeV. 


Solution The minimum energy of v is zero when d and et go off in opposite 
direction and v carries negligible energy. 
The maximum energy of v corresponds to a situation in which both e* and d 

move in a direction opposite to v 

Q = 2.2 — 0.51 = 1.69 MeV 

(i) Tea +T, =Q=1.69 (energy conservation) 

(ii) PŽ, = P? (momentum conservation) 

Gii) 2Mc4Tea = T? 


Eliminating Teq between (i) and (iii) and using Mac? = 1875 MeV, we find T, = 
1.69 MeV. Thus the energy range of v will be zero to 1.69 MeV. 


Example 7.3 A nucleus has a neutron resonance at 65 eV and no other resonances 
nearby. For this resonance, Ij, = 4.2 eV, T, = 1.3 eV and Tọ = 2.7 eV and all other 
partial widths are negligible. Find the cross-sections for (n, y) and (n, x) reactions 
at 65 eV. 


Solution The low energy cross-section for the compound nuclear reaction 
a+X>c>Y+b 
is given by 


AXT Tp 
Tab Sena ee oe a A 
4n ((E — Eo)? + F) 
r = Ip +T, +Tax =4.2 + 1.3 +2.7= 8.2 eV 
h _ 27 he = 27 he 
Pp cp 2Mc2T 
T 27 x 197 
V/2 x 939 x 65 x 1076 


A= 


fn = 3.544 x 107! m 


Puta=n,b=y or x, E=65, Ey = 65 


Example 7.4 Find the energy of the helium nucleus in the fusion reaction d + p —> 
3He + y + 5.3 MeV, where initially proton ans deuteron are essentially at rest. 
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Solution 
G) THe + Ey =5.3 (energy conservation) 
(ii) PHe =P, (momentum conservation) 
Gii c° Phe = 2THe Mec? = E? 


Eliminating E, between (i) and (iii) and solving the quadratic equation, with 
Myec* = 2809 MeV, we find THe = 5 keV. 


Example 7.5 Calculate the threshold energy of the projectiles in a 7>H(p, n)*He 
reaction, given, Q = —0.74 MeV. 


Solution For the endoergic reaction X (a, b)Y 
E, (thres) = |- Q| (1 T me) 
m 
1 
= 0.74 x (1 + 5) = 0.987 MeV 


Example 7.6 Consider the reactions 


d +!0 —> n + "F — 1.631 MeV 
—> p+!70+4+ 1.918 MeV 


Which is the unstable member of the pair (1O, 17F), and calculate the maximum 
energy of the B-particles it emits? (n-!H mass difference is 0.782 MeV.) 


Solution 


d +160 > n + |F — 1.631 MeV 
d+!60—> p+'70+4 1.918 
n+'7F—-1.631=p+'70+4+1.918 or 
170 — +" F = (n — p) — 3.549 

= (n — 'H + e) — 3.549 

= (0.782 + 0.511) — 3.549 

= —2.256 MeV 


<. IF is heavier. +!7F decays to +!’0 by B+ emission: 


UF +)j0+ Bt +v 
Q = Emax(B) +0.511 x 2 
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Fig. 7.41 Energy level 
diagram E; 
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Emax(B) = 2.25 — 1.02 = 1.23 MeV 


491 


MeV 
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3.596 


2.294 


Example 7.7 An aluminum target is bombarded by a particles of energy 7.68 MeV, 
and the resultant proton groups 90° were found to posses energies 8.63, 6.41, 5.15 
and 3.98 MeV. Draw an energy level diagram of the residual nucleus, using the 


above information. 


Solution 


He +77Al = p+ *°si+ Q 
a+X—>b+Y 


Mp Ma 
my my 


For 


E,=3.98, 03 = 2.543 


Qo — Qo = 0.000 
Qo — Q1 = 2.294 
Qo — Q2 = 3.596 
Qo — Q3 = 4.805 


The energy level diagram of the residual nucleus is as in Fig. 7.41. 


Example 7.8 If the Q-value for the *H(p,n)*He reaction is—0.7637 MeV and 
tritium B~ decays to *He with end point energy Emax. Given the difference in mass 


between the neutron and the hydrogen atom as 0.78 MeV, calculate Emax. 


492 
Solution Nuclear reaction 


3H + p > ?He +n — 0.7637 MeV or 
3H — He =n — p — 0.7637 MeV 


B-decay: 
3H — ĉHe + 87 +7 + Emax 
On nuclear scale 
3H > 3He + mec? +0 + Emax 
Combining (2) and (4), 


Emax =n — (p + e7) — 0.7637 
=n — H — 0.7637 
= 0.781 — 0.7637 = 0.0173 MeV 
= 17.3 keV 
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(1) 
(2) 


(3) 


(4) 


Example 7.9 The reaction 7H(d,n)*He has a Q-value of 17.6 MeV. What is the 
range of neutron energies that may be obtained from this reaction for an incident 


deuteron beam of 300 keV? 
Solution 


a+x—>b+y+Q 


Mp Ma 2 
m 


y My 


Identify 


a=d; x =°H; b =n; y =*He 


Q = 17.6 MeV; Eq = 0.3 MeV 
e For E„(max) put 0 = 0 in (1) and solve for En 
E,(max) = 15.41 MeV 
e For E,,(min) put 6 = 180° in (1) and solve for En 


E,, (min) = 13.08 MeV 


Thus, the range of neutron energies obtained is 13.08 to 15.41 MeV. 
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Example 7.10 The cross-section of the 207Pp(n, y)>8Pb reaction for neutrons of a 
certain energy is 10~*4 cm?. By how much will the intensity of a beam of neutrons 
of this energy be reduced on passing through 20 cm of 7°’Pb (density 11 g/em+)? 


Solution 
N 10724 1073 x 11 
y= g ak = low x6 x 10" x = 0.032 cm7! 
A 207 
ae es Z e 0.032 x20 = (0.527 
Io 


The intensity will be reduced to 0.527. 


Example 7.11 A target of hydrogen is bombarded with 897.7 MeV !8!Ta ions to 
form '8?W in an excited state. Calculate the energy of the excited state (ignore the 
Coulomb barrier and assume the target nuclei at rest). If !8?W in the same excited 
state were produced by bombarding a !*!Ta target with energetic protons, what en- 
ergy would be needed? The atomic masses in amu are: 


1H = 1.007825; —_'$iTa = 180.948007; 184W = 181.948301 


Solution If Er is the kinetic energy of Ta ions, energy available in the CMS will 

be 

psim — 
Mp + MTa 


(1) 


If the projectile and the target are interchanged, the same excitation energy W* is 
available with Ep given by 


m 
W* = Ep, — 2) 
Mp + MTa 


Using the masses in (1) W* = 4.972 MeV Combining (1) and (2) 


Ep =5.0 MeV 


Example 7.12 Consider a general type of reaction a + x —> b + y. Then the princi- 
ple of detailed balance gives the result 


(2Sa + 1)(2S, +1) P?oap = (2Sp + 1)(28y + 1) PF Opa 


Apply this principle to the reaction d + '4N > «œ + !°C, to determine the spin of 
I4N, given the ratio ogn/oyc at the same CMS energy. 

Atomic masses of '*N, 7H and He are 14.003074, 2.014102, 4.002603 amu, 
respectively. 1 amu = 931.44 MeV. 
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Solution 


Q = | (ma + my) — (ma + me)] x 931.44 
= [ (2.014102 + 14.003074) — (4.002603 + 12.0)] x 931.44 
= 13.57 MeV 


Forward reaction. 
Energy available in the CMS 


poly es oy ee e n psp 
F= lmam. 1442 


= 31.07 MeV 


The energy of 31.07 MeV is shared between œ and !?C. From energy and momen- 
tum conservation we find P* = 416.8 MeV/c. 

The inverse reaction is endoergic, an energy of 31.07 + 13.57 = 44.64 MeV must 
be provided. In that case « in the Lab system must have kinetic energy 


12+4 
Ty = 44.64 x 49> = 59.5 MeV 


In the CMS, the energy of 44.64 MeV is shared between 7H and !4N. The momen- 
tum of deuteron would be 383.23 MeV/c 


Gan — (28y + DSc +1) PX 
Oac (2Sa + 1)(2Sy + 1) PH? 


1x1 416.8\? 1.18 
= — X | —— = —__ 
3x (28y +1) \383.2 2SN +1 


since Sy = Sc = 0 and S4 = 1. From the experimental ratio of the cross-sections the 
spin of !4N can be determined. We find Sy = 1.01 or 1. 


Example 7.13 Neutrons incident on a heavy nucleus with spin Jy = 0 show a 
resonance at an incident energy Er = 200 eV in the total cross-section with a peak 
magnitude of 1500 b, the observed width of the peak being I = 25 eV. Find the 
elastic partial width of the resonance. 


Solution Since Jy = 0, statistical factor will be absent. At resonance 


A? Ta (0.286)? Th, 


Ototal = a T Ex x 10716 
0.286)? T, 
= yin x 1071 = 5.21 x 10-7, 
2007r 25 
1500 x 10724 
T, Taa E à = 2.88 eV 


= 3521x1022 521x102 
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Example 7.14 1.0 g of Na of density 0.97 is placed in a reactor at a region where 
the thermal flux is 10!!/cm?/s. Set up the equation for the production of *+Na and 
determine the saturation activity that can be produced. The half-life of *+Na is 15 h, 
and the activation cross-section of Na is 536 mb. 


Solution If Q is the number of atoms of Na at any time t, the rate of production 


of 2“Na is 
a“ 
— = Xa — Q 
For saturation activity, 2. = 0. Then 
Navp 
AQs = Q Xa = Qoa “ 
6 x 1073 
—10!! x 536 x 10727 x 2% x 0.97 
23 
= 1.36 x 10°? s7! 


Example 7.15 Suppose 100 mg of gold (JAU) film is exposed to a thermal neutron 


flux of 10!° neutrons/cm?/s in a reactor. Calculate the activity and the number of 
atoms of '°8Au in the sample at equilibrium. (Thermal neutron activation cross- 
section for !97Au is 98 b and half-life for !?8 Au is 2.7 h.) 


Solution At equilibrium number of 1°8 Au atoms in m grams 


Oe pra is Oa Naym Tı 
À 0.693A 2 


B 10!9 x 98 x 10774 x 6.02 x 1073 x 0.1 x 2.7 x 3600 
aa 0.693 x 197 


— 42x 10! 


ahs Qs x0.693 _ 4.2x10!9x0.693 6 
Activity = Qs; = = SEL = = —9.7x3600 = 3 x 10°/s. 


Example 7.16 For neutrons with kinetic energy 100 MeV incident on nuclei with 
mass number A ~ 120, the real and imaginary parts of the complex potential are ap- 
proximately —24 and —8.0 MeV respectively. On the basis of these data, estimate. 


(i) The de Broglie wavelength of the neutron inside the nucleus. 
(ii) The probability that the neutron is not absorbed in passing diametrically through 
the nucleus. 
Solution 
(i) 
cp = /2m(E+U) 
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h B Qn he E 27 x 197 MeV-fm 
P V2me2(E+U) [2x939 x (100 + 24) MeV 
= 2.56 fm = 2.56 x 10715 m 


A= 


(ii) 


1 he [fv 
W = -wK = —|[-)K 
2 \c 


v 2E 2 x 100 
Z A = = 0.4615 
c mc? 939 
197 Si 
8.0 = ae x0.4615K — K=0.176fm 


2R =2rA'? =2 x 1.3 x (120)! = 12.82 fm 


Probability that the neutron will not be absorbed in passing diametrically through 
the nucleus 
— e7 K2R — 9—0.176x12.82 _ 9 1 


Example 7.17 In the reaction, 48Ca + 160 + Sce + IN, the Q-value is 
—7.83 MeV. What is the minimum kinetic energy of bombarding !°O ions to initiate 
the reaction. At this energy, estimate the orbital angular momentum in units of the 
ions for a grazing collision. Take R = 1.1A!/3 fm. 


Solution 


MO 16 
Tiny = (OWL 1+ = 7.83 Lae = 10.44 MeV 


v=C 


b= Ri) + R =1.1(16' + 48") x 107 =6.153 x 107 m 


J = Movb=nh 
Movb 16x 1.66 x 10727 x 1.123 x 10” x 6.153 x 107} a 
n= oee a 
h 1.05 x 10734 


Example 7.18 In a scattering experiment, an aluminium foil of thickness 10 um is 
placed in a beam of intensity 3 x 10! particles per second. The differential scatter- 
ing cross-section is known to be of the form 

do 


IG = A + B cos? 0 


where A, B are constants, 0 is the scattering angle and £2 is the solid angle. 
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When a detector of area 0.1 x 0.1 m? is placed at a distance of 5 m from the foil, 
it is found that the mean counting rate is 20.0 s~! when 6 is 30° and 15.75 s~! when 
0 is 60°. Find the values of A and B. The mass number of aluminium is 27 and its 
density is 2.7 gem7?. 


Solution 
d I 
ea = =A+B8B cos? 6 
d2  IpNdQ 
3x10!2 3x 108 
Io = = 
m2-s cm2-s 
0.1 x 0.1 
do ec Ye Ee Fre 
52 m? 
na Navet _ 6x 1073 x 2.7 x 10 x 1074 eai 
A 27 
A + B cos? 30° = ee 2.778 x 107? 
3x 108 x 6 x 101? x 4 x 10-4 f 
15.75 
A + Bcos? 60° = ———~" 2.188 x 107” 


3x 108 x 6x 101? x 4 x 1074 


Solving the above equations 
A = 89.3 b/sr, B = 118 b/sr 
Example 7.19 A beam of 460 MeV deuterons impinges on a target of bismuth. 


Given the binding energy of the deuteron is 2.2 MeV, compute the mean energy, 


spread in energy and the spread in the angle of the cone in which the neutrons are 
emitted. 


Solution 
= 1 
E,= 5 Ea = 0.5 x 460 = 230 MeV 


AE, = 1.5(BaEq)? = 1.5(2.2 x 460)? = 47.7 MeV 


Ba \ i 2.2? 
A0 =1.6| =) =1.6( ——) =0.11 rad 
Eq 460 


7.19 Questions 


7.1 State the quantities which are conserved in nuclear reactions and those which 
are not. 
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7.2 What is the importance of measuring the Q-value of various reactions? 


7.3 Draw rough graphs to indicate the behaviour of neutron cross-sections of vari- 
ous types as a function of bombarding energy near the threshold. 


7.4 State the reciprocity theorem. 


7.5 How can the spin of a particle be determined from the inverse reaction cross- 
sections? 


7.6 How is it known that the emission of a particle from the compound nucleus is 
independent of the formation of the compound nucleus? 


7.7 Under what conditions is the (1/v) law for neutron absorption valid? 


7.8 Draw rough graphs to indicate interference effects in elastic scattering of neu- 
trons on nuclei. 


7.9 What is the purpose of introducing a complex potential in the optical model? 
7.10 State the salient features of direct reactions and compound state reactions. 
7.11 State various types of direct reactions. 

7.12 How is the kock-out reaction (p, 2p) distinguished from other reactions. 


7.13 What are the various types, of phenomena associated with the heavy ion re- 
actions? 


7.14 In what way the heavy ion reactions differ from the light ion reactions? 
7.15 State the distinguishing features of fusion reactions with heavy ions. 
7.16 Describe Blair’s model for the scattering of ions with complex nuclei. 
7.17 What are pre-equilibrium reactions? 


7.18 What is deep inelastic scattering? 


7.20 Problems 


7.1 ÌN is a positron emitter with an end point energy of 1.2 MeV. Determine the 
threshold of the reaction !3C + P > N+ n, if the neutron-hydrogen atom mass 
difference is 0.78 MeV. 

[Ans. 3.23 MeV] 
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7.2 Consider the reaction 
JLi + p > {Be +n — 1.62 MeV 
Calculate the total energy released in the decay of K capture 
eT + {Be > i+ v 


Calculate the energy carried by v and "Li, respectively. (M ne = 938.23 MeV, 
Myc? = 939.52 MeV, Mec” = 0.51 MeV.) 
[Ans. Q = 0.84 MeV, E, = 0.84 MeV, Eri = 125 eV] 


7.3 If a target nucleus has mass number 20 and a level at 1.41 MeV excitation, 
what is the minimum proton energy required to observe scattering from this level? 
[Ans. 1.48 MeV] 


7.4 The nuclear reaction which results from the incidence of sufficiently energetic 
a-particles on nitrogen nuclei is, 4He + IN > 170 + IH, What is the decay prod- 
uct X? 

What is the threshold energy required to initiate the above reaction? 

(Atomic masses in amu: 'H = 1.0081; *He = 4.0039; !4N = 14.0075; 170 = 
17.0045.) 
[Ans. 1.437 MeV] 


7.5 Consider the fusion reactions 


d +d —> *He+n+3.27 MeV 
d +d —> °H + p + 4.03 MeV 


(a) Calculate the difference between the binding energy of triton and helium-3 nu- 
clei. 

(b) Show that this is approximately the magnitude of coulomb energy due to the 
two protons of the *He nucleus at a distance of 1.87 fm. 


[Ans. 0.76 MeV] 


7.6 Thermal neutrons are absorbed by 19B to form ! 5B which decays by a-emission 
to Li. Assuming that w-emission takes place from : 5B at rest, find 


(a) the Q-value of the decay of a-particle 
(b) the energy of a-particle 


(Atomic masses, '2B = 10.01611 amu, dn = 1.008987 amu, {Li = 7.01822 amu, 
3He = 4.003879 amu and 1 amu = 931 MeV.) 
[Ans. 2.79 MeV, 1.78 MeV] 
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7.7 The end-point of positrons spectrum from the decay of 7’Si is found be 
3.5 MeV. Find the threshold proton energy for the reaction 7’Al(p, n)” Si, given 
that the neutron-proton mass difference is 0.8 MeV. 

[Ans. 5.0 MeV] 


7.8 Calculate the threshold proton energy for the reaction 
pt+a—*He+d—18.4MeV 


[Ans. 23 MeV] 


7.9 Calculate the threshold energy for the appearance of the neutrons (a) in the 
forward direction (b) at 90° for reaction 7H( Pp, n)>He which has Q = —0.764 MeV. 
[Ans. (a) 1.019 MeV, (b) 1.146 MeV] 


7.10 Consider the reaction !!5Sn(n,r)!!©Sn, with thermal neutrons. 
Calculate the y-ray energy. (Atomic masses: !!5Sn = 114.903346 amu, !!6Sn = 
115.901745 amu.) 

[Ans. 9.56 MeV] 


7.11 The end-point energy of positron spectrum from the decay of "E is found to 


be 0.98 MeV. Calculate the difference between the rest mass energy of uC and ! IB. 
[Ans. 2.0 MeV] 


7.12 Inthe reaction 7H(7H, *He)n, Q = 3.26 MeV. Calculate the mass of neutrons 
in amu. (Atomic masses: 7H = 2.014102 amu and *He = 3.016030 amu.) 
[Ans. 1.008675 amu] 


7.13 Find the Q-value of the reaction 


Sit+d—>*'Si+ p+O (1) 
given 
30Si +d —> ?!P +n +5.10 MeV (2) 
315i > 3!P + B~ +1.51 MeV (3) 
n—> p+ +0.78 MeV (4) 


[Ans. 4.37 MeV] 


7.14 The nucleus !*C has an excited state at 4.43 MeV. You wish to investigate 
whether this state can be produced in inelastic scattering of protons through 90° by 
a carbon target. It you have access to a beam of protons of kinetic energy 20 MeV, 
what is the kinetic energy of the scattered protons for which you must look? 

[Ans. 12.83 MeV] 
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7.15 A beam of 2 MeV neutrons is used to give the reaction ‘SN + on agit 5B + tHe. 
Determine 


(a) The threshold energy of this reaction 
(b) The maximum energy of the œ-particles 


Given the atomic masses in amu: 1N = 14.003074; on = 1.008665; He = 


4.002603; '5B = 11.009305; amu = 931.6 MeV. 
[Ans. 169 keV, 1.68 MeV] 


7.16 Calculate the energy of proton ejected in the forward direction when 51 MeV 
gamma rays undergo elastic scattering with hydrogen. 
[Ans. 0.5 MeV] 


7.17 Calculate the thickness of Indium foil which will absorb 2 % of neutrons 
incident at the resonance energy for indium (1.44 eV) where o = 28000 b. At wt of 
Indium = 114.7 amu, density of Indium = 7.3 g/cm’. 

[Ans. 93 um] 


7.18 Show that the de Broglie wavelength for neutron is given by the formula 
A= a A, where the kinetic energy E is in electron volts. 

7.19 Calculate the thickness of !!3Cd required to reduce the beam of neutrons to 
0.1 % of the original intensity. Density of cadmium is 8.67 g/cm? and og = 20800 b. 
[Ans. 71.8 um] 


7.20 Protons of energy 5 MeV scattering from 19B at an angle of 45° show a peak 
in the energy spectrum of the scattered protons at an energy of 3.0 MeV 


(a) To what excitation energy of 19B does this correspond? 
(b) What is the expected energy of the scattered protons if the scattering is elastic? 


[Ans. (a) 1.45 MeV, (b) 4.2 MeV] 


References 
1. H.H. Barschall, Phys. Rev. 86, 431 (1952) 
2. Bender et al. 
3. FE. Bertrand, R.W. Peele, Phys. Rev. C 8, 1045 (1973) 
4. J.S. Blair, Phys. Rev. 95, 1218 (1954) 
5. Blatt, Weisskoph 
6. Bohr (1936) 
7. P.D. Bond et al., Phys. Lett. B 47, 231 (1973) 
8. Bromley (1974) 
9. D.A. Bromley, J.A. Euehner, E. Almquist, in Proceedings of the Second Conference in Reac- 


tions Between Complex Nuclei (1960) 
. Brookhaven National Laboratory 


= 
j=) 


502 7 Nuclear Reactions 


11. Brostrom, Huus, Tangent 

12. B. Buck, Phys. Rev. 130, 712 (1963) 

13. S.T. Butler, Proc. R. Soc. Lond. A 208, 559 (1951) 

14. Chiavassa et al. (1994) 

15. H. Feshbach, C.E. Porter, V.F. Weisskopf, Phys. Rev. 96, 448 (1954) 

16. Fink et al. (1960) 

17. Fugiwara et al. (World Scientific, 1995) 

18. Fujiwara et al. (1995) 

19. S.N. Ghoshal, Phys. Rev. 80, 939 (1950) 

20. Glendenning (1974) 

21. G.E. Gordon, A.E. Larsh, T. Sikkeland, from E. Hyde, UCRL 9065 

22. Griffin, (1966) 

23. G. Jacob, A.J. Maris, Rev. Mod. Phys. 45, 6 (1966) 

24. A.A. Kamal, Particle Physics (Springer, Berlin, 2014) 

25. M.J. Levine et al., Phys. Rev. C 10, 1602 (1974) 

26. B.E.F. Macefield, R. Middleton, D. Pullen, J. Nucl. Phys. 44, 309 (1963) 

27. Schroder, Huizenga (1984) 

28. W.V. Schrröder, J.R. Huizenga, in Treatise on Heany-Ion science ed. D.A. Bromley, 2, p. 115 
(1984) 

29. Serber (1947) 

30. K.S. Toth et al., Phys. Rev. C 14, 1471 (1976) 

31. von Witsch et al. (1968) 


Chapter 8 
Nuclear Power 


8.1 Nuclear Fission Reactor 


It is estimated that in near future the available conventional power, i.e. the power 
harnessed from coal, oil, hydro-electricity etc would become totally inadequate to 
match the ever increasing demands. This grim situation, therefore, calls for the ex- 
ploitation of new types of power, e.g. the nuclear power obtained from the nuclear 
reactors, both fission and fusion. 

The basic idea of a fission reactor is that if a fissile material like undergoes 
fission, then 2 or 3 neutrons are produced in each fission process, and if by some 
trick we could minimize the leakage of neutrons from the assembly called pile or 
reactor, and reduce the losses of neutrons in non-fissionable processes (radiative, 
capture, i.e. absorption of neutrons leading to production of y-rays) then it is pos- 
sible that the neutrons thus produced will cause further fissions in their encounters 
with other nuclei of the fuel element, the number of neutrons in one generation being 
at least equal to the number in the previous generation; and if this process called the 
Chain Reaction, is sustained for sufficiently long time, then we have a convenient 
way of obtaining power from the reactor. This is so because a very large number of 
fissions take place per second, and in each fission, the fission fragments carry bulk 
of the kinetic energy (85 %), which means that heat is produced at a constant rate. 
In principle, the reactor will continue to work until the fuel is exhausted or the as- 
sembly rendered ‘poisonous’ owing to the constant accumulation of fission products 
which merely absorb the neutrons via non-fissionable processes. 

The direct physical consequence of the operation of a reactor is that heat is pro- 
duced. The reactor is then nothing more than a furnace but capable of yielding much 
greater power. This is because in nuclear reactions the energy released is of the order 
of million times greater than in chemical reactions. The remaining problem is that of 
extraction of heat with high efficiency, and to shield it suitably so as to minimize the 
health hazards, and above all to keep it under control so that the neutron production 
and hence the nuclear power does not exceed the danger level. 

The first reactor was built by Enrico Fermi at the Chicago university in 1942 
which produced a small power of 0.5 W, and later raised to 200 W. Today we have 
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reactors capable of yielding power up to 500 Mega Watts. The smaller ones give 1 
to 5 Mega Watts and are mostly used for research work and to produce isotopes. The 
power reactors are currently in use for the production of electricity and for driving 
submarines and ships. In the early days, the ‘pile’ was used for reactor or assembly. 
Reactors may be divided into two classes (1) thermal reactors in which fissions take 
place mainly at thermal energy (~0.025 eV), (2) fast reactors in which fissions take 
place at a few MeV neutron energy. 

Reactors may be divided into homogeneous and heterogeneous types. In the for- 
mer, the moderator is homogeneously mixed, while in the latter the fuel in the form 
of lumps is embedded heterogeneously in the moderator. More details are given in 
Sect. 8.19. First, we shall consider the thermal reactors. 


8.2 The Thermal Reactor 


8.2.1 Moderation of Neutrons 


The neutrons produced from fission are relatively fast (1 to 2 MeV). Now, if the fuel 
element used is U?5 then, o (fission) for neutrons of energy 1 to 2 MeV is quite 
small (~1.5 b) where as for neutrons of small energy (say 0.025 eV), it is quite large 
(~600 b). It is therefore, necessary to moderate the neutrons (slow down). This can 
be accomplished if the neutrons in their traversal through the medium suffer a num- 
ber of elastic collisions. But, if the scattering takes place with the uranium nuclei, 
then the average energy loss per collision is so small that an unduly large number of 
collisions are required (about 2000) to slow them down to the desired energies, and 
by this time the neutrons would have wandered off outside the reactor and thus lost 
for setting up the chain reaction. This then means that some other lighter element 
must be incorporated in the reactor in order to slow down the neutrons after reason- 
ably small number of collisions. An element or a mixture used for this purpose is 
called a moderator. 

In what follows, we shall study the simple kinematics of elastic scattering. Let 
the mass of neutron be unity and that of the target nucleus A. The target nucleus is 
assumed to be initially at rest. This is justified since the small energy of the scatterer 
is negligible in comparison with neutron energy until neutrons have reached thermal 
energies (i.e. of the order of 0.025 eV corresponding to kT, where k is the Boltz- 
mann constant and T is the absolute temperature of the medium), at which point the 
gain and loss of energy in the scattering collisions with the target nuclei would be 
equally probable. This state of affairs is called thermal equilibrium. 

Let vo be the velocity of neutron and £o its kinetic energy before collision in 
the Lab System (LS). In the Center of Mass System (CMS) i.e. a system in which 
the total linear momentum is equal to zero, the neutron will be seen to approach 


with velocity T FER along the incident direction, while the target nucleus would be 


moving with velocity ( PEAN, in the opposite direction. The CMS itself moves with 
velocity ve = vo/(A + 1) along the incident direction. 
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Lab System CMS 
= neutron neutron 
Before Collision 1 ——— A > <——- A 
+ Av . Vy 
v =— v= 
Vo ‘Atl > A+l 
y = Yo 
CMS € A+l 


After Collision 


vi 


Fig. 8.1 Velocity of neutron before and after collision in LS and CMS 


After the collision, let the neutron be scattered at an angle 0 in the LS and be 
moving with velocity v and kinetic energy E. Let the corresponding scattering angle 
in the CMS be 6* (Fig. 8.1). Since the scattering is assumed to be elastic, kinetic 
energy is conserved. It follows that after the collision, neutron will be moving with 
the same velocity (v7) in the CMS as before the collision. From the diagram, it is 
seen that the velocities v} and ve combine vectorially to yield v. This gives us 


v? = vi? + yp? + 2vř ve cos 0* 


Substituting for vj and vc, we have 


>» (Avo)? (vo)? 2cos6* Av 


~ (A+1)} (A+1)2 (A+ 1)2 
E v? A*+2Acos6* +1 


Eo wy (Ati? ae 
For a glancing collision 
6*=0 and Emax = Eo (8.2) 
For a head-on collision 
6*=n and Emin =Q Eo (8.3) 
where 
a (8.4) 


ES 
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It follows that in an elastic collision, the minimum energy of the scattered neutron 
is equal to x Eo. Therefore, the maximum possible energy loss in a collision is 


Eo — Emin = (1 — a) Eo (8.5) 
The maximum fractional energy loss is 


Eo — En; 
O (8.6) 


Thus, in the scattering with the nuclei of Carbon (A = 12), ô = 0.28, i.e. 28 %, 


while the corresponding quantity for hydrogen (A = 1) is 100 %. 
For large A, it is convenient to expand ô as 


A-1)? 4A 4 1\7? 
E E a ES =- [1+ 
A+1 (A+1)2 A A 


i (a2 « =4/A (8.6a) 
s z =a 6a 


We note that for heavy target nuclei (large A), the maximum fractional loss of energy 
is small. Thus, for example, if A = 200, 6 = 4 %, whilst for A = 100, ô = 2 %. We 
conclude that the smaller A, the larger is ô, the maximum fractional energy loss and 
vice versa. 

We shall now show that if the neutron scattering (at a fixed incident energy Eo) 
is isotropic in the CMS the energy distribution in the LS is rectangular (uniform) i.e 
independent of the energy E of the scattered neutrons. 

Let n(E) neutrons scattered between the angles 0* and 0* + d0* in the CMS 
appear with energy E and E + dE in the LS. Then we can write 

` * * 
n(E)dE = ane = -5 sin@*d0* or (8.7) 


1 
n(E)dE = xd C080” (8.8) 


The negative sign on the RHS of (8.7) is introduced because an increase in 0* im- 
plies a decrease in E. Differentiating (8.1) 


dE _ 2.Ad cos 0* 


sae pa eed 8.9 
Eo (A+ 1)? eo 
Eliminating d cos 0* between (8.8) and (8.9), we get 
A+1)*dE dE 
n(E)dE = aaa = (8.10) 


4A Ey (1—o0)E 


The last equation shows that the energy spectrum of the scattered neutrons is in- 
dependent of the energy E, the spectrum extending uniformly from the minimum 
value Emin = & Eo, to the maximum value Eo (Fig. 8.2). 
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Fig. 8.2 Energy spectrum n(E) 
extending uniformly for 
different values of E 


aE, Eo E 


It is readily seen that f Ea n(E|)dE = 1, a result which is expected since the 
distribution was assumed to be normalized. 

The height of the distribution is easily seen to be equal to AE since the area 
under the spectrum must be equal to 1. 


8.2.2 The Average Energy Decrement 


It is of importance to know the average energy loss per collision. It turns out that 
the quantity (Eo/£) is not suitable since the fluctuations about this quantity would 
be very large. We therefore choose energy on the logarithmic scale and introduce 
another variable € defined by 


Eo 
= (In — 8.11 
5 = (0) ay 
called the average logarithmic energy decrement 
K Eo (E) œx ln x 
£= nak / i woa ales (8.12) 
a «XE —QAJxE Eo Eo l1- x 


Substituting (8.4) for œ in (8.12) 


ee In (8.13) 


If A > 1, then: 


and 


(8.14) 


We note that £ depends only on A, the target mass and is independent of the initial 
energy of the neutron. Thus on an average neutron always loses the same fraction of 
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Fig. 8.3 Logarithmic scale Eo 
of energy loss E, 
E, 
E3 


12345678 
n—> 


Table 8.1 Various elements 


with number of collisions and Element A E j 

their corresponding values 

of £ H 1 I iè 
p 2 0.73 25 
Li 7 0.27 67 
c 12 0.165 114 
o 16 0.143 127 
U 238 0.0084 2168 


energy it had before the collision. This is true as long as the scattering is isotropic 
in the CMS. When the neutron energy is comparable with the thermal energy of 
the moderator, neutron is likely to gain as much as lose energy in a collision, i.e. 
remain in thermal equilibrium, until it is captured. For substances other than the 
monoatomic gases, the formula breaks down even before the region of thermal en- 
ergies owing to the binding energy of the atoms. In fact at energies of the order of 
0.3 eV, the collisions can not be considered as elastic. 

Since in each collision, the average energy loss on logarithmic scale is constant 
(Fig. 8.3), it follows that the number of collisions needed to reduce the initial energy 
Eo to final energy E,, is given by 


n = — ln — (8.15) 


Thus, the number of collisions required to thermalize neutrons of energy Eo = 


2 MeV, in graphite (A = 12), n = am Inf 210} = 114, where we have assumed 
E, = 0.025 eV and £ = 0.165 obtained by putting A = 12 in (8.13). 

Table 8.1 shows n the number of collisions required on an average to thermalize 
neutrons in various targets (Eg = 2 MeV, E, = 0.025 eV). Also, are indicated the 
corresponding values of £. 

The greater is the value of £, the smaller is the number of collisions required to 
thermalize neutrons. But, this is not enough. The cross-section for scattering must 
be large so that scattering may take place with appreciable probability. At the same 


time, the absorption cross-section should be small so that too many neutrons are not 
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lost. The quantity 

E Xs 

Xa 
called moderating ratio is the best practical measure of the effectiveness of the 
moderator. Here, X, and X, are the macroscopic scattering and absorption cross- 


sections respectively. In case the moderator is a mixture or a compound then the 
moderating ratio is defined as 


o= (8.16) 


— Er Xs1 + &Xs2+--- 


C= er ae 


(8.17) 


8.2.3 Forward Scattering 


It is of interest to know the departure from isotropic scattering in the LS since this 
has a bearing on the mean distance the neutrons drift away from the source as com- 
pared with isotropic scattering. The quantity, cos 0 is a direct measure of the depar- 
ture from spherical symmetry in the LS. 

From Fig. 8.1, we note that 


vo Avo cos 0* vo 


j= ——— = ——_(1+A 0* 8.18 
v cos ET aa TA + Acos 0*) (8.18) 
Avo sin 0* 
vsin@ = ———— (8.19) 
A+1 


Dividing (8.19) by (8.18), we get 


Asin 0* 
tan @ = ——————_. 
Acos@* + 1 
whence we find 
1+ A cos 0* 
cos = 


vV1+2Acos0* + A? 
Assuming that scattering is isotropic in the CMS, we find: 


1 1 1 +1 1 A 0* d g* 
cose = | cos 5 sing*do* = 5 | (1 + Acos6")d(cosé") 
0 2 2J- (+2Acos6* + A?2)!/2 


A straight forward integration yields 
cosd =2/3A (8.20) 


If A is large, then 2/3A — 0 and the scattering is very nearly isotropic in the LS. 
This is merely a consequence of the fact that the CMS velocity would be very small 
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Fig. 8.4 Moderation of 
neutrons by elastic collisions 
with moderator nuclei 


so that the spherical symmetry in the CMS is preserved in the Lab system. Any 
positive value of cos@ would imply excess forward scattering in the LS. Even for 
carbon nucleus, cos 0 = 0.056, and the scattering is roughly isotropic. For hydrogen, 
cos @ = 2/3, and the scattering is strongly in the forward direction. 


8.3 Thermal Neutrons 


It was pointed out that neutrons produced from fission are fast, their energy being 
a few MeV. However, as a result of elastic collisions with the nuclei of the mod- 
erator which is incorporated in the thermal reactor, their energy is soon reduced. 
The slowing down process continues until the average kinetic energy of neutrons is 
of the order of the thermal energy of the moderator nuclei (Fig. 8.4). The neutrons 
are said to be in thermal equilibrium with their immediate surroundings. When this 
state of affairs is reached, neutrons are said to be thermalized, and their energy dis- 
tribution will be approximately Maxwellian, corresponding to the temperature of 
the medium. 
The velocity distribution will be given by the Maxwell-Boltzmann expression 


1 2 
Amngv2e— 2" /kT dy 
dn=n(v)dv = (OnkF / mA (8.21) 


where, dn = n(v)dv = number of neutrons with speed between v and v + dv. 


no = total number of neutrons 
m = neutron mass 

T = Absolute temperature 

k = Boltzmann constant 


= 1.38 x 1072 JKT!, or 855x107 eVK7! 


The velocity distribution is shown in Fig. 8.5. By maximizing (8.21), we find Umax 
the most probable value of v 


Umax = (2kT /m)!? (8.22) 
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The energy Ep that corresponds to this velocity is given by 
I 4 
Ep = =MUingg = kT (8.23) 


The average speed v is given by 


_ fh un(v)dv 1 
iia ndu (8kT/rm) (8.24) 
It follows that 
_ Wmax 
= 8.25 
= Jr = 


Another quantity of interest for the speed distribution is the root-mean-square speed 
(U;ms). It is obtained from 


2 ie v-n(v)dv _ 3kT 


v = = 8.26 
rms ho n(v)dv m ( ) 

whence 

3kT \ 1/2 
Urms = (=) (8.27) 
m 
Thus 
2 

Umar: Ut Vrms 22 l: Te 13/2 (8.28) 


for the Maxwellian distribution. 

The energy distribution, i.e. the number to be found between E and E + dE, is 
given by 

dn =n(E)dE Inno Ete FMF ay (8.29) 
n=n = : 
(wkT )3/2 

The energy distribution is shown in Fig. 8.6. The number of neutrons that are found 
within a small velocity or energy interval, given by (8.21) and (8.29) respectively, 
are shown in Figs. 8.5 and 8.6. 

The average energy is given by 


i Edn 


gan iu 
fy dn 


=3kT/2 (8.30) 


The most probable value of E is obtained by maximizing expression (8.29), and 
occurs at 


1 
Emax = Ta (8.31) 
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Fig. 8.5 Velocity distribution 
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The most probable value of velocity occurs at a value of E = kT, which is actually 
twice that given by (8.31). The energy distribution of neutrons is closely given by the 
Maxwellian distribution at intermediate energies (Fig. 8.7) but deviates markedly at 
lower energies because of strong absorption, and also at higher energies because of 
continual production of those neutrons by the slowing down of fission neutrons. At 
room temperature, say 30 °C, the average energy E = 3kT/2 =3 x 8.55 x 1075 x 
300/2 = 0.04 eV. Neutrons in the neighborhood of this energy are called thermal 
neutrons. 

If the neutron absorption obeys 1/v law, then the absorption cross section may 
be expressed by og = co/v, where co = const and the average cross section Gq is 
given by 


fo CalE\O(v)dv fy oa(E)n(v)udv 


= = 8.32 
“ i o(v)dv i n(v)vdv ar 
where, ¢ is the neutron flux defined by ¢ = n(v)v. 
We, therefore, obtain 
OO 
c n(v)dv 
5, = oso ON _ oo (8.33) 


bo vn(v)ìdvu v 


where, we have used (8.24). This shows that the effective cross-section for neutrons 
is equal to the cross-section with speeds equal to the average speed for thermal 


8.4 Scattering Mean Free Path (M.F.P.) 513 


neutron distribution. The constant co is conventionally taken with reference to the 
most probable velocity Umax for the thermal neutrons so that, 


CO = UmaxOmax (8.34) 


where, Omax is the cross-section for neutrons of speed Umax. It follows that 


Oo = (Umax/V)Omax = Y Omax (8.35) 
The effective cross-section is smaller than the cross-section for the most probable 
velocity by the factor ./7 /2 = 0.886 since the average speed for Maxwellian distri- 
bution is greater than the most probable speed by the same factor. 

The thermal neutron cross-sections are normally quoted for the speed 2200 m/s 
which corresponds to the most probable speed of a Maxwellian neutron distribution 
at 293.6 K and corresponds to a neutron energy of 0.0253 eV. 

The effective neutron cross-section to be used in reactor calculations for a neu- 
tron distribution at a temperature T is given by 


Ja 


=F 093.6/ T)? omax(2200)g (8.36) 


o 
where, we used (8.35) and (8.32); g is a correction factor, close to unity, and is 
called ‘Not 1/v factor’; it corrects for the fact that the 1/v absorption law may not 
be strictly valid. 


8.4 Scattering Mean Free Path (M.F.P.) 


Let p(x) be the probability that the neutron does not scatter after having travelled 
a distance x. Then, if às is the mean free path for scattering, the probability of 
scattering in a distance dx is given by dx/às. Therefore the probability that the 
neutron does not scatter between x and x + dx is given by (1 — dx/A,;). Now the 
probability that the neutron does not scatter in (0, x + dx) is given by the product 
of the probability that it does not scatter in (0, x) and the probability that it does 
not scatter in (x, x + dx) and is equal to the product of these probabilities since the 
probabilities are independent, i.e. 


p(x + dx) = p(x) p(dx) = p(x) — dx/As) 
Expanding the LHS by Taylor’s theorem up to two terms 
dp(x) 
dx 


dp(x) 
p(x) 


p(x) + dx = p(x) — p(x)dx/às or 


= —dx /às 
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Direct integration gives 
x 
In p(x) = —— + In C 
Às 


where, In C is the constant of integration 


p(x) =Ce*s 


Now, at x = 0, p(0) = 1 since neutron certainly would not scatter. This gives us, 
c = 1; we then get 

p(x) =e */s (8.37) 
for the probability that the neutron does not scatter in distance x. The probability 
that the neutron scatters in a distance x is then 


Ps (x) = (1—e7*/"5) (8.38) 


<. dp;(x)= Leis dx is the probability for it to scatter in the interval (x, x + dx). 
Note that 


ipiga ng ag (1 7 =) 
Ss 


= p(x)p(dx) 


(neglecting higher power of dx), as required. It is readily seen that the mean distance 
of scattering is equal to Às 


OO (oe) x 
x= | xdp;(x) = | ag dg às (8.39) 
0 0 As 


8.4.1 Transport Mean Free Path 


Because of the predominant forward scattering in the Lab System, the average dis- 
tance travelled by the neutron from the source in a given number of collisions would 
be more than that for isotropic scattering. The increased effective mean free path for 
non-isotropic scattering is called the Transport mean free path A;,, and may be de- 
fined as the mean distance travelled between collisions by a neutron projected on to 
the direction of its original motion (Fig. 8.8) 


Mer = Às + AsCOSO + A,COSOTOSO + --- 
= A,(1 +0050 + (C050)? + (€050)? + --- 


Às 


= ————— or 
1 — cos 0 
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Fig. 8.8 Transport mean free 
path 


Às 


ipamo 8.40 
E7 (8.40) 
where we have used (8.20). 
8.4.2 The Mean Square Distance of Scattering 
The mean distance of scattering is given by, 
oo x2 
(x?) =f —e™ hs dx = 242 (8.41) 
0 As 
For isotropic scattering, after n collisions, the net mean distance square is 
(R?) = n(x?) = 2n? (8.42) 


However, in the Lab System, the forward direction is preferred and Eq. (8.42) is 
modified as follows: 


2\ — 2 1 2 
(R*) = T3/3A (; In E/E» ) i (8.43) 


8.5 Slowing-Down Density 


Slowing-down density, q (E) is defined as the rate at which neutrons per unit volume 
of a moderater slow down past a particular energy E. Since the energy loss in elas- 
tic scattering is discontinuous, and because of absorption resonances for neutrons 
of discrete energies, the variation of g with energy is not expected to be simple. 
However, the problem is rendered simpler if the energy loss per collision is small 
as would be the case for sufficiently heavy moderator so that slowing down process 
may be regarded as virtually a continuous process. In what follows we shall assume 
the validity of this model. The assumption of continuous slow-down would be ap- 
proximately correct for graphite as a moderator but would be grossly incorrect for 
hydrogen. 

We assume that fission neutrons are produced throughout the assembly and that a 
steady state has reached, which means that the rate at which neutrons enter an energy 
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Fig. 8.9 Slowing-down 
density is the rate at which dE 
the neutron density crosses 
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interval between E and E + dE is equal to the rate at which they leave it (Fig. 8.9). 
Supposing that the rate of production of neutrons with an initial high energy Eo is 
constant and equal to Q, then in the absence of losses of neutrons through absorption 
or through leakage (escape from the assembly), before they have reached thermal 
energies, the slowing-down density g(£) will remain constant at all energies and 
will be equal to Q. The leakage can be reduced to negligible proportion by use of 
large amount of moderator material, so that neutron absorption will remain the only 
loss of neutrons. 

We shall first assume that X, = 0, i.e the absorption is absent. We can then write, 


q(E) = Q = const (8.44) 


Now, the number of neutrons that lie in the energy interval E and E + AE per cm? 


is given by (8.29) and is equal to n(E)AE. If At is the time that is required in 
their transit through the energy interval A E, the number of neutrons that are present 
within the energy interval E and E + AE is given by the product of the rate of flow 
q(E) and time interval Af, i.e. 


—q(E)At=n(E)AE (8.45) 


In the above equation, negative sign is introduced because with increasing t, E de- 
creases. 

The neutron density that crosses the energy E per second, g(£) is also given 
by the product of the neutron density that crosses E per collision with an energy 
loss AE per collision, and the number of collisions this neutron group suffers per 
second. But neutron density crossing E per collision = n(E)A E; and number of 
collisions per second = v/As = v Xs 


q(E) = [n(E)AE][vX,] (8.46) 
If AE is chosen sufficiently small, we can set 


er, E)= 
alae aca 


whence we obtain 
AE=éE (8.47) 
Substituting AE from (8.47) in (8.46), we find 


q (E) =n(E)EEv Xs = P(E) EE Xs (8.48) 
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where, ø (E) = n(E)v is the neutron flux per unit energy. Since in the absence of 
neutron absorption, q (E) = Q, we can write 


Q 
EES, 


P(E) = (8.49) 
so that slowing down neutron flux per unit energy interval is proportional to the 
energy E. If (8.49) is recast as follows: 


O(E)E,AE = LSE (8.50) 


E§ 

then the left side of (8.50) represents the number of neutrons within the energy 
interval AE (per cm?) that undergo scattering collisions with the moderater nuclei 
and are scattered out of it per s. The quantity ¢ (E) Xs is called the collision density. 

If a steady state prevails then the number of neutrons scattered out of the energy 
interval AE per s per cm? must be equal to the number of neutrons scattered into 
this energy interval per s: per cm’; i.e. 
Scattering loss per cm? per s = Neutron influx gain per cm? per s 


As the left side of (8.50) has already been identified with scattering loss, it follows 
that the right side must represent the rate of neutron influx. 


8.5.1 Slowing-Down Time 


Combination of (8.45) and (8.48) yields T, the slowing-down time, which is the time 
required for the neutrons to slow down from an initial energy Ep to final energy Ep. 
We, therefore, have 


AE AE 
Rp N, Y aa 8.51 
EEvS, m/2 SEN een) 


If we now assume that € and X, remain substantially constant over the slowing 
down range of energies, we can integrate (8.5 1a) to obtain the slowing down time T 


ta * pee -in f ERP AE = vere; — 8G] (8.51b) 
0 


As an example, we may calculate the slowing-down of 2 MeV neutrons to thermal 
energies (0.025 eV) in graphite. We accept € = 0.158, and os = 4.8 b 


6.03 x 107 x 4.8 x 107% x 1.62 4 
Xs = 1D = 0.385 cm 
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Fig. 8.10 Neutron absorption 10000 
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Also, since Eo >> Ep, the second term in the parenthesis in (8.51b) can be neglected 


(mc? /0.025)'/?__ (2 x 940 x 10°/0.025)!/7 __ 


se eee 0s 
0.158 x 0.385xc 0.385 x 0.158 x 3 x 10!9 


8.6 Resonance Escape Probability 


Previously we have assumed that the moderator has X4 = 0. But, when this assump- 
tion is no longer correct, i.e. absorption is present, then g would not be constant 
(equal to Q) but would depend on neutron energy. The change in q, as the neutrons 
pass from an energy E to an energy E — AE caused by neutron absorption is equal 
to the rate of neutron absorption per cm. We can, therefore, write 


Absorption loss = Aq =n(E)A Ev Xa = 6 (E)AE Xa (8.52) 


In the presence of absorption, the slowing-down density would only be a fraction of 
its value Q, in the absence of absorption. We may express this fact by writing 


q (E) = Qp(E) (8.53) 


where p(E) < 1 is the measure of fraction of neutrons that have escaped absorption 
in the process of their slowing down from an initial energy Eo to an energy E. 

In the process of slowing down, the neutrons are largely absorbed in the material, 
when their energies are in the neighborhood of various resonances. The resonances 
in the epithermal energy region are shown in Fig. 8.10 for 8U. The factor p(E) 
is a measure of the extent to which the neutrons escape resonance capture, and is 
called the Resonance escape probability. 

With the inclusion of neutron absorption, the steady-state condition within energy 
interval AE is modified as: 


Scattering loss + Absorption loss = Influx 
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Substituting (8.52) for absorption loss and left side of (8.49) for scattering loss, the 
state condition becomes 


(E)E, AE +ġ(E)EX AE = anaE (8.54) 
Combining (8.52) and (8.54) we get: 
es es ee (8.55) 


@(E)SgAE+@(E)Z;AE  q(E)AE 
X, AE Aq 


i = (8.56) 
(Xs + Xa) EE q (E) 


Physically, the left side of Eq. (8.55) implies the ratio of the number of neutron 
collisions terminating in an absorption and the total number of collisions leading to 
absorption and scattering. The factor BUTE — An E) is the average number of colli- 
sions corresponding to an increase in neutron lethargy by an amount du = —d (ln E), 
so that the product of the two factors on left side of (8.56) represents the probability 
of neutron absorption as the neutron energy changes by an amount corresponding to 
a change in lethargy of Au = A (ln E). 
Integration of (8.56) between the limits E and Eo gives 


p= fo Xa AD = in| 20] (8.57) 
“Se Is+5a £ q(E) l 


The integral merely represents the summation over partial probabilities of neutron 
absorption, i.e. Pa represents the total probability of absorption when neutrons are 
moderated from energy Eo to E. 

We can re-write (8.57) as 


q (E) = q (Eo) exp(— pa) (8.58) 


Since the initial slowing-down density q (Eo) is equal to the rate of neutron produc- 
tion Q, we can substitute this in (8.58) and write 


q (E) = Qexp(— pa) (8.59) 
Comparing (8.59) and (8.53), we find 
p(E) = exp(— pa) (8.60) 


In all cases of practical interest, the exponent is small, so that we can write approx- 
imately 


P(E) =1- pa (8.61) 


AS pa is the probability for neutron absorption, p(E) which is equal to 1 — pa, 
must represent the probability of neutron escaping absorption during the moderation 
from Eo to E, an interpretation which is consistent with the definition of p(E) as 
resonance escape probability (8.53). 


520 8 Nuclear Power 
8.6.1 The Effective Resonance Integral 
The exponent in (8.60) as given by the integral (8.57) is called Resonance Integral, 


which with the assumption of constancy of X, and € under the range of integration, 
can be conveniently written as 


fo 5, d(in£) 1 Eo Xa dE 
Pa = = or (8.62) 
E Lia + d's E EX; E 1 + Xal Xs E 
No (ŒE oq dE 
= p= 8.63 


where No is the number of atoms per unit volume. 
The integral in this expression is known as the effective resonance integral 


Eo Oa dE Eo dE 
| m 2 J T aa (8.64) 
z E 


E 14% E 


and the integrand 


Oa 
14 Ma = (Oa)eff (8.65) 
Xs 

as the effective absorption cross section. The quantity (oa)eff is a smoothed-out 
effective value of the absorption cross section in a region where the variation of 
absorption with energy is extremely complicated because of the presence of pro- 
nounced resonances. The limits of integration in the effective resonance integral are 
the energies that bound the resonance absorption region. 

Since the resonant absorptions of various fuels that are of interest in a reactor 
assembly vary in irregular manner, the value of resonance integral must be found 
empirically. It depends mainly on the ratio of the fissionable to moderator material as 
well as on other factors determined by the type of the reactor employed. The number 
of nuclei per cm?, No, which appears in the preceding formulae refer to the number 
of resonance absorber nuclei present. In particular, if all the resonance absorption 
takes place in uranium alone, then No is simply the number of uranium nuclei per 
cm?. If different kinds of nuclei are present in the moderator as would be the case 
when the moderator is a mixture or a compound then & 2, in the denominator of 
(8.63) must be replaced by the sum terms &; 2’; ; for the ith type of scatterer. 

Further, in so far as the scattering is concerned, the effect of the uranium nuclei 
can be neglected because of the small value of £ which is 0.0084 for 738U and be- 
cause these nuclei are only a small fraction of the total number of scatterers present, 
we can write to a very good approximation, Xs = Xs,m, where m stands for moder- 
ator. 
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Fig. 8.11 Diffusion of 
neutrons 


8.7 Diffusion of Neutrons 


Consider a large volume of moderator in which neutrons are diffusing as a result of 
successive elastic collisions with the nuclei of the moderator. We shall calculate the 
net flow of neutrons in a given direction, and also the leakage of neutrons from a 
unit volume. Consider a small area AS located in the X Y-plane within this volume 
of the moderator. We shall determine the flow of neutrons along the Z-direction. 
We assume that the scattering of neutrons is isotropic, and that the absorption cross- 
section is negligible. We further assume that the scattering is independent of energy 
and position. 

We introduce the polar co-ordinates, r and 0. Imagine an element of volume dV 
located centrally about the z-axis (Fig. 8.11) in which the neutrons get scattered. We 
note that 


= (27r sin )(rd0) (dr) 


The number of scattering collisions taking place per second in the volume dV is 
equal to ¢2’;dV, where ¢ is the neutron flux (total neutron path traversed per s: per 
cm?). 

The probability that a neutron scattered in the volume dV should proceed along 
r so as to pass through AS, is given by 4°°°8%, since the area AS is inclined at an 
angle 6 with respect to r. But we must allow for the fact that a neutron scattered in 
the volume d V and heading towards the correct direction (i.e. along r) should escape 
another scattering collision, the probability for which is given by exp(—r/As), or 
exp(— sr). 

Thus the number of neutrons dn scattered in volume dV that reach the surface 
AS is given by 

(20 r? sinOdédr) 
= (dX) AS cos 6 exp(— sr) 
Anr2 
If J_ is the neutron current in the downward direction through AS expressed as 
number of neutrons/cm?/s, then 


r=co pO=7/2 oz 
J_=n/As= J / a sin 0 cos 6 exp(—2'sr)d@dr (8.66) 
w 0 
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We shall first assume that the flux @ is constant, then we find 


J-=¢/4 
Because of symmetry, the current in the positive Z-direction would also be equal to 
0/4; i.e. 
J+ =¢/4 
So that the net current 
J=J}Ą}—J-=0 


Next, we suppose that the flux ¢ is not constant in a direction normal to the surface, 
but varies only slowly then using Maclaurian expansion, we can write 


0 
Q = +2() (8.67) 
dz 
The subscript 0 means that the quantity is to be evaluated at the origin. 
Since z = r cos 0, we have 


0 
$ = oy +rcoso( 2E) (8.68) 
əz 0 
Inserting (8.68) in (8.66), a straight forward integration yields 
ġo 1 (dọ 
i= 8.69 
4” 63; ( az ), oe 


where, J_ is the neutron current in the downward direction through As. For J+, the 
integration must be performed between 5 and 7, giving us 


go 1 (dọ 
=e — 8.70 
+4 65, \ z/o da 
The net current in the vertical direction is then given by 
As (9 
J=J,—-J.=—-> 22 (8.71) 
3 Oz 0 


The net flow of neutrons through a unit area located in the X Y-plane depends on the 
gradient of the flux in the z-direction. Variation of the flux in the x and y directions 
would not affect the flow of neutrons in the vertical direction, and may be ignored. 
The assumption under which (8.71) is valid is that the gradient of the flux is small 
over distances of a few scattering M.F.P. It will be invalidated in regions close to 
the source or sink or near a boundary separating two media with different scattering 
cross-sections. Actually, (8.71) is more valid than this treatment would allow, for, 
when the second order term is included in the Maclaurian expansion then it gets 
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Fig. 8.12 Leakage of 
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cancelled out in the calculation of J. The anisotropic scattering may be allowed for 
by replacing às by Apr in (8.71) 


Ja (£) (8.72) 
0 


8.7.1 Leakage of Neutrons 


Consider a small volume element of sides dx,dy,dz within the moderator 
(Fig. 8.12). Let J; be the net neutron current in the x-direction, then 


ad hep [ 3? 
dJ, = ( | \dx = -4 AAT 
ax 3 (832x 


where, dJ, represents the excess of neutron current passing through the volume 
element in the x-direction. If Ly is the leakage in the x-direction defined by the 
excess number of neutrons leaving the volume element per second in the x-direction, 
then 


Mr (07 
3 \ 02x 


Lx =dJ,dydz = —— soe )dxdyaz (8.73) 


Similar terms will be obtained in the y- and z-direction. 
The total leakage L out of unit volume expressed as the number of neutrons 
leaving per cm? per second is 


(ae a (8.74) 


where V? is the Laplacian. 
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8.7.2 The Diffusion Equation for Thermal Neutrons 


We shall now set up the diffusion equation which governs the distribution of neu- 

trons throughout the reactor. We shall assume that all the neutrons to be considered 

having the same energy. Let n neutrons be present at any time f in a unit volume. 
The change of neutron density with time may be written as 


ð 
S = Production — Leakage — Absorption 


Let S be the rate of production of neutrons/cm?/s; the absorption rate is given by 
H Xa per cm?/s; then using (8.74) for the leakage we may write the balance equation 
as 


OW ge Mr 724 os (8.75) 
ar 3 g l 
This is the general form of diffusion equation and is applicable only to monoergic 
neutrons and at distances of about three M.F.P. from strong sources or absorbers and 
from boundaries of dissimilar material. 

If the reactor is working at a steady state then the neutron flux, and hence the 
power would be constant. In this case 


ðn 
ət 
Production = Leakage + Absorption 


0, and the balance equation becomes 


As the neutrons are produced only at the point located at the source, neutron pro- 
duction will be zero at all other points. Putting S = 0 and a = 0 in (8.75) the steady 
state equation for these regions reduces to 


3 
V-6— —0 8.75 
oe whe 
y? l b 
p- ae =0 (8.75b) 
with 
2 Murha 
3 


The value of the Laplacian in (8.75) would depend on the geometry of the system. 
In Table 8.2, we give the explicit form of the Laplacian for typical geometry. 

Note that the Laplacian for Cylindrical and Spherical geometry is much simpler 
than the usual expressions because of the absence of the terms involving azimuth 
angle and the polar angle. This is so because we expect the flux not to depend on 
these angles. 
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Table 8.2 Geometrical 


2 
shapes and their Laplacian Geometry y 
1. Parallelpiped > + 2 + a 
2. Infinite slab 2 
Š . a2 2 
3. Cylindrical = + 1 & 4 = 
4. Spherical 2 4 = 
Fig. 8.13 Extrapolation 4 
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8.7.3 Extrapolation Distance 


At the outside surface of the reactor, there cannot be any scattering of neutrons back 
into the reactor, so that at the boundary, the neutron current in the negative direction 


is zero: 
go . Atr (0b 
J_=—+—|{—] =0 8.76 


where ġo is the flux at the outside surface of the reactor. If we extrapolate the neutron 
flux beyond the outside surface using a straight line with the same slope as at the 
boundary (Fig. 8.13), then 


a6 —3 po 
sagem pL 
3z > hy o/d or 
2 
d = Shy (8.77) 


where d is the extrapolation distance at which the flux falls to zero. 

The value of d as given by (8.77) is only approximate since diffusion theory is 
not valid near the boundary. A more refined treatment using the Transport theory 
gives 


d =0.71àrr (8.78) 
Example 8.1 Calculate the steady state neutron flux distribution about a point 


source emitting Q neutrons/s isotropically in an infinite homogenous diffusion 
medium. Assume that inside a region of interest, neutrons are not produced. 
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Solution A steady state implies that on = 0. Further the source term S = 0. Using 
the Laplacian for spherical geometry in (8.75), we have 


Mr (9° 296 
— Xa =0 

3 E r or 9a = 

do 2dd > 

— +-— — k =0 8.79 

dr? a rdr ? (8.79) 

where 
K =3.3q/Mer 


Equation (8.79) can be solved easily by the change of variable v = gr. After some 
simplification, we get 

duv , 

7 k*v=0 (8.80) 


The solution of this standard equation is known to be 
v= Aje™ + Ave ™ 
where A, and A2 are constants of integration 


Aje Aze" 
o= r (8.81) 


r r 


Since k is positive, ef" —> œ as r > œ. But flux must be finite everywhere includ- 


ing at large distances. Therefore, we must put Aj = 0. Thus 


A —kr 
a (8.82) 
m 
We also have: 
dọ —A 
ua 2 (kr + De (8.83) 


dr O 
We shall now evaluate the constant A2. Consider a small sphere of radius r sur- 
rounding the point source. The net current through this sphere is 


-ir 86 Mir 


J= = 
3 or 3r? 


Ao(kr + lye” 


where we have used (8.83). 
The net number of neutrons leaving the sphere per second is, 


4 
Anr? J = 3 An(kr + 1je-" 
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But as r — 0, the total number of neutrons leaving the sphere per s must be equal 
to the source strength q 


4 
q= yaa or 


3q 


A2 = 
i Art Àtr 


The complete solution is 
E 3ge—*r 


O ATT Àir 


(8.84) 


Example 8.2 A point source of thermal neutrons is placed at the centre of a large 
sphere of Beryllium. Estimate what its radius must be if less than 1.5 % of the 
neutrons are to escape through the surface. 


At: wt: of beryllium = 9 

Density of beryllium = 1.85 g/cc 

Avagadro number = 6 x 10? atoms/g atom 

Thermal neutron scattering cross section on Beryllium = 5.6 b 

Thermal neutron capture cross-section on Beryllium = 10 mb (at velocity v = 
2200 m/s) 


Solution Using the results of Example 8.1 


= (1 +kr)e™™ 


CESEN 


1. 
—— = (1 + 0.0157r)e 702157 

foo t k 

Solving the above equation by the method of successive approximation, we find 
r = 393 cm. 


Example 8.3 Calculate the steady state neutron flux distribution about a plane 
source emitting Q neutrons/s/cm? in an infinite homogeneous diffusion medium. 
Assume that neutrons are not produced in any region of interest. 


Solution Since we are interested only in the x-direction, we use the Laplacian a 
in (8.75), and remembering that S$ = 0, and ôn = 0, we have 
dir dd pa =0 (8.85) 
— — — = or ; 
3 dx? j 
ap » 
— —k*d=0 8.86 
T (8.86) 
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Fig. 8.14 Diffusion from 
plane (infinite) source Plane source 
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with 
3D) 3 
k = (8.87) 
Àtr  Àaàrr 
The solution of (8.86) is 
o = Aye + Are (8.88) 


where A, and Az are constants of integration. The requirement that the flux should 
not diverge at any point including at infinity implies that A; =0 


p = Are (8.89) 


We shall now calculate A2. Consider a unit area located at a small distance x from 
the plane source, Fig. 8.14. On an average, half of the neutrons will travel along 
positive x-direction. As x — 0, the net current flowing in the positive x-direction 
would be equal to 50; the diffusion of neutrons through unit area would have a 
cancelling effect since from symmetry equal number of neutrons would diffuse in 
opposite direction at the surface (x = 0). Now, the current 


fat? 4 es 


3 ax 3 


But, as 
Mer 
x > 0, J= a= 


whence we find 


3 
A= Q 
2kàtr 
The complete solution is 
3 —kx 
g (8.90) 
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8.7.4 Diffusion Length 


Equation (8.90) shows that the flux falls off exponentially with distance from the 
source. The distance required for the flux to fall by a factor e is 


L=1/k= we (8.91) 
Apart from the factor 1/3, the diffusion length L is seen to be given by the geomet- 
ric mean of às, and Ag. The diffusion length is a measure of the average distance 
a thermal neutron travels from the point of production to the point of absorption 
(Fig. 8.15). The average crow-flight distance traveled by a neutron away from an 
infinite plane source in a moderator before being absorbed is calculated using (8.90) 


x = SS =L (8.92) 


as expected. 
The mean square distance travelled (x°) from the infinite plane source is given 
by 
lx?) jee Gk 
XxX = 
i, eas 


=]? (8.93) 


8.7.5 Relationship Between (r?°) and L? for a Point Source 


Consider a spherical shell surrounding the source of radius r from the point source 
and thickness dr. The volume of the shell is 47r7dr. The neutron capture rate in 
this shell is then equal to 42r*dr@Xq. The mean square distance that a neutron 
travels from the source before getting captured is 


1 OO 
(r°) = — / r°4nr dro Xa (8.94) 
Q Jo 
Substituting the value of ¢ from (8.84) in (8.94) we get 


ay. f° 
(r?) = e jl re dr =6/k =6L° (8.95) 
tr 0 
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It may be pointed out that (r?) is the mean square crow flight distance the neutron 
travels, but the actual path length is much greater because of the zig-zag path of the 
neutron resulting from various elastic scatterings with the nuclei of the moderator. 
Since the leakage of neutrons from a reactor depends on the average crow flight dis- 
tance the neutrons travel, the diffusion length is one of the factors that is intimately 
connected with the criticality of a reactor. 


Example 8.4 The spatial distributions of thermal neutrons from a plane neutron 
source kept at a face of a semi-infinite medium of graphite was determined and 
found to fit e~°-°9* law where x is the distance along the normal to the plane of the 
source. If the only impurity in the graphite is boron, calculate the number of atoms 
of boron per cm? in the graphite if the mean free path for scattering and absorption 
in graphite are 2.7 and 2700 cm, respectively. The absorption cross-section of boron 
is 755 b. 


Solution We ignore the scattering of neutrons in boron. Let there be N atoms of 
boron per cm? 


Aa(graphite) = 2700 cm 


; 1 ies 2 
Xa(graphite) = 5700 = 3.7 x 1074 cm7! 


X, (boron) = 755 x 107%% N 
Xa = Xa (graphite) + Xa (boron) = 3.7 x 1074 +755 x 107” N 
ve 2.7 


Mr = = = 5 = 2.86 cm 
1— 3A 1— 3x12 
Given 
1 
L = — = 33.33 cm 
0.03 
but 
12 Atrha Mtr 
ae: 35a 
2.86 
(33.33)? = 


~ 3(3.7 x 10-4 + 755 x 10-74) 
Solving for N, we get 


N =6.47 x 10!” boron atoms/cm? 
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Table 8.3 Values of L and 


hir for different moderators Moderator L (cm) Arr (cm) 
Water 2.88 0.426 
Heavy water 100 2.4 
Graphite 50 2.71 


8.7.6 Experimental Measurement of Diffusion Length 


Calculated values of L and 4,, for thermal neutrons can be in considerable error 
for various reasons. First, thermal neutrons have wide energy spectrum and hence 
variable properties. Secondly, the simple scattering laws break down owing to com- 
plications arising due to chemical binding and crystalline effects at low energies. 
Further, the scattering cross-section is not strictly constant in the thermal region. 
For these reasons, the reliable values of L and À; are those which are determined 
experimentally. One way of measuring L is to measure the flux by the foil activation 
method at various distances from a plane source of thermal neutrons placed inside 
a large body of moderator. The plot of Inġ against x can be fitted by a straight 
line the slope of which yields 1/L. Table 8.3 gives the values of L and A;, for the 
moderators water, heavy water and graphite. 


8.7.7 The Albedo 


The loss of neutrons which escape from the reactor can be minimized by surround- 
ing it with a reflector which has the ability to scatter a number of neutrons back into 
the reactor. The efficiency of the reflector may be measured in terms of the reflection 
coefficient or Albedo which is the ratio of the number of neutrons reflected back to 
the number entering the reflector 


Atr (9b 
F ee ag) 
Era 


x 


Albedo = 


If the reflector is an infinite slab, we have the one-dimensional problem where the 
neutron current entering the reflector acts as a plane source of neutrons (Fig. 8.16). 
But 


b= Are; re —kAze 
x 


3—2kàr 3- 2 
Albedo = = (8.96) 


Thus, the smaller the value of A;, and the greater the L, the Albedo approaches 
unity. The Albedo depends on the size and the shape of the reflector. The Albedo 
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Fig. 8.16 Reflector as an 
infinite slab 


Reflector 


Fig. 8.17 A rectangular 
column composed of the 
moderator containing the 
neutron source A 
Neutron B 
source É 


will be smaller for a reflector of finite thickness than the one of infinite thickness 
which in practice is reached for thickness equal to about 2L. Further, for a reflector 
about a spherical reactor, the Albedo will be smaller for a given thickness than in 
the case of an infinite slab because a neutron sees a smaller reactor surface in the 
case of a sphere so that the probability of its getting scattered back into the reactor 
is smaller. 


8.7.8 Determination of Diffusion Length from the ‘Exponential’ 
Pile 


If the plane source is finite then the previous treatment needs modification. Consider 
a rectangular column (pile) composed of the moderator with one of its faces con- 
taining the neutron source. The neutron source may be either an artificial neutron 
source or thermal neutrons from a nuclear reactor. Let the sides of the base of this 
column have lengths a and b (Fig. 8.17). 

The diffusion equation is 


V? -k =0 
with 
pac 
Àtràa 


We shall choose the x-axis along the length of the column; y- and z-axes are taken 
along the sides of the base of the column. Since the flux is no longer independent of 
the y and z co-ordinates, we must use the full Laplacian 


p PE P z 
— + — + a 8.97 
dx? dy? + 3z? ý (20 
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We solve this equation by the method of separation of variables. Let 
b= X(x)¥(y)Z() (8.98) 
Substituting (8.98) in (8.97), and dividing through out by XYZ 
1X 1Y 1@Z 
+ + = 
X dx? Y dy? Z dz? 


1X , 1Y 1@Z 
Se = = (8.99) 
X dx? Y dy? Z dz 


k =0 or 


Since left side of (8.99) is a function of x only,while the right side is a function of y 
and z only, the only way in which the above equation can be satisfied is when each 
side equals the same constant, say A? 


l@x , 


The solution for this equation is known to be 


eget 


where cı and d; are constants. But the requirement that the flux must not diverge as 
x — OO gives us dı = 0 


X=cie4* (8.101) 
Also 
5 tay Adz _» 
= = = or 
Y dy? Z dz 
1 d’Y 1 &@Z 
Sataa y e (8.102) 
Y dy? Z dz? 


Left side of (8.102) is a function of y only and right side is a function of z only. 
Therefore, each side must be equal to constant, say — B? 


gives us Y = c2 sin By + d2 cos By, where c2 and d2 are constants. An approximate 
boundary condition is that, ¢é = 0 at y = 0, y = a,z = 0, z = b. The first of the 
boundary conditions gives us, d2 = 0. The second condition gives us 


Ba =nr (8.103) 


Note that a positive constant +B? cannot give the required boundary conditions. 
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Taking the first mode (n = 1) 
B=mn/a (8.104) 


Also 

4 

= =k - A? +B =D’ 8.105 

Z dz? i i ; 
giving us 

Z = c3 sin Dz + d3 cos Dz 

Application of the third boundary condition gives us d3 = O, and the fourth one 
gives us 


D=x/b (8.106) 
.. The flux 
pee Fani = sin 7% (8.107) 
a b 
where 
C= C1 C2C3 
Further, from (8.105) we find 
A’ =k? +B? + D? (8.108) 


We, therefore find that the flux along the x-axis varies as e~*/“! where Lı = 1/A. 
From (8.108), we note that 


(8.109) 


The quantity Lı is called the effective diffusion length. We can, therefore, first de- 
termine L in the manner previously described and then obtain L, the true diffusion 
length using (8.109). 

Note that if the sides a and b are much larger than L, then Lı —> L. The neutron 
flux in the column falls off exponentially in a direction perpendicular to the face 
containing the neutron source. Hence the nomenclature ‘exponential pile’. 


8.8 Elementary Theory of the Chain-Reacting Pile 


Absorption and Production of Neutrons in a Pile We consider the ‘pile’ which 
is a mass of uranium spread in some suitable arrangement throughout a block of 
graphite. Whenever fission occurs in uranium, on an average 2.5 neutrons are pro- 
duced. The neutrons produced from fission have energies of the order of 1 MeV and 
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are conventionally called ‘fast neutrons’. After a neutron is emitted, its energy de- 
creases as a result of elastic collisions with the nuclei of carbon and to some extent 
also by inelastic collisions with the nuclei of uranium. A large fraction of the fast 
neutrons will be slowed down to thermal energies in about 100 collisions with car- 
bon nuclei. On attaining thermal energies, the neutrons keep on diffusing until they 
are finally absorbed. In several cases, however, the neutrons are absorbed before the 
slow-down process is completed. 

The neutrons may be absorbed either in carbon or uranium. But, the absorption 
cross section in carbon is quite small, being about 5 mb. For graphite of density 1.6 
this corresponds to a mean free path of about 25 m. Since og follows the //v law, 
the absorption cross section which is already quite small at thermal energies is prac- 
tically negligible at higher energies. It is, therefore, sufficiently good approximation 
to neglect the absorption by carbon during the slowing-down process. The absorp- 
tion cross-section of thermal neutrons in 7*>U is quite large, being about 650 b. The 
absorption of neutron in uranium may lead either to fission or to radiative capture— 
a process in which gamma ray is produced. The relative importance of resonance 
absorption and fission is dependent on neutron energy. For this purpose, we may 
broadly consider three energy intervals: 


(i) Neutrons of energy >1 MeV above the fission threshold of 77°U. These are the 
so-called fast neutrons, for which the most important absorption process is fis- 
sion which normally occurs in the abundant isotope 7°8U, resonance absorption 
being small but not negligible. 

(ii) Neutrons of energy below the fission threshold of 7°°U but above the thermal 
energy (0.025 eV). These are called ‘epithermal neutrons’. In this energy inter- 
val, the most important absorption process is resonance capture. The variation 
of cross section with energy is quite irregular, and displays the occurrence of 
a large number of maxima, called resonance maxima, which are explained by 
Breit Wigner theory, Fig. 8.10. The phenomenon of resonance absorption be- 
comes important in all practical cases at energies of about 200 eV and becomes 
increasingly more important as the energy decreases. 

(iii) Neutrons of thermal energies. For thermal neutrons both the resonance and 
fission absorption processes are important. In this energy interval, both the ab- 
sorption processes approximately follow the //v law; consequently, their rela- 
tive importance becomes independent of energy. From the preceding discussion 
we conclude that only a fraction of the original fast neutrons produced will sur- 
vive, and ultimately lead to fission. Further, in systems of finite size, leakage 
of neutrons is expected outside the pile. 


8.8.1 Life History of Neutrons and Four-Factor Formula 


The following sequence of events may take place in one life cycle of a neutron: 


1. Suppose that at a given instance, there are available n thermal neutrons which 
are captured in the fuel. Let 7 be the average number of fast fission neutrons 
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emitted per fission, then due to the absorption of n thermal neutrons nn fast 
neutrons will be produced. If v is the average number of neutrons emitted when 
a thermal neutron is absorbed in the fuel, then v = (no f)/(of+0r) where o, 
refers to radiative capture. The values of v for various fuels are 2.43 for 2351], 
2.47 for natural uranium, 2.5 for 233U, 2.89 for 2??Pu. 

2. There is a small probability that some of the neutrons may be absorbed in ura- 
nium before their energy is appreciably decreased. If this is the case then the 
absorption in *°8U often leads to fission. The available number of neutrons is 
therefore increased by a factor €, which is called fast fission factor and is de- 
fined by the ratio of the total number of fast neutrons produced by fissions due 
to neutrons of all energies to the number resulting from thermal neutron fissions. 
The probability of producing such fast fission neutrons is only a few percent, for 
uranium fuel, for example, £ = 1.03, with either graphite or D2O as moderater. 
Indeed, if the system contains little uranium and a large amount of carbon, the 
elastic collisions with carbon tend to reduce the energy very rapidly to a value 
well below the fission threshold for 77°U. On the other hand, if the system is very 
rich in uranium then inelastic collisions rapidly reduce the energy of the origi- 
nally fast neutrons to the point much before the neutrons get a chance to cause 
fission in ?8U. The number of neutrons then becomes nne. 

3. As a result of collisions, mainly elastic, with the moderator, the fast neutrons 
will be ultimately thermalized. With graphite as moderator, about 14.6 collisions 
are required to reduce their energy by a factor of 10, and about 110 collisions to 
reduce 1 MeV neutrons to 0.025 eV While the slow-down process is in progress, 
the neutrons may be absorbed by resonance capture in uranium. Let p be the 
probability that neutron escapes resonance capture and is able to reach ther- 
mal energy. This is called resonance escape probability. The number of neutrons 
reaching thermal energies is then nnep. 

4. If the neutrons have not been absorbed then on reaching thermal energies, they 
will ultimately be absorbed either in uranium or carbon. If uranium and carbon 
are mixed uniformly, the probability for these two events would be in the ratio of 
the absorption cross-sections of uranium and carbon for thermal neutrons multi- 
plied by the atomic concentrations of the two elements. Of the thermal neutrons, 
therefore, a fraction f called thermal utilization factor will be absorbed in fuel 
material. 


Thus 
= >, (fuel) 
~ ¥,(fuel) + ©, (moderater) + X4 (other material) 


f 


The number of thermal neutrons absorbed in fuel becomes nnepf. 

To sum up, n neutrons are multiplied to nnepf after the completion of one cycle. 
Let kæ be the multiplication factor or reproduction factor which is defined as the 
ratio of the number of neutrons in one generation to the number in the previous 
generation 


Koo = nnepf/n = nepf (8.110) 
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Table 8.4 Values of p, f, 


and the product pf for Nm/Nu J P fp 

various ratios of atomic 

concentrations of graphite 100 0.960 0.523 0.5020 

and natural uranium 200 0.923 0.647 0.5971 
300 0.889 0.706 0.6276 
400 0.858 0.751 0.6443 
500 0.828 0.774 0.6408 


600 0.800 0.795 0.6360 


This is called the Four-factor formula. 

If kæ is at least equal to 1, then the reactor would work continuously (it is as- 
sumed that the system has infinite dimension so that there is no leakage of neutrons) 
since the life cycle of neutron will be repeated again and again. This repetitive phe- 
nomenon is called chain reaction. For an assembly of finite dimensions the effective 
reproduction constant keff will be less than koo by the non-leakage factor L(L < 1) 


keff = kook (8.111) 


The reactor is said to be critical if keff = 1. 

The value of k,. will depend on the relative production and loss of neutrons 
by various processes. In practice, apart from leakage through a system of finite di- 
mensions, neutrons will be lost as a result of non-fission capture by 235U and 238U 
including both thermal and resonance capture and as a result of parasitic capture 
of neutrons by the moderator, coolant, structural materials, fission products and any 
other material, called poison, present in the reactor. 

In the special case in which the fuel contains only 7*>U, both ¢ and p will be 
very close to unity. Thus, kyo = nf. 

Of the four factors in (8.110), € and 7 are more or less fixed by the character 
of the fuel over which we have no control; and the success of the chain reactor 
depends upon the values of p and f which vary with geometry, the composition 
of the reactor elements and the ratio of fuel to moderator. In order to ensure the 
propagation of chain reaction, p and f should be as large as possible although 
each of them is always less than unity. Unfortunately such changes in the relative 
proportion of fuel and moderator which cause f to increase and cause p to decrease 
and vice-versa. Thus, in order to make f large, it is desirable to have the system 
very rich in uranium so that the probability of absorption of thermal neutrons by 
carbon is reduced. On the other hand, the smaller proportion of carbon implies that 
the slowing-down process will be very slow, and consequently, the probability of 
resonance absorption is increased. The reverse will be true if the concentration of 
moderator is large. 

Table 8.4 shows the values of p and f, as well as the product pf for various ratios 
of atomic concentrations of graphite and natural uranium which contains 99.3 % 
*38U and 0.7 % U, 

Actually, a homogeneous natural uranium-graphite-moderated reactor cannot be- 
come critical since koo is always less than unity. But, the opposing tendency of p 
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and f is quite obvious from Table 8.4. In any case, in order to make the product pf 
maximum, we must make a compromise between two conflicting requirements by 
finding an optimum value for the ratio of uranium to carbon. 

So long we deal with homogeneous mixture of uranium and carbon, the values of 
p and f depend only on the relative concentrations of the two components. How- 
ever, if we do not restrict ourselves to homogeneous systems, then it is possible 
to have a more favorable situation by suitable geometrical distribution of the two 
elements. This is possible is due to the following circumstances. The resonance ab- 
sorption cross-section which is responsible for the loss of neutrons has sharp peaks 
of the Breit-Wigner type discussed earlier. Therefore, if uranium instead of being 
smeared throughout the assembly, is used in sizable lumps, then a thin surface layer 
would shield the interior of the lump from the action of neutrons with energy close 
to resonance maxima. Therefore, the resonance absorption of a uranium atom inside 
the lump will be much less than it would be for an isolated atom. Of course, self pro- 
tection in a lump reduces not only resonance absorption but also thermal absorption 
in uranium. Calculations, however, show and experiments have confirmed, that at 
least up to a certain size of the lumps, the gain obtained by reducing the resonance 
loss of neutrons, weighs out by a considerable amount the loss due to a lesser ab- 
sorption of thermal neutrons in the interior of the lump. The typical structure of the 
pile is a lattice of uranium lumps embedded in a matrix of graphite. The lattice may 
be, for example, a cubic lattice of lumps or a lattice of rods of uranium. Such an 
assembly is obviously; heterogeneous. In practice, one deals with an assembly of 
finite size so that some neutrons will leak from the assembly. 

We now give typical figures for the production and losses of neutrons in one 
complete cycle, as in Fig. 8.18. 

Thus numbers of neutrons in the beginning and end of the cycle are almost iden- 
tical so that the reactor becomes critical. 


8.8.2 Fast-Fission Factor (e€) 


The value of this quantity can be easily calculated for a very small lump of uranium. 
In this case, it is obviously given by 


e =oprnd (8.112) 


where øp is the average value of the fission cross section for fast fission neutrons; 
n is the concentration of uranium atoms in the lump, and d is the average value 
of the distance that the neutron produced in the lump must travel before reaching 
the surface of the lump. Calculations for lump of large size are rendered difficult 
owing to the multiple collision processes comprising elastic, and inelastic collisions. 
In particular, the last process for a lump of large size effectively slows down the 
neutrons below the fission threshold of SU and brings them down to an energy 
level in which they are readily absorbed by the resonance process. 
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Fig. 8.18 Typical figures for 
the production and losses of 
neutrons in one complete 
cycle 
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8.8.3 Resonance Absorption 


For isolated atoms of uranium contained in the medium of graphite in which fast 
neutrons are produced and slowed down to thermal energies, the probability per unit 
time of resonance absorption of neutrons with energy larger than thermal energy is 
given by the following expression: 

qà 


dE 
aana Oe ae 


8.113 
0.158 i ) 


where q is the number of fast neutrons entering the system per unit time and unit vol- 
ume, A is the M.F.P. and ø (E) is the resonance absorption cross section at energy E. 
The integral must be taken between a lower limit just above the thermal energy and 
an upper limit equal to the average energy of fission neutrons. We should expect the 
largest contribution to the integral from the Breit-Wigner peaks. 

The above formula would be very much in error in case of a lattice of lumps. 
As we have already pointed out, this is due to the fact that inside a lump there 
is an important self-screening effect that reduces very considerably the density of 
neutrons having energy close to a resonance maximum. The best approach to the 
practical solution to the problem is, therefore, a direct measurement of the number 
of neutrons absorbed by resonance in lumps of uranium of various sizes. 

We consider below a typical empirical relation which is used for the evalua- 
tion of resonance escape probability. We note that the effective resonance inte- 
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gral (8.63) depends on %';/No, which represents the scattering cross section of the 
mixture per atom of absorber. This quantity is not identical with 2’; (absorber) be- 
cause X, is the scattering cross section of the fuel-moderator mixture as a whole, 
Xs = X, (fuel) + 2’; (moderator). In general, the scattering contribution due to ura- 
nium can be neglected. Experiments show that the value of the effective resonance 
integral is essentially independent of the mass of the moderator atom, so that the 
dependence can be taken to be the same for all common moderators. For a given 
fuel, its value depends only on the fuel/moderator ratio. For 7°°U, the empirical re- 
lation between the effective resonance integral and X, / No that was found to be very 
satisfactory for the ratio 2’, /No < 1000 b is: 


dE 0.415 
J (Oa)eff E = 3.85(2,/No)” (8.114) 
E 


The integral is shown as a function of ¥, /No in Fig. 8.19 for PSU. 

For 738U, the integral approaches a limiting value of 282 b at infinite dilation. 
For the pure 7°°U metal, the value of the integral is 9.25 b. 

The numerical value of the resonance escape probability for these two limits can 
be obtained directly from (8.60), from which it follows that for infinite dilution, 
the ratio No/ 2’; — 0, the exponent approaches zero, so that p — 1. For the pure 
?38U metal p, of course, approaches zero. The tendency for the variation of p with 
dilution is in conformity with the previous discussion and is contradictory to the 
variation of f with dilation. 


Example 8.5 Calculate kx, for a homogeneous natural uranium-graphite moderated 
assembly which contains 200 moles of graphite per mole of uranium. Assume natu- 
ral uranium to contain one part of 77°U to 139 parts of SU, and use these constants 


Natural uranium Graphite 
oq(U) = 7.68b Oq(M) = 0.0032 b 
o5(U) =8.3b 05(M) = 4.8 b 


g =0.158 
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Solution If N, is the number of uranium atoms per cm? and Nọ is the number of 
238U atoms only per cm}, then No = 139 x N,,/140. Also, Nm / Ny, = 200. Therefore 


Nm/No = 200 x 140/139 = 201.4 


Thermal utilization factor (f) 


f= Fa) aa) O 
Xalu) + Xam) Nua) + Nmoa(m) 
= = : = 0.9226 
— Nmoa(m) 201.4x0.0032 ~~" 
De ce Ga) 1+ 768 


Resonance escape probability p 


dis _ Xs (u) + Xs (m) = Nm 


=0;(U M) = 8.3 + 201.4 x 4.8 = 975 b 
ae No os ( y+ ay, al ) + x 


Assuming the validity of the empirical expression (8.114), for this high value of 
Xs/No, we get for the effective resonance integral, 3.85 (975)°-415 = 67 b. 

We are justified in ignoring the contribution of the uranium in the scattering since 
instead of £ X,, the use of the quantity &, Xs (u) + Em Xs (m) hardly changes the result 


67 


—— > _) = exp(—0.435) =0.8 
aa) expl ) 


Taking = 1, and ņ = 1.34 
Koo = 1 x 1.34 x 0.647 x 0.923 = 0.776 


where koo means the reproduction factor for infinite dimension. This assembly is, 
therefore, not capable of sustaining a chain reaction. Similar computations for other 
ratios of moderator/uranium lead to the result shown in Fig. 8.20 for which the 
opposing tendency of f and p with varying fuel concentrations is also quite ap- 
parent. It is to be noted that since kg is always less than unity, even with the 
most favorable product pf, it is not possible for a homogeneous natural uranium- 
graphite-moderated reactor to become critical. Same thing is true of a uranium- 
water-moderated reactor. This conclusion was reached before the first reactor de- 
signed by Fermi was put into commission, and led to the concept of a heterogeneous 
reactor. It must, however, be stressed that for a homogeneous mixture of natural ura- 
nium with D20 as moderator, a chain reaction can be set up. 

In natural uranium 7*°U constitutes only 0.7 %. If, by isotope separation we use 
a higher proportion of, 5U then the sample is said to be enriched. 

It turns out that in a homogeneous assembly, chain reaction is possible, with 
graphite or light water as moderator provided enriched uranium is used as fuel. 
Figure 8.21 shows kx for homogeneous mixtures with some common moderators 
for different molar ratios and various degrees of enrichment. 
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8.9 Neutron Leakage and Critical Size 


It was pointed out that for an assembly of finite dimensions, the effective reproduc- 
tion factor keff will be less than ko by a factor L, (L < 1) which is determined by 


leakage of the system 


keff = kool (8.115) 


It is convenient to separate the total leakage effect into two components, a fast 
neutron non-leakage factor lf, and a thermal neutron non-leakage factor ln. This 
separation is justified by the diffusion theory which treats the diffusion of fast neu- 
trons and that of thermal neutrons separately. Wc, therefore, set 


Lally (8.116) 
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Thus 
keff = Kool flin (8.117) 


For a given reactor keff is defined as the ratio of the number of neutrons (at 
corresponding stages of the neutron cycle) in successive generations. The self- 
multiplication of neutrons is the underlying principle of a nuclear chain reaction. 
The magnitude of keff determines the speed with which the number of neutrons 
builds up and the rate at which nuclear fissions occur in the reactor. 


If keff > 1, the assembly continues to produce more neutrons than it consumes, 
the system is said to be super-critical. 

If keff < 1, fewer neutrons are produced than consumed. Such an assembly is 
said to be sub-critical. 

If keff = 1, the rate of neutron production is exactly balanced by the rate of their 
consumption and in this case the assembly is called critical. 


If we start with an assembly for which keff > 1, we can decrease keff by progres- 
sively decreasing the size, thereby increasing the neutron loss through leakage from 
the assembly. If this reduction be continued till keff = 1, then the reactor is said 
to have critical size, the assembly being critical, in which case the neutron losses 
due to all causes including leakage is exactly balanced by the rate of production in 
the assembly. Note that the neutron production is proportional to the volume (« r° 
for a sphere) while leakage depends on the surface area (œx r). The ratio leak- 
age/production « 1/r, so that by decreasing the size of the reactor it is possible to 
reach critical dimensions. 


8.10 The Critical Dimension of a Reactor 


8.10.1 One Group Theory 


In the previous sections we have developed equations concerned with the produc- 
tion, absorption, moderation and diffusion of neutrons. We shall now apply these 
equations to the problem of critical size of a reactor for a given mixture of fuel and 
moderator. To determine the critical size of a reactor for a given mixture of fuel and 
moderator, we consider the case of a homogeneous unreflected reactor operating 
at a steady state so that the neutron flux is constant with time at all points in the 
assembly. 
The balance equation is then 


S + Air /3)V Q = Q Za (8.118) 


For the source term S, the simplest assumption is that all the production, diffusion 
and capture of neutrons occurs at a single energy—an assumption which drastically 
simplifies matters but is far removed from reality. We need to consider the properties 
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Fig. 8.22 Infinite slab reactor 


of neutrons of the same energy. If k is the multiplication factor for the system, each 
neutron absorbed results in the production of koo neutrons as a result of fission. We 
may therefore, set S = koo Xa. The balance equation can, therefore, be rewritten 
as: 


dir Oo? 
ko Za + -V p- pXa=0 or (8.119) 
V? + B'o =0 (8.120) 
where 
X, kə-l1 
B? =3(ky — 1) = 2 — 8.121 
aL ea (8.121) 


Equation (8.120) is the familiar wave equation. The boundary condition is that the 
flux mast fall to zero at the boundary. Actually, the flux would fall to zero at a little 
greater distance corresponding to the extrapolation distance (equal to 0.71A;,) than 
the physical boundary. The other requirement imposed on the flux is that it should 
be finite everywhere including at large distances. 

We consider below some examples which illustrate the calculation of the critical 
dimensions of the assembly, for well defined geometry, and use the known appro- 
priate Laplacian. 


8.10.1.1 Infinite Slab Reactor 


The appropriate balance equation for the geometry of an infinite slab reactor is 
(Fig. 8.22) 
deo 


“3 + Bg =0 (8.122) 


The solution is obviously 


$ = A, cos Bx + Az sin Bx (8.123) 
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Taking the origin at the centre of the slab, from symmetry we would expect ¢, = 
o_». We must, therefore, drop off the sine function 


$ = Ai cos Bx (8.124) 


Also, ġ = 0, when x = +x0/2 where x9/2 is one half the actual width of the slab 
plus the extrapolation distance d = 0.71A1;. We set 


Bxo 
AO = or (8.125) 
nit 
B = —, 4+n=1, 3,5, or (8.125a) 
xo 
nex 
p = Ay cos — (8.126) 
X0 


is the general solution. The first term is called the fundamental eigen value and 
all the higher terms are the harmonics. For a sub-critical reactor, with an auxiliary 
source of neutrons, the flux distribution is obtained from (8.126), where all the har- 
monics can be present. For a critical reactor, all the harmonics drop off and only the 
fundamental eigen value is needed. Under these conditions, B = z7/xo, and 


$ = A cos —~ (8.127) 
X0 
Note that A is undetermined. Its absolute value is determined only by the power 
level of the reactor. This is an important conclusion from diffusion theory according 
to which at constant temperatures and pressure within the system, once a reactor 
has gone critical its power can be raised to any desired level without requiring any 
additional fuel. The power is limited only by the efficiency with which heat can be 
extracted from the reactor. This also means that the reactor must be always under 
control. 
The critical volume of an infinite slab reaction is infinite. 


8.10.1.2 Spherical Reactor 


The balance equation is 


Go 2dọ 5 
—- +-—4+B*¢=0 8.128 
dr? = r dr ae ( ) 
Change of variable v = ġr in the above equation gives 
dv 2 
gaT’ v=0 (8.129) 


which has the solution 


v = Aı sin Br + A2 cos Br (8.130) 
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Al. A2 
p = — sin Br + — cos Br (8.131) 
r r 


When r — 0, ¢ must be finite. Therefore, we must put A2 = 0. We are finally left 
with 


sin Br 
g=A\ 


(8.132) 


Imposing the boundary condition that at the critical radius r = ro, œ = 0 (8.132) 
gives 


Bro= rm, 27, 37 


Taking only the fundamental eigen value for the critical assembly 


A, sinzr 
ġ = — (8.133) 
r ro 
The radius rọ is given by 
des 
ro=r/B =r | —— = (8.134) 
3(k—1)Xa 
Volume is given by 
4r o 3 
V= aa 130/B 


Actual critical radius of the sphere = rọ — 0.71A;,, taking into account the extrapo- 
lation distance. 


$.10.1.3 Rectangular Parallel-Piped Reactor 


The equation is 
Fp ao a 
$ e $ is $ 
əx? ðy2 8z 
The above equation can be solved by the method of separation of variables and is 
very much the same as for (8.97) we finally obtain 


+ B°¢=0 (8.135) 


0) = G08 Coe bos and (8.136) 
x0 yo Z0 
B? = (x /x0)? + (/yo)” + (t/z0)" (8.137) 


If the sides are equal, i.e. x9 = yo = Zo then xo = J30 /B. The critical volume is 
approximately given by x = 161/B?. 
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8.10.1.4 Cylindrical Reactor 


The appropriate equation is 


3p 106 P v 
— +- +— 4 B’¢=0 8.138 
w por ge p ( ) 


Substituting, o = R(r)Z(z), and then dividing throughout by RZ, and re-arranging 


1 3R 4 1 ðR p= 1 ə? Z (8.139) 
R ðr? Rrər ~ Zz l 


Obviously, each side of the above equation must be equal to a constant, say A? 
Z = a] cos Áz + asin Az (8.140) 
Because of symmetry, a2 = 0. Thus 
Z = a cos Áz (8.141) 


Also, the flux must vanish at z = 5205 where, zo is the total height of the cylinder. 
We get, A = x /zo. We can, therefore, write 


TZ 
Z = a, cos — (8.142) 


Also 


132R 1ƏəƏR 
+ 
Rər? ‘Rr Or 


Multiplying the above equation throughout by Rr? 


+ (B?— A?) =0 


dR rdR 
2 2/(p2 2\ p _ 
dr? dr i 4 =a )R 
Put b? = B? — A”, and br =x, 4 = bf, the above equation is transformed into 
jE OE a Bg (8.143) 
x — + —— +x R= 
dx? dx 


This is the Besel equation of zero order 
R = a3 Jo(br) + a4Yo (br) (8.144) 


The second solution in (8.144) must be rejected, i.e. we must put a4 = 0, since at 
r = Q the flux must be finite, and positive. Let the flux vanish at r = rọ then 


Jo(bro) = 0 (8.145) 
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The first root of the Bessel function gives 

bro = 2.4 
Therefore, the complete solution is 


panes JOA) (8.146) 
Z0 


Now 
B? =b? + A? =(2.4/r0)* + (1/20) 


Volume of the cylinder is 


y > 5.761 z4 
= Nra Zo = — s 
0 B22 — n? 


The minimum volume is conditioned by, a = 0, yielding, B? = 37? / Zn Therefore 


Vmin = 148/ B? 


8.11 Reactor with a Reflector 


In practice no rector will be bare. We consider the reactor to be surrounded by a 
material called reflector which has the property of scattering back neutrons into the 
reactor which would otherwise escape. The reflector should have the same properties 
as that of a moderator viz large scattering cross-section, low absorption cross-section 
for neutrons, and small atomic weight. Suitable material for reflector are graphite, 
water and heavy water. The use of reflector results in the flattening of neutron flux 
within the core and fuel saving, and improved power utilization. 

The reflector reduces the neutron leakage by scattering back the escaping neu- 
trons into the core. Furthermore, the fast neutrons which have entered the reflector 
from the core are moderated much more efficiently than in the core itself. This is be- 
cause the absorbing material free regions in the reflector will reduce neutron losses 
due to resonance absorption, so that a good fraction of the fast neutrons in the re- 
flector can reach thermal energies than in the fuel containing regions of a moderator. 
The improved neutron economy reduces the amount of fuel, or for the given core 
size, the fuel concentration compared to a bare reactor. 

The flux flattening across the core for a reactor with a reflector compared to a 
bare reactor with neutron flux being greater at the core-reflector interface results 
in a higher average neutron flux for the same maximum neutron flux, Fig. 8.23. 
Now the power production rate is proportional to the average neutron flux, this then 
means that the reactor can be operated at a higher power level for the same maximum 
neutron flux. Also, because of flux flattening effect, the power production rate will 
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also be more uniform over the core volume, which is highly desirable particularly 
for large power reactors. 

Figure 8.24 shows the variation of the critical core thickness Tc with the reflector 
thickness Tr. The critical thickness decreases with increasing reflector thickness. 
After the reflector has reached a certain thickness T’, very little reduction in critical 
core thickness can be gained by a further increase of reflector thickness. 


8.12 Multigroup Theory 


On-group calculations are only approximate as the physical properties of core and 
reflector for fast and slow neutrons are quite different. A greater accuracy is achieved 
by dividing the neutrons into two or more groups and considering the behavior of 
each group in the core and reflector separately. In the two-group theory thermal 
neutrons comprise one group and the epithermal and fission neutrons the second 
group. Average values for the physical properties for the two groups give fairly good 
results. Greater accuracy is obtained by increasing the number of energy intervals 
into which neutrons are divided. Balance equations can then be written for the group 
in the core and reflector to obtain a set of n equations with n arbitrary constants. The 
problem is complicated but can be solved with computers. For simple geometry, the 
two group theory will predict critical size and mass with an accuracy of 80 % or 
greater. 
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8.12.1 Experimental Measurement of Critical Size 


Simple diffusion theory gives critical size or mass only to an accuracy of 80 % or 
90 %, and because the criticality factor of a reactor must be controlled to a frac- 
tion of a percent before a reactor is installed, its critical size must be determined 
experimentally. There are two methods most widely used. 


1. Critical assembly method (for small reactors) 
2. Exponential pile method (for large reactors) 


In both the methods an auxiliary source of neutrons is used. 


8.12.1.1 Critical Assembly Method 


For small reactors, the critical size can be determined by increasing the fuel to mod- 
erator ratio until criticality is attained. A small neutron source (10° neutrons/s) is 
placed near the centre of the assembly and the neutron intensity at various points 
is measured by the neutron counters. In the absence of fissionable material in the 
assembly, the counting rate as measured by the counters is determined by the in- 
tensity of the primary neutron source. As fissionable material is added, net neutron 
intensity increases. As the amount is increased, the multiplication of primary neu- 
trons is increased, until the assembly is exactly critical, the chain reaction takes 
place as a result of fuel only, and the presence of the auxiliary source makes the 
assembly supercritical. At this point, the multiplication of the source neutrons be- 
comes infinite. Figure 8.25 shows the reciprocal multiplication of original counting 
rate against the weight of the fissionable material added. Nature of the curve de- 
pends on geometry, position of counters etc. It is necessary to use a neutron source; 
otherwise, dependence on spontaneous fission neutrons will lead to such statistical 
fluctuations that whole situation may be underestimated, and too much addition of 
fuel may endanger the reactor itself. When criticality is reached the neutron source 
is withdrawn and the chain reaction is allowed to proceed at a very low power. The 
merit of this method is that the critical mass can be found out without actually going 
to criticality by simply extrapolating the reciprocal multiplication versus weight of 
the fissionable material curve (Fig. 8.25). 
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$.12.1.2 Exponential Pile Experiment 


This method is used for large reactors. It involves the construction of any assembly 
having exactly the same lattice as the reactor under construction but with dimensions 
of about 1/3 the critical size. Such an assembly cannot go critical, but by the use 
of an artificial neutron source, a steady state neutron flux distribution throughout 
the assembly can be realized. The so-called exponential pile is a rectangular column 
built from the moderator material with one of its faces containing the neutron source. 
The neutron flux in such a column falls off exponentially in a direction perpendicular 
to the face containing neutron source, i.e. @ x exp(—x/L 1) where Lı is a constant 
which is related to the diffusion length through (8.109). Thus L can be found out; 
and since diffusion length is related to the buckling constant and critical size is 
related to the buckling constant, critical size of the given rectangular pile can be 
known from 


B? = (1/x0)” + Gt/yo)* + (1/20)? (8.147) 


161 


For cubical geometry xo = yo = Zo and critical volume in given by V = >>, where 
E£ 


B, is known as geometrical buckling. 


8.13 Fast Neutron Diffusion and the Fermi Age Equation 


We shall now consider the diffusion of prethermal neutrons during the slow-down 
stage. Neutrons at these energies cannot be considered monoenergic as was done 
for the thermal neutron group since in the course of slowing down the fast and 
prethermal neutrons undergo considerable energy changes. The neutron density per 
energy interval, n(E) depends on the difference between the slowing down density 
q(E + AE) into the energy interval AE and the slowing-down density q (E) out of 
it. For thermalized neutrons, this difference vanishes because a thermal equilibrium 
between the neutrons and their surroundings is established which simply means that 
the rate of neutron flow into energy interval AE is equal to the rate of neutron flow 
out of it. 

We assume that the slowing-down is a continuous process, which means that 
a large number of collisions are involved in the course of thermalization of fast 
neutrons. We further assume that the scattering M.F.P. A, is nearly constant. The 
assumption of continuous energy loss is valid for most moderators except for the 
very lightest, such as hydrogen and deuterium. 

Consider the slowing-down of neutrons in a region of moderator in which neutron 
absorption is absent (oa = 0) and the sources are also absent, i.e. (Q = 0). 

Let there be n neutrons in a unit volume with energies between E and E + AE, 
then the only physical processes which can alter n are assumed to be: 


(i) Diffusion of neutrons into or out of the unit volume. 
(ii) Slowing down of neutrons into the energy interval AF and out of it. 
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A steady state will be reached, i.e. the number of neutrons in the given unit volume 
and energy interval will remain constant if the neutrons diffusing out of the volume 
are compensated by an equal number of neutrons slowing down into and remaining 
in the energy interval AE. 

The rate of neutron diffusion is: 


A 
-DV?’n = = aya (8.148) 


where D is called the diffusion coefficient. 

The number of neutrons slowing down into the energy interval A E and remain- 
ing is given by the excess of neutrons flowing into AE over the number of neutrons 
leaving it 


ə 

q(E + AE) -q(E)= EAE (8.149) 

$ $ 
Influx Outflow 
Hence, (8.148) and (8.149) 

ə A 
“Aps 2 (8.150) 
JE 3 


Now, q (E) = $(E)Eé,. It follows from successive differentiation of the above 
equation 


V?q = Evt X, V?n (8.151) 


Substituting the value of V?n from (8.151) in (8.150) and re-arranging 


ðq 
Dis a 
3EE 
Introduction of a new variable t, such that 
—ÀtràÀsd E 
de= t (8.153) 
3EE 
leads to 
0 
vys =0 (8.154) 
OT 


This is called Fermi age equation and the variable t the Fermi age or Neutron age. 
The subsidiary condition imposed on T is 


Eo 
t= J dt, T(Eo) =0 (8.155) 
E 
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It is seen that the dimension of t is (length). The age has nothing to do with time. 
It is thus called because t appears in the same way as time appears in the stan- 
dard heat-diffusion equation. The age equation contains a complete description of 
the neutron density distribution in both energy and space co-ordinates for neutrons 
undergoing moderation. Note that the Fermi age equation is a time-independent or 
steady-state equation as it does not contain time explicitly. 

If às and A;, are assumed constant over the slowing-down energy range integra- 
tion of (8.153) yields 


me -Arràs f7 
/ dt =t(Eo) — T(E) = ——— d(in E) 

E 3§ JE 
= —Mtrdrs 


In(Eo/E) (8.156) 


But, E In(Eo/ E) = C, is the average number of collisions a neutron undergoes with 
the moderator nuclei, the energy being reduced from Eo to E. We can then write 


AtrÀsC 
T(E)= =a (8.157) 


In this expression, CA, represents the total ziz-zag path of a neutron between the 
beginning and end of slow-down. If we set 


Ay = Càs (8.158) 
We note that As is quite analogous to Às in (8.91). We can then by analogy define 


Àtr A 
To = S =, 


where L p is called the fast diffusion length. It is a measure of the distance a fission 
neutron travels from the point of creation till it is thermalized. 

We solve Fermi equation (8.154) for the particular case of a point source emitting 
fast monoenergetic neutrons of strength Q inside a moderator. Using the Laplacian 
in spherical co-ordinates 


dq  2dq ðq 


+ — =0 8.159 
dr? rdr ðr ( ) 
The solution is found to be 
q(r,t)= -A exp(—r?/r) (8.160) 
(4x 7)3/? 


The neutron slowing-down distribution for a given t is thus Gaussian. It has its 
maximum value at the origin (r = 0), and for different choices of the parameter T, 
the maximum, is higher the smaller the value of t (Fig. 8.26). It is seen from (8.156) 
that the lower the value of E, the greater the corresponding t. The neutron age is, 
therefore a direct measure of the degree of moderation of the neutrons. 
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The root mean square distance for a given neutron age can be obtained from 


pS r?q (r4rr?dr 


2\ — = 
(r = 0 Jy ar)4ar2dr 7 


(8.161) 


In particular, if the terminal energy is equal to thermal energy so that we may write 
the corresponding age as T = To; then 


(r?°) = 61) =6L} (8.162) 


Thus, the neutron age t is equal to 1/6 of the mean square distance from the point 
of creation to the point where their energy is reduced to a value E corresponding to 
that t. The role of neutron age is therefore, quite analogous to that of L? in thermal 
diffusion. For the respective processes of fast diffusion and thermal diffusion, to and 
L? are each 1/6 of the mean square distance traveled by a neutron from the point of 
its origin to the point of its termination. The sum of to and L? is called the migration 
area M?. 


8.13.1 Correction for Neutron Capture 


In the derivation of the age equation, the neutron absorption by the moderator was 
ignored. Should the moderator have a relatively weak capture cross-section for neu- 
trons above thermal energies, the differential equation (8.154) would contain an 
additional term which is linear in q, but the form of the solution of the age equation 
is not affected. If q is the solution of the age equation with zero absorption, and q’ 
is the solution of the modified equation with absorption, it can be shown that 


q' = pq (8.163) 


where, p is the resonance escape probability for the medium in which neutrons slow 
down. 
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8.13.2 Application of Diffusion Equation to a Thermal Reactor 


Let Q(x, y, z) be the number of fast neutrons produced per unit time and unit vol- 
ume at each position in a lattice. These neutrons diffuse through the mass and are 
slowed down. During this process, some of the neutrons are absorbed at resonance. 
Let g(x, y, z) be the number of neutrons per unit time and unit volume which be- 
come thermal at the position x, y, z; g 1s called the ‘density of nascent thermal neu- 
trons’. 

The balance equation which expresses the local balancing of all processes where 
by the number of thermal neutrons at each place tends to increase or decrease may 
be written as 


Y-pa +q=0 (8.164) 
where the source of thermal neutrons is given by the slowing-down density which is 
a function of the space coordinates r and the neutron age t. The first term represents 
the increase in number of neutrons due to diffusion; the second one, the loss of 
neutrons due to absorption, and the third, the effect of the nascent thermal neutrons. 
We must, therefore, first find the value of q for thermal energies. This is done by 
solving (8.154) as indicated below. Ag = 1/ Xa is the absorption mean free path of 
thermal neutrons. 


8.13.2.1 Thermal Neutron Source as Obtained from the Fermi Age Equation 


The present treatment applies to homogeneous assembly, but would be equally ap- 
plicable to a heterogeneous assembly if its unit cell, i.e. the representative unit from 
which the whole lattice can be imagined to have been built up is very much smaller 
than the critical dimension of the reactor. By treating such a heterogeneous assem- 
bly as a homogeneous system, we neglect the local depressions in the flux density 
that occur at the location of the fuel lumps and we consider only the large scale 
variation of the flux across the linear extension of the reactor. We use the method of 
separation of variables. Let 


q(r,t) = R(r)T (T) (8.165) 
Differentiating twice with respect to space co-ordinates only 
V?q4 =T(t)V?R (8.166) 
and differentiating with respect to t only 


ə aT 
= RG (8.167) 
OT OT 
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Substituting (8.166) and (8.167) in the Age equation (8.154), we get 
2 oT 
T(t)V°R= RG) or 
T 


V?R _ 10T 


es 8.168 
R Tot ( ) 


Since each side of (8.168) is independent of the variables of the other side, each side 
must be equal to the same constant, say —B?, so that 


1 aT 3 

——=-B8* and (8.169) 

T ðt 

V?R 5 

——=-B? or (8.170) 

R 

V?R + B’R=0 (8.171) 
The solution of (8.169), is 

T = Toexp(—B*t) (8.172) 


where Tọ is the initial value of T when t = 0. Since q decreases with increasing 
age because of neutron losses, T < To, so that B? must be real and positive num- 
ber. 

The slowing-down density at the beginning of the slowing-down process, qo is 
given by (8.165) 


qo = R(r)T (0) = R(r)To (8.173) 


We shall now express qo in terms of the physical properties of the assembly. The 
number of neutrons per cm? per s that become available for slowing down is 
given by the rate of production of fission neutrons which is equal to X fn per 
thermal neutron that is absorbed (at the present, we omit the resonance absorp- 
tion). 

Since the rate of thermal neutron absorption per cm? is ¢ X4, the rate of pro- 
duction of fission neutrons per cm? is (e fn)(¢ Xa). This is also the rate per cm? at 
which fast neutrons become available for slowing down, which is the same as the 
initial slowing-down density go. Hence 


go = O(r) Xaefn (8.174) 
but 
q =T(t)R(r) = Toexp(—B*t) R(r) = qo exp(—B*t) (8.175) 


where we have used (8.172) and (8.173) 
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q = exp(—B*t)$Xuefn (8.176) 
where we have used (8.174). But, we must allow for the absorption during the 


prethermal stage. The source term, with the necessary correction for resonance es- 
cape then becomes 


q' = ap =exp(—B°t)$¢ Saef np = Koo Zap exp(—B*t) (8.177) 


Substituting this in (8.164) 


ve — $ Ea + ko Lad exp(—B*t) =0 (8.178) 


Multiplying this equation throughout by 3/A,, and using the value of L from (8.91) 
we may write: 


V’ + f [ko exp(-B?r) —1]=0 (8.179) 


This is the Fermi age equation with correction for neutron capture. 


8.13.3 Critical Equation and Reactor Buckling 


We shall now show that the numerical value of the constant B? is determined by the 
neutron flux distribution @ inside the assembly. For this purpose we evaluate V7q’ 
and oa for the slowing down density q’ as given by (8.177) 


V?q' = ky Xa exp(—B°t)V°¢ 


aq’ 2 2 
S- = ko Sab(—B?) exp(—B?r) 
dq! 
yzy’ -2 Sy exp(—B?r) (V7 j B’¢) =0 or 
V6 + B26 =0 (8.180) 


Since the thermal flux distribution ¢(r) across the reactor depends on the size, 
shape, and the general geometry of the assembly, the value of B? is similarly deter- 
mined by the geometry of the reactor. In fact it is given by (8.180) 


-V*¢ 
B? = 8.181 
r ( ) 
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Because of its intimate connection with the geometry of the nuclear assembly, B? as 
determined by (8.180) or (8.181) is called the geometrical buckling, and is usually 
denoted more specifically by By. 

The quantity —V*@/¢ is essentially the second derivative of @ divided by the 
function ¢ itself, which describes the curvature or bending of @ or buckling of neu- 
tron flux. Combining (8.180) and (8.179), we get 


Koo exp(— B*r) 
= 1 8.182 
1+ L?B? ( 


This is the critical equation and the left side of the above expression is equal to keff, 

or the criticality 

kœ exp(— B?T) 
1 + L?B2 


keff = (8.183) 
Equation (8.182) is a transcendental equation for B?; it determines B* in terms 
of the physical properties of the reactor materials which are involved through Koo, 
t and L°. The numerical value of B? as determined from this equation is, there- 
fore, called the material buckling of the reactor and is designated more specifically 
by BŽ. 

When the reactor is critical, the geometrical buckling as determined by (8.180) 
is equal to the material buckling Be as obtained from (8.182). This assumption 
was in fact made when we combined (8.179) and (8.180). In general, the choice 
of B? that satisfies the mathematical requirements of (8.180) is not unique, but the 
smallest numerical value of B? that satisfies Eq. (8.180) is the one that has physical 
significance for our problem. It is also clear from (8.183) that the dimensions of B? 
are that of reciprocal of area, cm?, since Bt and L? B? must be pure numbers. We 
shall see that increasing the geometrical dimensions of a critical reactor causes the 
numerical value for the geometrical buckling B? to decrease. But, increasing the size 
of a reactor beyond its critical size results in a keff greater than unity. On the other 
hand, the material buckling BŽ as given by (8.182) depends only on the material 
properties of the assembly and does not change with the reactor size. Hence we 
conclude that for a super-critical reactor keff > 1, and B2 must be greater than Be. 

Similarly, a reduction in size which makes the reactor sub-critical (keff < 1) 
causes Be to increase without causing a similar change in BŽ; so that we have in 


that case B? greater than B?. 


8.13.4 The Non-leakage Factors 


Previously, we had introduced the non-leakage factors lf and lrn for the fast and 
thermal neutrons respectively. We shall now relate them to the material properties 
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of the assembly. We rewrite Eq. (8.177) as 


Thermal Diffusion Rate 


| 


Ar V? 
cue + Lad = ko Dag exp(—B?t) (8.184) 
Thermal absorption rate Production rate of thermal neutrons 


Since X4¢ is the rate of thermal neutron absorption per cm?, it follows that koo Da 
is the rate of fission neutrons produced per cm?. For a reactor of infinite size all 
these neutrons will survive through the slowing-down stage and reach thermal en- 
ergies. Since our reactor has finite dimensions, some of the neutrons on reaching 
the boundary will leak outside. The non-leakage probability will be given by the 
ratio of the actual production rate of thermal neutrons, koo Xiah exp(—B 2T) over the 
maximum possible rate for a reactor of infinite size, koo Xa4ð, 


koo Dah exp(— BT) 
Koo DA) 


Non-leakage factor = = exp (- B? T) (8.185) 


This then is the fraction of fast neutrons that does not leak out of the assembly 
during slowing down and reaches thermal energies. Therefore 


ly =exp(—B’r) (8.186) 


The left side of (8.184) represents the rate at which thermal neutrons disappear from 
the reactor. The thermal non-leakage factor is given by the ratio of absorption rate 
and absorption + thermal diffusion rate, i.e. 


O ab 
Lap — EV? 


lih (8.187) 


We shall now use (8.180) and replace Vo by —B*?, and also use Xa = 1/Ag. We 
can write: 


1 1 
lin = = 8.188 
h 1 + AurhaB? 1 + B2L2 ( ) 


It is instructive to note that by multiplying (8.186) and (8.188), we get 


ll, = exp(— B*r) 

Pn T+ BL? 

but 

Koo exp(—B?T) 
1+ B2L2 


keff = kool flin = (8.189) 


a formula which is identical with (8.183). 
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8.13.5 Criticality of Large Thermal Reactors 


It was pointed out that B is related reciprocally to the dimensions of the reactor, 
so that for large reactors, B* becomes small enough to permit an expansion of the 
exponential term, and if t is not large, to omit terms containing higher orders of B? 
with negligible error. Thus 


es Koo exp(—B?r) 2 Koo _ Koo 
IT 14 02B2 (1+ L2B2)exp(B2t) (1 + L2B2)(1 + B2r) 
Koo 


= 8.190 
1+ B2(L2 +T) ( ) 


The quantity L? + t, is demoted by M? and is known as the Migration area, and M 
as the migration length. Therefore 


M? =L? +r (8.191) 


Hence, for large thermal reactor 


k 


(0.0) 


8.13.6 The Diffusion Length for a Fuel-Moderator Mixture 


When we deal with a mixture of fuel and moderator, the fuel hardly affects the scat- 
tering properties of the material, but has a marked effect on the absorbing properties. 
Since the ratio of the moderator to fuel in a reactor is very large, the slowing-down 
and diffusion properties of the mixture are those of the moderator, and the value of 
dir to be used in the formula L? = Murha is that for pure moderator. On the other 
hand since the neutron absorbing properties are definitely affected by the presence 
of the fuel, the A, to be used must be that for the mixture as a whole. Thus 


1 1 
Àa =A 
Xa Zao + Xam 
E TS, hig 


Z a (6 PEED SPT 


But, the thermal utilization factor 


f= Yao or (8.193) 
Žao + Liam 
X 
1- f = or 
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i .@=/ 
dao T Xam Xam 


— Àtràam(1 _ P) 
7 3 


= (1 — f)Aram 


ie =L- f) (8.194) 
where Lm is the diffusion length for pure moderator. This shows that the diffusion 
length for a fuel-moderator mixture is smaller than that for the pure moderator by 
a factor ./1 — f. It can be shown that in practice (8.193) is also valid for hetero- 
geneous assemblies. For the same fuel/moderator ratio, f is smaller for a hetero- 
geneous assembly than for a homogeneous assembly; the diffusion length for the 
former will be greater than for the latter type of fuel-moderator arrangement. 


8.13.7 Koo for a Heterogeneous Reactor 


In the case of a heterogeneous reactor, not only is the average thermal neutron flux in 
the regions occupied by fuel and moderator different, but also the volumes occupied 
by these components are different. This fact must be allowed for, while calculating 
the absorption rate of thermal neutrons. Figure 8.27 shows a unit cell and its equiv- 
alent radius r1. The fuel rod of radius ro is also indicated. Let V, and Vm represent 
the volumes of fuel and moderator respectively. Then, the absorption rate in fuel is 
given by LauPV, and for the moderator XamPm Vm. The fraction of thermal neu- 
trons absorbed by uranium fuel as compared to the total number of thermal neutron 
absorptions in the assembly is then 


f= Zoua Vu = ; (8.195) 
LauPy Vi + LamP m Vin 1 + Zam bm Vn 
LauPy Vu 


Thermal neutron absorption such as in ‘poisons’, structural materials, coolants, etc., 
may be taken into account by including similar terms in the denominators of (8.195). 
Equation (8.195) reduces to the simple formula (8.193) appropriate for homoge- 
neous assembly on putting ¢,, = ¢,, and Vm = V,. Since the thermal disadvan- 
tage factor defined by the ratio ¢,,/@, > 1 and also Vm/V„ > 1, it is abvious that 
fhet < fhom, that is the thermal utilization factor for a heterogeneous assembly is 
smaller than that for a homogeneous assembly, both using the same amount of fuel 
and moderator. 

The value of the disadvantage factor varies with the size of the fuel elements and 
the lattice spacing (also called pitch). For a given fuel-to-moderator ratio, the ther- 
mal advantage factor increases with the diameter of the cylindrical fuel elements, 
and consequently the thermal utilization factor must decrease. Figure 8.28 shows f 
as function of the fuel element radius rọ for three values of radius rı of the equiva- 
lent cylindrical unit cell. 
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Fig. 8.27 Unit cell and 
equivalent cell radius Yj 


fuel rod 


Fig. 8.28 Fuel element 
radius ro graphs showing the 
behavior of @ with fuel 
element radius for unit cells 
j 


r4=12cm 


of different radii 


8.13.7.1 Resonance Escape Probability 


Previously, we have remarked that an increase in koo in a heterogeneous assembly of 
fuel and moderator is primarily caused due to decrease in the resonance absorption 
of neutrons by 738U. Theoretical calculations of p are rendered complicated because 
all the resonances in 738U are not known with sufficient accuracy, and therefore, the 
integral in the expression for p must be replaced as shown earlier by the effective 
resonance integral. When evaluating the effective resonance integral, we can pro- 
ceed on the assumption that it can be considered to consist of two partial contribu- 
tions (a) a surface contribution which is proportional to surface area of the uranium 
fuel element, and (b) a volume contribution which is proportional to the volume of 
the uranium lump. The division into two parts means this, that the surface absorp- 
tion implies the absorption of those neutrons which have been slowed down in the 
moderator to an energy corresponding to a strong U?38 absorption line, whereas all 
other absorptions are treated as a volume absorption effect which takes place inside 
the uranium lump exclusively. 

When both the volume part and the surface contribution are taken into account, 
the effective resonance integral is given by 


SE Cader SE = (0.25 + 24.75) b (8.196) 


ae Te 


Volume part Surface part 
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where S is the surface area expressed in cm’, and M the mass of the fuel element 
in grams. Formula (8.196) is limited to uranium rods with diameter greater than 
0.6 cm. 

Because of the surface screening action of the uranium the neutron flux inside the 
fuel elements (ġo) is smaller than in the moderator (m). Furthermore, the difference 
in resonance neutron flux for the scattering region (moderator) and the absorption 
region (uranium) must be taken into account in the expression for p. 

We must also take into account the fact that the volume occupied by the fuel ele- 
ments Vo and that occupied by the moderator V, are not equal in the heterogeneous 
lattice arrangement unlike for the homogenous assembly. 

When these weighting factors are included the resonance escape probability for 
the heterogeneous assembly becomes 


E NoVodo f° dE 
P =op - eee f ooer E| (8.197) 


It is interesting to note that if Vp = Vm, and Øo = m, expression (8.197) reduces to 
(8.63) appropriate for the homogeneous arrangement. 
As a first approximation we can set Øm = Qo, so that (8.197) simplifies to 


s No Vo pr dE (8.198) 
P EX, Vin E í ef E 


Expression (8.198) gives an error of only 1 %. For fuel elements of uranium with 
the shape of long cylinders the area of the caps will be negligible compared to the 
mantle area of the cylinder so that 


S  2arl 2 


= 3 
a (p = 18.7 g/cm”) 


which when used in (8.196) and (8.197) gives for the resonance escape probability 
for this particular case 


VoboNo(9.25 + 49.4/rp) 
= exp] — 
Ce Vindme Dy 


(Note that the term in parenthesis is in units of barns.) Inspection of this expres- 
sion shows that increasing the size of the fuel elements by increasing r, but keeping 
Vo/ Vm ratio unchanged, decreases 1/r term in the exponent of (8.199), so that p 
must increase. In addition, increasing r causes an increased resonance neutron ab- 
sorption by the fuel element because of its greater surface area, and this in turn 
causes a further depression of Po» so that as a result, o/m decreases also. This 
will lead to a further decrease of the exponent, so that p must increase. 

As we know, the filtering action of the uranium surface layer causes also a de- 
crease of the thermal flux in the interior of the fuel element, so that increasing the 
radius rọ of the fuel element must increase the thermal disadvantage factor. Inspec- 
tion of (8.195) shows that, as a consequence of this, f must become smaller. This 


(8.199) 
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Fig. 8.29 Variation of p with 
ro for different cylindrical 
radii 


0.4 
10 20 30 "mM —> 


indicates that changing the fuel element size affects p and f in opposite ways, in- 
creasing one and decreasing the other. Figure 8.29 shows the variation of p with ro 
for different cylindrical radii. 


8.13.7.2 Fast Fission Factor 


Figure 8.30 shows the variation of ¢ with fuel rod radius rọ for natural uranium. It 
is seen to increase slowly with ro. Figure 8.31 shows the variation of koo with the 
fuel rod radius rọ (cm). Figure 8.32 shows, the variation of koo for a heterogeneous 
natural uranium-graphite assembly for various molar ratios of graphite and uranium 
for different fuel rod radius. It is concluded that by the use of a heterogeneous as- 
sembly, chain reaction can be established with natural uranium as fuel and graphite 
as moderator. 


Example 8.6 An unreflected thermal reactor consists of a lattice of uranium rods 
surrounded by graphite. The appropriate constants are as follows: One neutron cap- 
tured in one atom of natural uranium produces 7 = 1.308 neutrons. The fast fission 
factor € = 1.0235. The resonance escape probability p = 0.893. The thermal uti- 
lization factor f = 0.8832. The slowing down length Ls = 20.05 cm. The diffusion 
length L = 17.03 cm. If the reactor is to have cubical geometry find out the critical 
dimension. 


Solution 
kæ = 1.308 x 1.0235 x 0.893 x 0.8832 = 1.055 
t = L? = (20.05)* = 402 cm? 
Critical equation is 


Koo exp(— B*r) 
— =l or 
1 + L? B? 
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Fig. 8.30 Variation of € with 1.08 

fuel rod radius ro for natural 

uranium T 1:09 
1.04 
1.02 
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Fig. 8.31 Variation of koo 
with the fuel rod radius 
ro (cm) 
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Fig. 8.32 Variation of koo for 
a heterogeneous natural 
uranium-graphite assembly 
for various molar ratios of 


graphite and uranium for 
different fuel rod radius 


a=0.75 cm 


100 300 300 
Graphite to uranium ratio Nm/Nu 


ko ~ 1+ B*(L? +1) 
2 ko-l 0.055 
L? +r (17.03)? + 402 


= 0.0000795 


but a? = 37°? / B? = 37° /0.0000795, giving a = 611 cm. 


8.13.8 Power 


It is useful to derive an appropriate relationship between the power produced by a 
reactor and the intensity of thermal neutrons inside it. Roughly, 50 % of the thermal 
neutrons absorbed in a reactor, give rise to fission, and the energy released per fission 
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is of the order of 200 MeV. This corresponds to about 1.6 x 1074 ergs per thermal 
neutron absorbed. Since the number of thermal neutrons absorbed per unit volume 
is un/Aq, the energy produced is approximately 


vn x 1.6 x 10~4 1074 4 3 
=vn x 1.6 x —— = 5 x 10 ‘un ergs/cm”/s 
Àa 316 


where we have used A, = 316 cm. 

The power is not produced uniformly throughout the reactor because n is a max- 
imum at the center and decreases to zero at the edge of the reactor. For a cubical 
reactor, n is represented approximately by 

TY TZ 


TX 
n = ngo COS — COS — COS — 
a a a 


where we have taken the origin at the center of the cube. The ratio 


e/o = l fos a) cos (zy) cos CD 
V a a a 


but dV = dxdydz, and V = a? 


a/2 


o/¢0 = =| costrx/a)ds | 
a —a/2 


—a/2 


a/2 a/2 


cos(ry/a)dy | cos(xz/a)dz 
a/2 
Each of the integrals is equal to 2a/z 
$/¢0 = = 02a/n)° = 8/1? = 0.256 
Therefore, we obtain the following formula for the power 
W = 0.256 x 5 x 107/ngva? = 1.28 x 107 nova? 
In our example, if we take a = 611 cm we obtain: 
W = 29nov ergs/s 


When the reactor is operating at a power of 1 Mega Watt, the flux of thermal neu- 
trons at the center is, therefore 


nov = 10° x 10/29 = 3.4 x 10!! neutrons/ems 


8.14 The Chain Reaction Requirements 


(a) Fuel: 7°U, 739Pu, and 7°3U are the only three fissionable nuclides with slow 
neutrons. For ?35Pu the fraction of delayed fission neutrons is greatest; this fact 
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(b) 


(c) 


is important for reactor control. For 7°°U breeding gain is high. 7°7U is poten- 
tially the most abundant fuel as the fertile material from which it can be derived 
viz thorium which is four times as abundant as uranium. (In the breeder reac- 
tor a fertile element is converted into a fissionable element.) Although 7°8U is 
fissionable with fast neutrons, it is not suitable since neutrons given out from 
fission do not have enough energy to propagate the reaction. 

Pure uranium cannot be used for the construction of nuclear chain reactor, be- 
cause 7°8U has very high resonance peaks for absorption through radiative cap- 
ture. Fission neutrons are generated at about 1 MeV energy, and at this energy 
natural uranium has os ~ 4 b and of = 0.015 b. Thus in an assembly of pure 
uranium most fission neutrons would simply be scattered until they reach ener- 
gies corresponding to the resonance region of 778U at which point they would 
be rapidly absorbed before they have a chance to fission more of 7°>U atoms. In 
principle one can separate out the isotopes of uranium so that 7°>U is enriched. 
This has the effect of increasing of and reducing radiative captures. 
Moderators: For natural uranium ø f = 0.015 b at 1 MeV, and of = 3.9 b at ther- 
mal energy. Hence, moderation of neutrons is desirable. Three properties deter- 
mine the choice of a moderator since the moderating ratio is given by & Xs / Xa: 


(i) Large £ (element should be light say below oxygen in the periodical table) 
(ii) Large X, 
Git) Small Xa 


Heavy water is the best liquid moderator because of low atomic weight and 
small Xa of D2. Ordinary water has a fairly large cross section for thermal 
neutrons and can be used in rectors having enriched fuel. Use of H2O and D2O 
has the advantage in that by recirculation though an external heat exchange they 
can serve as coolant as well as moderator. Beryllium oxide and carbon (graphite) 
find considerable application where a solid moderator is needed, although all are 
inferior to heavy water. When graphite is used as a moderator, it is important that 
it is completely free from foreign matter. Helium is not suitable as a moderator 
because it is a gas; and the other two light elements lithium and boron have too 
high an absorption cross section. 

Reactor Coolants: Most nuclear chain reactors operate at high enough power 
levels so that some form of cooling is required. Theoretically, a critical reactor 
could be run at any power level (as pointed out earlier). Power output is limited 
by the efficiency for removal of heat, and thermal tolerances of the materials 
of the reactor assembly. The requirements for a reactor coolant are rather rigid. 
Such a material must have suitable thermal properties; must be non-corrosive 
to materials in the reactor, must be stable to radiations to which it is exposed, 
and above all must have a very small o4 for neutrons. The coolant merely serves 
to keep the operating temperature down to a reasonable value. For low power 
reactors, the coolants that are in use are air, water, heavy water, and mercury. 
For power producing reactors where a high operating temperature is desired, 
liquid metals such as mercury, sodium, lead, bismuth and potassium may be 
used. The power of a chain reactor is dependent on how rapidly heat is removed 
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from the system, there being practically no upper limit to the power density. For 
this reactor coolants with high coefficient of heat transfer are desired. 
Structured Materials: This may comprise, for example pipes to handle coolants; 
cladding to protect the fissionable material from corrosion etc. The requirements 
are, the structural material must be stable against neutron and gamma bombard- 
ment, and must have small o, for neutrons. Suitable materials are, lead, bismuth, 
beryllium, aluminum, magnesium, zinc, tin, and zirconium. Among these most 
important and cheap is aluminum, useful in the form of jackets protecting ura- 
nium rods and cooling pipes (in low temperature thermal reactors). For reactors 
using enriched fuel, stainless steel may be used inspite of its high og. 

Control Rods: If a reactor were to operate at any appreciable power level the 
multiplication constant must be greater than one. This excess reactivity is nec- 
essary to overcome temperature effects as the neutron flux is raised to the operat- 
ing level, for overcoming the poisoning effects of fission products that gradually 
build up in the reactor fuel and to make available additional fuel to compensate 
for depletion or burn-up of fuel as the reactor operates. While handling such 
a super-critical reactor, it is important to have it under control. This is easily 
done by inserting in the reactor a material such as boron or cadmium which 
has a large o, for thermal neutrons. Adjustable control rods of boron or cad- 
mium steel are inserted at the proper distance into the reactor to maintain k at 
the desired power level. As the fission products accumulate, they act as poison 
to the chain reaction and it is necessary to pull out the control rods gradually to 
keep constant reactor power. If it is desired to shut down the reactor, the control 
rods are merely inserted their maximum distance into the reactor; k drops below 
unity, and the chain reaction dies out. Normally, three types of control rods are 
present in a reactor viz shim. Fine control and safety rods. During normal oper- 
ation of the reactor, most of the excess reactivity is absorbed in shim rods. As 
operation continues, small changes in temperature, pressure and other variables 
take place from time to time and require small changes in reactivity to keep the 
reactor at a steady power. This is accomplished by automatic or manual opera- 
tion of fine control rods which absorb less reactivity than the shim rods. In case 
of emergency requiring shut down of reactor, the safety rods enter the reactor 
and reduce k well below 1. The disadvantage with control with rods is the loss 
of neutrons. 

Other methods of control are: 


1. Addition or removal of moderator 

2. Motion of reflector 

3. Negative temperature coefficient which is useful in the water moderated re- 
actors 


Reactor Shielding: The radiations from a reactor that must be shielded against 
include prompt neutrons, delayed neutrons, prompt y-rays, fission product 
y-rays, capture y-rays from fuel, moderator, coolant and structural elements in 
the reactor, Bremmstrahlung , annihilation y-rays from AT, inelastic scattering 
of y-rays, capture y-rays in shield and photo-neutrons. 
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Concrete (density 2.3 and composition 50 % oxygen; 19 % calcium; 18 % 
silicon and small amount of magnesium, carbon, iron etc.) provides an effective 
shield for neutrons rather than y-rays. Lead is an effective shield against y-rays. 
Radiation damages of the shield can be avoided by surrounding it with thermal 
shield such as iron, water or boron carbide which can absorb large quantities of 
heat without damage. 

(£) Reflector: Surrounding a reactor with a reflector which is a medium of high os 
and low og has certain advantages over bare reactors: 


1. Improved neutron economy: The reflector reduces neutron leakage from the 
core by reflecting or scattering many of the escaping neutrons back into the 
core region of the reactor and also acts as a moderator for the fast neutrons 
that have entered it from the core. In a way the moderation of the fast neutrons 
in the reflector will be more efficient than in the core itself, since the absence 
of neutron absorbing material in the reflector will reduce neutron loss due 
to resonance absorption, so that a larger fraction of the fast neutrons in the 
reflector can reach thermal energies than is possible in the fuel containing 
region of a moderator. 

2. Possibility of fuel saving: Fuel can be saved to a certain extent if reflector 
is incorporated in the design of a nuclear reactor. It is possible to reduce the 
critical dimension of a reactor when it is bare. 

3. Improved reactor power utilization: Improvement in the power utilization is 
a consequence of the flux flattening across the reactor core that occurs when 
reflector is used. This is desirable as it permits a higher power level operation 
without at the same time over-heating the central portion of the core, The 
neutron flux will be markedly greater at the core-reflector interface than what 
it would be in the absence of the reflector. Since the power production rate 
is proportional to the average neutron flux, the reactor can be operated at a 
higher total power output for the same maximum neutron flux. By virtue of 
the flux flattening effect the power production rate will also be more uniform 
over the core volume, which is highly desirable from the operation point of 
view especially with large power reactors. 


8.15 The Reactor Period 


8.15.1 Thermal Lifetime and Generation Time 


In thermal reactors the average slowing-down time is much smaller (1075 to 1076 s) 
compared to thermal diffusion time (107! to 107? s) and can be ignored in the 
following considerations. 
The thermal lifetime can be calculated from 
Àa 1 


— = — 8.200 
v Va ( ) 


where v is the average thermal neutron speed of 2200 m/s at 293.6 K. 
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Note that in an assembly which contains fuel the thermal lifetime will be shorter 
than that which contains pure moderator because of larger absorption cross-section. 
Again, the average lifetime in a finite assembly will be shorter than that in an infinite 
assembly because of leakage. 

It to is the thermal lifetime in the presence of leakage then 


t 


to = tlin = —————- 8.201 
0= th = GR) ( ) 
where we have used (8.200). 
Combining (8.201) and (8.188), the thermal lifetime of neutrons is 
1 
to (8.202) 


~ yb, + L2B2) 


For large reactor for which L? B? <1, t ~ to. We, conclude that the average time 
that elapses between two successive generations of thermal neutrons known as gen- 
eration time is basically equal to the thermal diffusion time. 

The Generation time of a neutron includes the time required to fission a 5U 
nucleus, the slowing down time of the fast neutron produced and the diffusion time 
of the thermal neutron before it is captured in fuel or impurity. If we consider only 
the prompt neutrons, they are given off in time of the order of 107" s after ther- 
mal fission, so that the fission process is usually considered to be instantaneous. 
Slowing-down times are about 1074 to 107% s and the thermal diffusion times for a 
natural uranium reactor are about 107° s, so that the generation time is 107? s. Sup- 
pose we have a reactor operating in a steady state with a criticality factor of unity. If 
the reactivity c is now suddenly increased, e.g. by pulling out a control rod, the crit- 
icality factor will increase by a factor Ac and the neutron flux will start increasing. 
After one generation time, there will be ¢9(1 + Ac) neutrons. After n generation 
times, there will be ¢ = ¢9(1 + Ac)” neutrons present, where ġo is the flux at time 
Zero 


m$ =nln(1 + Ac) ~nAc (8.203) 
0 


p = poe” ^ (8.204) 


If ¢ is the time after the change in criticality factor is made and if A is the generation 
time of a neutron, then = t /A 


b = po^ C/A (8.205) 


Thus, when the criticality factor is changed suddenly from unity, the flux increases 
or decreases exponentially with time. Clearly, since A is of the order of 107° s in 
a very short time t, @ will increase enormously even for very small values of Ac, 
which would make the reactor highly dangerous. If we use an average lifetime of 
~ 1073 s fora typical reactor, an excess reactivity of only 0.005, for example, would 
lead to a 20000 fold increase of neutron flux in about 2 s. 
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Table 8.5 Details of delayed neutrons from 235U taken from [1] 


Delayed neutron Yield (%) nj Mean life time 7; /s njtj/Ss 
groups 

1 0.0267 0.33 0.0088 
2 0.737 0.88 0.0648 
3 0.2526 3.31 0.8361 
4 0.1255 8.97 1.1257 
5 0.1401 32.78 4.5925 
6 0.0211 80.39 1.6962 

yoo, nj = 0.64 Eniti = 8.324 


8.16 Effect of Delayed Neutrons 


Fortunately, since some of the neutrons are delayed for as long as several seconds, 
which means that the average life time of a neutron is much greater than the thermal 
diffusion time of 107? s the reactor period is increased. The average time of delay 
of neutrons (inspite of small percentage of slow neutrons) comes out to be ~0.1 s. 
This can be seen as follows. The prompt neutrons which make up over 99 % of 
all fission neutrons are emitted within 10~? s after the initiation of fission process. 
2350 yields the largest fraction of delayed fission neutrons (0.645 %), 7°3U yields 
less than half as many (0.266 %), and 239P about 1/3 as many (0.209 %). There 
are very slight differences in these yields for fast and thermal neutron fissions. For 
2351, we use tọ = 107° s as the average life for the generation of fission neutrons, 
their population no being 99.36 %, and using ya njt; = 8.324 corresponding to 
the six delayed neutron groups, we find the average life t for both the prompt and 
delayed neutrons as 


i=6 3 
: iti .324 a 1 
p izo” _ 83 + 99.36 x 10 — 0.084 s 
= 100 


i=0”i 


or about 0.1 s. 

The details of delayed neutrons from 235U taken from [1] are shown in Table 8.5. 

The result shows that the presence of delayed fission neutrons has lengthened the 
average life time of a neutron generation by a factor of nearly 100. Instead of a mean 
life time for prompt neutrons of about 107° s; the life time of neutrons, generation 
time has been increased to 107! s by the delay in the emission of only a minute frac- 
tion of the fission neutrons. Since it is the generation time that determines the period 
of the reactor, this means that the delayed neutrons have effectively lengthened the 
reactor period by a factor of 100, thus making the reactor control much more man- 
ageable and elastic. Suppose the power level of a reactor (and hence the flux) should 
suddenly double, the production of prompt neutrons would also double. But the pro- 
duction of delayed neutrons would increase only slowly because they are dependent 
upon the concentration of their percursors as determined by the old power level; so 
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that the effect of delayed neutrons is to slow down the power rise of the reactor. In 
the case of ?35U about 0.73 % of the neutrons are delayed, and by never allowing k 
to go above 1.0073, a dangerous rise in power can be avoided. 


8.17 Classification of Reactors 


Nuclear reactors are classified in a variety of ways according to 


. The arrangement of fuel and moderator 

. The neutron energy at which fission mainly occurs 

. Type of fuel used 

. Type of moderator used 

. The purpose of the reactor 

. The methods of heat removal and the coolants employed 


NMR WND 


There are innumerable types of reactors based on different combinations of the 
above features. We will now compare some of the types of reactors in detail. 


8.17.1 Homogeneous Reactor 


The fuel and moderator are intimately and uniformly mixed either as a solid mixture 
in the form of fine slurry or as a liquid solution of a uranium salt in the moderator, 
for example uranyl sulfate mixed in H20 or D20. Homogeneous thermal reactors 
employing natural uranium can reach criticality only with heavy water as moderator. 
However, koo greater than | can be obtained with H20 or graphite provided one uses 
enriched uranium (>25 %). 

The active solution of uranyl sulfate or nitrate in light or heavy water circulates 
directly through the heat exchanger and back to the active core contained in a stain- 
less steel sphere. The sphere is large enough to contain the critical mass. The entire 
system is pressurized in order to permit the liquid to reach an operating temperature 
well above the normal boiling point of the solvent. 

The main advantage of homogeneous reactor is the possibility of continuous pro- 
cessing of fuel to remove fission products, operation with liquids which are easily 
transported by pumping, simple mechanical design and the non-requirement of ex- 
pensive metallic elements. Thus, the reactor need not be shut down periodically to 
replenish the burnt-up fuel or to remove the *°?Pu produced. It is fairly stable during 
operation. High neutron flux and a power level of several megawatts are obtainable 
with the use of high enriched solution for relatively small reactor size. 

When the active core is surrounded by a blanket of fertile material, this type of 
reactor can also serve the purpose of breeding with a high breeding ratio. Figure 8.33 
is the schematic diagram of a homogeneous reactor. 

The disadvantage is that a water moderated reactor requires the use of enriched 
fuel because of high absorption cross-section with hydrogen. As uranium is present 
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Fig. 8.33 Schematic diagram Heat exchanger Heat exchanger 
of a homogeneous reactor 


in uranyl nitrate or uranyl sulfate, corrosion is a serious problem. Further, the dis- 
ruptive action of the fission fragments causes the decomposition of the moderator. 

The corrosion effect of the fuel solution on the reactor components can be 
avoided by protecting them by cladding them with gold or uranium. 

In the water-moderator-coolant reactor the need for pressurization can be avoided 
by employing organic moderator-coolants like polyphenols or their derivatives. 
Such substances have high enough boiling points to facilitate their use at fairly 
high temperature without resorting to pressurization. Further, the use of organic 
moderator-coolants results in low induced radioactivity in the pure materials, which 
is a significant feature. 


8.17.2 Heterogeneous Reactors 


In a heterogeneous reactor fissionable material is concentrated in plates, rods or 
spheres which are arranged in arrays in the form of a matrix throughout the moder- 
ator. The spacing between fuel lumps is sometimes called pitch. While a homoge- 
neous reactor cannot become critical with natural uranium as fuel and graphite as 
moderator, only with D20 as moderator can the criticality be reached. For this rea- 
son, majority of the reactors that have been constructed are of heterogeneous type, 
notwithstanding the fact that it is much easier to construct a homogeneous type. It 
was pointed out that a higher resonance escape probability can be achieved com- 
pared to a homogeneous arrangement because the resonance captures are reduced 
considerably with a lattice arrangement. This is due to two reasons. 

First most of the slowing down can take place in the moderator which is a re- 
gion completely free of resonance absorbing material. This circumstance gives the 
neutrons to reduce their energy below the resonance peaks so that when these neu- 
trons re-enter the uranium lumps they will not be able to interact with SU nuclei 
appreciably. 
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Fig. 8.34 Variation of +———— Reactor boundary 
thermal neutron flux across a 
heterogeneous assembly 
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Second, neutrons of resonance energies 6.7, 21, 37 eV and higher can enter the 
fuel only from outside and are rapidly absorbed in the surface layer of uranium 
before they get a chance to penetrate deeper into the fuel. A thin surface layer of 
?38U acts as an impenetrable screen which protects the interior of the uranium lump 
against neutron resonance absorption. Thus, the neutron resonance absorption be- 
comes mainly a surface effect as the 8U atoms in the interior of lumps have little 
opportunity to encounter neutrons of resonance energy. The resonance absorption 
can be kept to minimum by employing large lumps so that surface to volume ratio 
is reduced. 

It must be pointed out that the screening effect on the surface of uranium lumps 
reduces not only the resonance neutron flux but also the thermal neutron flux. How- 
ever, theory shows and experiments confirm that the reduction in resonance absorp- 
tion is by far more significant than that for thermal neutron flux so that a net gain in 
neutron economy results from the lumping arrangement. 

The heterogeneous assembly suffers from the disadvantage that the thermal uti- 
lization is lowered because of the decrease of thermal neutron flux within the ura- 
nium rods. 

Figure 8.34 shows the variation of thermal neutron flux across a heterogeneous 
assembly. The flux distribution reveals rhythmic depressions across the lattice at the 
location of fuel elements. They are caused by much larger neutron absorption in the 
fuel elements as compared to that in the moderator, the neutron flux being about 2/3 
of that in the graphite moderator. If we disregarded the minor depressions then the 
overall flux distribution is essentially the same as for the homogeneous assembly. 

The fast fission factor £ makes a contribution of about 1.03 to the production of 
fast neutrons in uranium before they enter the moderator. 

To summarize, the resonance escape probability increases, the thermal utilization 
factor decreases and the fast fission factor ¢ is constant at around 1.03. On the whole 
Koo increases compared to the homogeneous assembly. 
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Fig. 8.35 Arrangement for 
the uranium rods embedded 
in the graphite moderator 
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Figure 8.35 shows the arrangement for the uranium rods embedded in the 
graphite moderator. Figure 8.36 is the schematic diagram of a typical heteroge- 
neous reactor. Among Indian reactors, the Canada-India reactor which is a uranium- 
graphite-moderated reactor giving a power of 40 MW and located at Trombay (near 
Mumbai) is of this type. 


8.17.3 Fast Reactors 


High-energy neutrons (>1 MeV) are used to sustain the chain reaction. Here, the 
moderator is unnecessary. As the moderator is eliminated the critical core size may 
not be more than one foot across. This small size presents difficult technical prob- 
lems for heat removal. Natural uranium cannot be used for the fast reactor because 
criticality cannot be achieved. Enriched uranium and plutonium-239 are suitable fu- 
els for this type of reactor. The reactor can be operated successfully with an enriched 
fuel with not less than 25 % of fissionable material content (i.e. 3U, 5U, 73?Pu). 
A large amount of fissionable material is needed to reach criticality. The reflector 
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is usually natural uranium and the coolant is mercury. The main application of fast 
reactors is for breeding, in particular to produce plutonium. 

In the fast reactor parasitic neutron absorption is greatly reduced. Further, the 
Of /0c ratio for the fuel is also greater for the fast reactor. Fast reactors suffer from 
the disadvantage that all cross-sections including the fission cross-section are small 
at high emerges. Since the power of a reactor is proportional to the product of the 
flux and fission cross-section for any reasonable power level the fast flux must be 
very large. 


8.17.4 Breeder Reactors 


The main function of a breeder reactor is to produce new fissionable material. 
Although 77?Pu, and 7°7U do not occur in nature, they can be produced by suit- 
able nuclear reactions from 738U, and 7°?Th 


80 tn> U +y 


232Th +n > Th +y 


238U and ?32Th which themselves are not fissionable can be converted into fission- 
able isotopes and are known as fertile materials. Note that although the two fis- 
sionable isotopes *°3U and *??Pu are derived from fairly abundant ?3?Th and 738U, 
each conversion process requires a source of neutrons which at present must come 
from 7°>U. We thus must consume fissionable material (7°7U) in order to produce 
new fissionable material ?35Pu or 7°3U in larger quantity. This process is known as 
breeding. 

The number of new fissionable nuclei produced for each ?35U nucleus destroyed 
is termed as the conversion factor. 


8.17.4.1 Conversion Factor C 


Let a 7°°U nucleus on the average produce 7 fast neutrons per neutron absorbed. 
One of these neutrons is required to continue the chain reaction. The maximum 
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possible conversion factor is then 
Cmax = — 1 


When allowance is made for the losses of neutrons due to leakage L and through 
absorption in poison nuclei 


Ca 1S (8.206) 


The breeding gain G in defined as the excess of fissionable nuclei produced over the 
number of fissionable nuclei consumed per nucleus of 77°U fuel consumed 


GeO a=] 225 


Let there be N nuclei of fissionable material. Then the number of new nuclei that 
are formed are 


NCHNC ENC +- 


If C > 1; the series is divergent. 
If C < 1; the limiting conversion of fertile nuclei 


NC 
= —— (8.207) 
1- C 
The amount of fissionable material available after x stages is nC*, and if C < 1, this 
decreases with x. If C = 1, then this is equal to N at all stages. Thus the condition 
for breeding is C > 1, that is G must be positive or 


n—2-L>0 o n>24+L 


If L = 0, the absolute minimum requirement for breeding is n > 2. 


8.17.5 Thermal Breeders 


In the case of 73°Pu, at thermal energies n = 1.94 rules out breeding. In the case of 
235U, 1 = 2.12 and breeding is possible whereby **>U fuel is charged to a reactor 
containing *°8U or 7°?Th, yielding *°°Pu and 7*7U respectively by an amount greater 
than the fuel charged. However, the margin of only 0.12 neutron available is so small 
as to jeopardize the breeding process. Apart from the loss of neutrons by leakage and 
parasitic absorption, there is another factor which hampers thermal breeding. The 
transformation of the fertile material to fissionable material is not instantaneous. 
Consequently, intermediate products which are formed absorb neutrons and act as 
sinks via formation of non-fissionable products such as 233Th, with oa = 1400 b 
and 7) /2 = 23.5 min and 233Pa, with og = 37 b and T\/2 = 27.4 days. Both of them 
limit the possibility of breeding by thorium cycle. 
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8.17.6 Fast Breeders 


In the case of fast neutron fission the relative decrease in the fission cross-section is 
less than the decrease in the capture cross-section, and the value of n is considerably 
larger than 2.12. As breeding depends upon the value of n — 2 a marked increase 
in the breeding gain can be achieved by working in the fast region. Among Indian 
reactors the one located at Kalpakkam (Tamil Nadu ) is of breeder type. 


8.17.7 Doubling Time 


Let @ be the flux of neutrons, N the number of atoms of fuel at time ft, o, the 
total microscope absorption cross-section of the fissionable nuclide, then the number 
of neutrons captured per (s)(cm?) in fuel is No,@. For each neutron captured by 
fissionable material, n fast neutrons are produced of which one neutron is needed to 
continue the chain reaction and one neutron is needed for breeding. The increase of 
fuel in time T or the breeding gain is 


Breeding gain = Nogdt (n — 2) (8.208) 


Equation (8.208) gives the maximum value of the breeding gain since the loss of 
neutrons by leakage and parasatic capture by moderator, coolant etc., have been 
ignored. 

The time required to double the total amount of fuel is known as the doubling 
time fq; setting the breeding gain equal to N in (8.208) gives 


N =Noaota(n —2) or (8.209) 
1 

Za nn 8.210 

u= 567 —2) aw 


Thus, the greater is the flux, 7 and og, the smaller will be the doubling time. No- 
tice that if n < 2, breeding is not possible and the concentration of the fuel simply 
continuously decreases with time. 


8.18 Other Types of Reactors 


We shall now briefly mention other types of reactors. 


8.18.1 Power Reactors 


The main purpose of a power reactor is to convert the fission energy into useful 
power. The main types of power reactors are (1) the pressurized water reactor, 
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(2) the boiling water reactor, (3) the gas-cooled natural uranium, graphite moder- 
ated reactor and (4) the homogeneous reactor. 


8.18.2 The Pressurized Water Reactor 


This is a heterogeneous reactor that uses mildly enriched uranium (1.4-2 % 7°>U) 
as fuel and light water as moderator and coolant. The core is kept in a pressure 
vessel under a pressure of 1000 to 2000 psi. Pressurized water with raised boiling 
pint (300 to 400 °C) is circulated by means of a pump through the core and external 
heat exchanger for satisfactory heat transfer. 


8.18.3 The Boiling Water Reactor 


The boiling water reactor also uses light water as moderator-coolant. Here the steam 
is generated in the reactor core itself and is passed directly to the turbines avoiding 
the heat exchanger. It is a comparatively safe reactor and largely self, regulatory. 
Sudden power surge causes formation of steam bubbles or steam voids in the liquid 
moderator, leading to the reduction of thermalization of neutrons while increasing 
the neutron leakage rate. Consequently, the fission rate and hence the power produc- 
tion will be lowered. 

The fuel elements (pure uranium metal or uranium oxide UO2) must be “canned”, 
i.e. they must be enclosed by cladding materials and sealed to protect them against 
corrosion on coming into contact with the coolants and also prevent the fission prod- 
ucts from escaping. Aluminum and to a larger extent zirconium, are widely used as 
cladding material. 


8.18.4 The Gas-Cooled Natural-Uranium-Graphite Reactor 


This type of reactor requires graphite moderator of high degree of purity devoid of 
parasitic absorbers and the fuel employed is uranium metal. The coolant consists of 
either nitrogen or carbon dioxide. The fuel elements are inserted at regular intervals 
in the graphite moderator. The gas coolant passes through the fuel channels and car- 
ries away heat generated in the fuel elements. Apart from the generation of power, 
it finds application for the production of 7°?Pu. 


8.18.5 The Homogeneous Reactor 


The working of the homogeneous reactor was described in Sect. 8.17.1. High neu- 
tron flux and power level of several megawatts are obtained by the use of highly 
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enriched fuel solution of uranyl nitrate or uranyl sulphate. This class of reactors is 
characterized by a small critical size and high power density. It can also be used as 
a breeder reactor. 


8.18.6 Research Reactors 


Here the main concern is to provide relatively high neutron flux densities for exper- 
imental work. Unlike the power reactors, the power produced in the form of heat is 
undesirable and the elaborate cooling arrangements can be dispensed with. 

The average thermal neutron flux in approximately given by 


P (W) 


bth = 2.6 x 10! x 
m (g) 


(8.211) 


where m is the critical mass of the reactor fuel *°>U. Now m is proportional to the 
volume of the reactor core. Hence in order to obtain a large flux @ an enriched fuel 
with a good moderator like D2O may be employed and a very compact size of the 
core with linear dimensions of the order of | ft is possible. 

Experimental facilities are provided by openings that lead into the reactor core 
or into the lattice where the entire reactor spectrum is available, the fast neutron flux 
and the thermal flux being in equal proportion. When openings lead into the fuel free 
moderator region, the neutron flux will be predominantly thermal with admixture of 
fast neutrons since fission neutron flux decreases exponentially with distance from 
the fuel. 

One can have access to well-thermalized neutrons by the use of a thermal column 
which is an extension of the moderator against a portion of one side of the reactor 
from which the reactor shielding has been removed. 

The four main types of research reactors are (1) the water boiler, (2) the swim- 
ming pool, (3) the tank-type reactor, (4) the graphite moderated reactor. 


8.18.7 The Water Boiler 


This is usually a homogeneous mixture of a highly enriched uranium salt dissolved 
in ordinary water contained in a small stainless steel vessel surrounded by a reflector 
and shield. A neutron flux of ~10!* can be achieved. 

This type of reactor is not to be confused with the boiling water reactor described 
in Sect. 8.18.3. The term “Water boiler” is used for the reason that a sudden surge 
in power would cause the formation of steam bubbles in the solution leading to the 
shutdown of the reactor. Under normal operating conditions boiling does not occur 
as the temperature of the fuel solution is kept below 80 °C by circulating coolant 
through the coils inside the core vessel. 
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8.18.8 The Swimming Pool Reactor 


This reactor consists of a concrete tank containing 100 to 200 m° of highly purified 
water. The fuel consists of highly enriched rectangular uranium plates clad with 
aluminum suspended by a steel frame work spanning the width of the swimming 
pool and immersed 5 to 7 feet below the water surface. 

The water in the pool serves the purpose of moderator, coolant as well as shield. 
At a power level up to 100 kW the neutron flux available will be of the order of 
10!”. 

The first reactor constructed in INDIA called APSARA is located at Trombay 
and is of the swimming pool type. 


8.18.9 The Tank-Type Reactor 


This type of reactor is similar to the swimming pool type except that its size is 
reduced to that of a tank. The heat transfer which is much more efficient enables the 
operating power to boost up to provide neutron flux as high as ~10!4. A number of 
tank-type research reactors use D20 instead of H20 as moderator-coolant, with 1 to 
2 kg of 90 % enriched uranium at power level of several megawatts. 


8.18.10 The Graphite-Moderated Natural Uranium Reactor 


All of them are prototype of the first historical reactor built at Chicago under Fermi’s 
direction. All of them use 20 to 50 tons of natural uranium as fuel in the form of 
rods clad mostly in aluminum embedded in several hundred tons of graphite which 
serve the purpose of both moderator and reflector. Air or CO2 at low pressure is 
used as a coolant. The power level ranges from 100 kW to 30 MW and flux 4 x 10!° 
to4 x 10”. 

It D20 be used instead of H2O as a moderator then the reactor size is consid- 
erably reduced. This is because the amount of D2O required to moderate fission 
neutrons is much smaller than that of graphite. A smaller volume implies a higher 
neutron density and hence greater power density and grater neutron flux. This is the 
reason for the extensive use of D2O moderated reactors for research purposes and 
also for production of plutonium. 


8.19 Variation of Reactivity 
8.19.1 Fuel Depletion and Fuel Production 


The reactivity of a reactor is affected over long spans of time. In case of depletion 
of fuel or accumulation of poisonous material the reactivity goes down and when 
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surplus fissile material is produced the reactivity increases. Normally, in order to run 
the reactor continuously it is necessary to build up an excess reactivity into the as- 
sembly to compensate for the fuel depletion. For reactors employing highly enriched 
uranium, the decrease in reactivity is proportional to the fraction of 77°U burnt up, 
and for those which employ natural uranium, the depeletion of 7*°U is partly com- 
pensated through the production of 77?Pu from PSU by neutron absorption. 

In a Breeder reactor, the reactivity increases because the amount of 7°?Pu pro- 
duced exceeds the amount of 7°>U burnt up. For this reason proper control must be 
provided to check the build up of reactivity. 


8.19.2 Effect of Fission Products Accumulation 


When the reactor runs there will be a gradual build-up of fission fragments both in 
the reactor core and the fuel elements which affects the neutron multiplication and 
hence the reactivity of the reactor. The most poisonous fission fragments are !35Xe 
with on ~ 3 x 10° b and !49Sm with o; ~ 5 x 104 b. Such nonproductive absorp- 
tion of neutrons adversely affects the thermal utilization f and hence the reactivity. 
135Xe is an intermediate product of the fission product chain which terminates with 
'35Ba as the stable end-product, and '4?Sm is the stable end-product of the fission 
chain. 

When the reactor is shut down, the production of poisonous Xe nuclei does 
not halt immediately but continues to build up and reaches a maximum in about 
11 hours, resulting in a reactivity loss of about 40 %. The build-up of poisonous 
Xe nuclei after shut down occurs because of the continuing decay of the parent 1351 
(6.7 hour half-life) into 135Xe (9.2 hour half-life) without the compensating neutron 
absorption reactions. These reactions are not taking place after the shut down be- 
cause of rapid decay of neutron flux. It is then the case of chain radioactive decay 
with A parent > Adaughter in which transient equilibrium is established (at 11 hours 
after the shut down). This then means that extra fuel reserves must be accessible to 
over-ride the Xe poisoning if the reactor is to run without any break. Otherwise, one 
will have to wait for several hours before the Xe nuclei substantially die out. This 
aspect is very important in the design of reactors which drive a submarine or a ship. 


8.19.3 Temperature Effects 


When a reactor is operated at any appreciable power level the fission energy heats 
up the fuel, moderator and other material present. An increase in temperature will 
decrease the density of the material present, and will decrease o because of high 
average neutron velocity (1/v) law. 


The Parameters of Chain Reaction The Fast fission factor € is expected to be 
insensitive to small temperature changes since it is determined by the behavior of 
fast neutrons. 
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It is reasonable to expect v, the number of neutrons released per fission to be 


temperature independent. If of and oa follow the 1/v law, then 7 the number of 
vo f 
Of +o¢° 


neutrons released per capture will also be temperature independent since n = 
For a homogeneous reactor, the thermal utilization factor 


Xa (uranuim) 


f= 
2a (uranuim) T Ža (modertor) + Xa(other) 
Because of 1/v law dependence, all absorption cross-sections will be proportion- 
ately decreased and f remains unaffected. 
For heterogeneous assembly, however, f will increase with the rise in tempera- 
ture. This can be explained as follows 


1 


= Famm V, 
1+ am -m m 
Xau Vu 


f (8.212) 


An increase in temperature will decrease the thermal disadvantage factor ¢,,/, 
because the decreased uranium absorption cross section will be less effective in 
reducing the neutron flux entering the fuel rods resulting in a more even distribution 
of the neutron flux across the lattice cell. This causes a decrease in the thermal 
disadvantage factor and therefore an increase in f. 

The resonance escape probability p does change with temperature because of 
Doppler broadening of the resonance levels in ŜU nuclei with the temperature rise 
which implies larger absorption cross section and smaller value of p. 

The value of multiplication factor Koo is unchanged for all practical purpose for 
small temperature changes. 

The Thermal diffusion length L is also affected by temperature changes. From its 
definition, L? = à;r/3 Xa. Obviously, L? is inversely proportional to the square of 
density as well as the absorption cross-section o,. Ignoring the variation of o, with 
temperature which is small the temperature rise causes decrease in density as well 
as oq, leading to increase in L. 

From the definition of the Fermi age equation dt = —(Aj-A5/3&)(dE/E), tT X 
1/22 which means that the variation of t is determined by the temperature depen- 
dence of the density. The change in the thermal diffusion length is more significant 
than the change is t with temperature. 

An increase in temperature will cause an increase of the reactor core which would 
decrease the buckling B?. 


8.19.4 Temperature Coefficient and Reactor Stability 
The temperature coefficient may be defined as 


2 oo (8.213) 
ke dT 
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which is the fractional change in effective multiplicative factor per degree. 

As far as the nuclear cross-sections are concerned a rise in temperature leads to 
a decrease in the reactivity so that the nuclear temperature coefficient is negative. 
Likewise the temperature coefficient turns out to be negative. However, the volume 
temperature coefficient turns out to be positive. But the last one turns out to be much 
smaller than the first two. Consequently the net reactivity decreases with the rise in 
reactor temperature. 

If the reactivity decreases with the rise in temperature then the reactor is said to 
be stable. On the other hand, if the reactivity increases with temperature then it is 
unstable. Safe design must ensure a reactor to be stable at all times since it is self 
regulating. Generally, H2O or D2O-moderated reactors have larger negative tem- 
perature coefficients than graphite-moderated reactors, and are therefore inherently 
more stable than the latter. 


8.20 Nuclear Fusion 


8.20.1 Fusion Reactions 


The curve for binding energy/nucleon versus mass number (Chap. 4) shows that 
energy will be released either when a heavy nucleus like 7*°U breaks up into two 
medium heavy fragments as in fission or two very light nuclei below A = 56 are 
fused as in the case of fusion reactions of the type 


D+D—>T+p+4.03 MeV 
— 3He +n +3.27 MeV 


Since deuterium is present in ordinary water to the extent of one part in 6500, there 
is an inexhaustible supply of nuclear energy in the oceans of the world. The main 
problem is to run the fusion reactions in a controlled way. It is necessary that the 
deuterons acquire sufficient energy to overcome the Coulomb barrier in order to in- 
duce the reactions. Just firing a beam of deuterons on to a target of deuterium is not 
practical. First, it is far too expensive to produce a beam of deuterons. Secondly, the 
cross-section for the fusion reaction is so small that most of the deuterons would 
lose all their energy in collisions with the atoms of the target before undergoing 
fusion reaction with other deuterons. Alternatively, the deuterium may be heated to 
such temperatures that the electrons are all knocked off the atoms and the gas is 
reduced to the state of plasma consisting of positive nuclei intermingling with neg- 
ative electrons. Also, the nuclei acquire such large energies that when they collide a 
portion of them will fuse together. 

In order to produce the plasma for deuterium a temperature of only 10° K is 
required. But to achieve fusion reactions much higher temperature, of the order of 
108 K is needed, so that the deuteron’s thermal energy is so large that they may be 
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permitted to overcome the Coulomb barrier. Such reactions are known as thermonu- 
clear reactions. The advantages of fusion over fission reactions are (a) light nuclei 
are easily available, (b) end products are usually light and stable, rather than heavy 
and radioactive. 

The disadvantage is that charged nuclei must penetrate the coulomb’s barrier in 
order to come into contact with each other. This is accomplished either by acceler- 
ating the particles and bombarding the target nuclei or by raising them to very high 
temperatures. For fission the question of barrier penetration does not arise as neutron 
is neutral and slow neutrons can be used. The main difficulty for fusion reactions is 
the containment of plasma for sufficiently long time. 


8.20.1.1 Coulomb Barrier 


The Coulomb barrier V, at the point of contact of the particles (here two deuterons) 
is given by 
V.= e? ZiZ2 
a 4r eo (R1 + Ro) 


where Zie and Z2e are the charges, and Rı and R2 the nuclear radii. For numerical 
calculations 


(8.214) 


ZıZ2 
V: = 1.44——— MeV-fm (8.215) 
Rı + R2 
where R, and R% are in Fermis. 

Using Rı + R2 = 5 fm for deuterons, Ve = 280 keV particles with relative energy 
greater than 280 keV each will be able to come into contact where nuclear force 
will take over. Equating this energy to the mean thermal energy we can find the 
corresponding temperature 


3 5 
JKT =2.8 x 10° eV 
2 28x10 9 
=-—xX =2.3x10°K 
3 8.15 x 10-5 


This is a very high temperature. Fortunately, there are two circumstances which lead 
us to expect that nuclear reactions will take place at much lower temperature. 


8.20.1.2 Maxwell’s Distribution of Colliding Particles 


Particles at temperature T have their energy distributed according to Maxwell’s law 


E 
n(E)dE = const se" ETag (8.216) 
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The left hand side is the number of particles with energy E and E + dE. A frac- 
tion of the particles will have energy in excess of SkT, the mean energy. Further, 
the cross-section for fusion increases rapidly as the energy of colliding particle in- 
creases. Thus, a few high energy particles from the ‘tail’ of the distribution are 
precisely those which produce the most fusion reactions. This is the first circum- 
stance which brings down the temperature at which fusion in deuterium takes place 
to something well below 10° K. 


8.20.1.3 Tunneling of Coulomb Barrier 


The second circumstance is the ability to tunnel the Coulomb’s barrier. For E « Ve, 
the fusion reaction 


Hee | t a2] (8.217) 
o x —— exp} —const x l 
OO JE VE 
where E is the relative energy. 

The proportionality factor contains the matrix elements and statistical factors 
which depend on the spin of particles participating in the reaction. The dominant 
term is the negative exponential which represents the Gamow factor, and accounts 
for the tunneling effect of the potential barrier. 


8.20.1.4 Factors Which Affect the Reaction Rates 


We can ignore the presence of electrons in the hot plasma as they do not affect 
the interaction of nuclei. However, their presence is necessary to preserve electrical 
neutrality. We have noted that in the case of two deuterons the Coulomb barrier is 
approximately 280 keV However, at temperature of 10 keV, that is 1.2 x 10° K there 
are still many deuterons with energies much greater than 10 keV. Also, the tunneling 
effect well below 280 keV is quite important. In Fig. 8.37, curve A represents the rel- 
ative number of nuclei as a function of energy, curve B gives the barrier penetration 
probability. Curve C is the product of these two curves and represents the number 
of fusion reactions that actually take place. Observe that most of the reactions occur 
from a small number of particles in the tail of the Maxwellian distribution. 


8.20.2 Three Important Fusion Reactions 


From Gamow’s formula (8.217) it is obvious that the smaller in the product Z1 Z2 
the larger will be the probability for barrier penetration. The best candidates are then 
the lightest elements, the isotopes of hydrogen. The three important reactions are 


D+D-— ?He +n +3.27 MeV (8.218) 
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Fig. 8.37 Factors affecting 
the reaction rates 
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D+D—>T+p+4.03 MeV (8.219) 
D+T—>a-+n+1.76 MeV (8.220) 


Note that the reaction p + p > 5He does not proceed as 5He does not exist. 

The temperature requirement can be brought down with the choice of lighter 
nuclei so that V; would be smaller. But even then T ~ 108 K would be required. 
Such temperatures are available in the interior of stars and fusion via thermonuclear 
reactions would be possible, effectively 4 protons are converted into an «-particle 
through a series of reactions and decays. 


8.20.3 Reaction Rate 


For neutron induced fission reactions o « t (away from resonance) or ov = const. 
For fusion this is not so. Also, particle speed distribution is Maxwellian 


n(v)dv x ev? /KT dy (8.221) 


The left hand side is the number of neutrons with speed v and v + dv. 
The reaction rate R is given by 


R= X = Env (8.222) 


where n is the number of neutrons per unit volume 
a 2 
(ov) x f gr AG ge IKT ydy 
0 
CO 
x / greene aE (8.223) 
0 


2 . . . . . 
where G ~ ce 22 is Gamow’s factor and v is the relative velocity. Figure 8.38 
shows the variation of ov averaged over a Maxwell-Boltzmann energy distribution 


for D-T fusion reaction (solid line) and D—D reactions (broken line) extremely 
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Fig. 8.38 Variation of ov 
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high temperatures (T ~ 10!° K) correspond to MeV energies. At such high tem- 
peratures D-T reactions are less favored than other types of fusion reactions. But 
for the practical range of temperatures (T ~ 10’ to 108 K) D-T reactions are fa- 
vored more than the D—D reactions. The simple calculations are actually valid for 
D-D reactions. For two different types of nuclei as in the D-T reactions o and R 
must be calculated taking into account Maxwellian distribution for both the species. 
Nevertheless the general conclusions remain unchanged. 
The reaction rate for fusion reactions 


Rpr = Nın? (ov) (8.224) 


where nı and nz are the densities of the fusing nuclei. 
If only one kind of fusing nuclei are present as in D—D reactions, then 


1 
Rpp = z" (ov) (8.225) 


where the factor 5 takes care of double counting of reactions. 


8.20.4 Power Density 


Adding Eqs. (8.218), (8.219) and (8.220) 

5D — *He + “He + p + 2n + 24.9 MeV (8.226) 
Thus, on an average, each D—D reaction produces one-half of 24.9 MeV and uses 
up 2.5 deuterons ultimately. The rate at which this energy is produced is that given 


in Table 8.6 and Fig. 8.35. 
The energy generated per cubic meter per s is then given by 


1 
5" FUDD x 12.45 MeV m~? s7! (8.227) 
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Table 8.6 The values of 


av m~2 57! at various Temperature (keV) D-D D-T 
temperatures 
1.0 2 x 10728 7x 1077 
5.0 1.5 x 107% 1.4 x 10723 
10.0 8.6 x 10774 1.1 x 10722 
100.0 3.0 x 10723 8.1 x 10722 


where upp is the relative velocity of two deuterons. Similarly, from (8.225) and 
(8.220) we find the corresponding expression for the D-T reaction 


npnrov x 17.6 MeV m~? s7! (8.228) 


Power density (power per cubic meter) for D—D reaction 


— laoo 12.45 x 1.6 x 1079 
=3 D DD X 3 x 1.0 X 


= 1.0 x 107 n Tupp Wm? (8.229) 
Power density for D-T reactions 


=npnrovpr x 17.6 x 1.6 x 107" 


= 2.8 x 107 Pnpnro pr W m~? (8.230) 


As an example of the D—D reaction, let us choose a temperature of 100 keV, 
which turns out to be the temperature at which the D—D reactions could provide 
useful amount of energy (see Fig. 8.36). From Table 8.6 we find ovpp = 3.0 x 
10-73 m? s~!. Therefore power density at 100 keV = 3 x 107373 W m™?. Suppose 
that the density of deuterium is that for NTP so that 1 mole or 4 x 107? kg occupies 
22.4 x 107°? m?. Since deuterium is diatomic a mole contains 2 x 6 x 107° atoms. 
Thus, the number of nuclei 


np = 12 x 10? /22.4 x 107? m~’? = 5.4 x 10> m~? 
Substituting this in (8.230), power produced 
=3 x 107° x (5.4 x 10%)? =9 x 10! Wm? 


Compared to a fission nuclear reactor of power 1000 MW the thermonuclear ma- 
terial at 100 keV, under the stipulated conditions, would produce 100 million times 
greater power. This sort of power is produced in an atom bomb explosively, certainly 
not in laboratory. The 100 keV corresponds to a temperature of 1.16 x 10° K. Now 
the pressure of a perfect gas is proportional to the absolute temperature and we have 
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taken the density to be that expected at N.T.P. Therefore the pressure at 100 keV is 


4x 1.16 x 10? 
273 


or 17 million atm 


The factor 4 accounts for the fact that each molecule of deuterium has split up into 
two nuclei and two electrons, and each of the four particles exerts its own partial 
pressure. 

If the thermonuclear power is to be produced in a usable form, either the tem- 
perature must be lowered drastically or the density decreased by a very large factor. 
The former cannot be done conveniently mainly because the reaction would be too 
slow. The only option is to reduce the pressure. The sort of power which can be 
handled is of the order of 108 W m~? similar to that generated in a fission reactor. 

In a fission reactor at such rates energy can be transported from the region of 
production and used to generate electricity. If we insist on temperature of 100 keV, 
the power must be reduced by a factor of about 10°, and since power depends on 
iis the density is lowered approximately by a factor of 3 x 104. 

The corresponding pressure will be 


17 x 106/3 x 10* or 600 atm 


At a temperature of 10 keV, the pressure would be lowered to 60 atm which is man- 
ageable. Densities of the order of 1074 to 10~> times normal atmospheric density 
are recommended. 

The above discussion for D—D reaction is equally valid for the D-T reac- 
tion which is much faster than the D—D reaction at temperature below 100 keV 
(Fig. 8.35). This then means that the same power can be obtained from D-T reac- 
tions at a lower temperature than for a D—D reaction, a fact which is of paramount 
importance for the production of thermonuclear power. 


8.20.5 Thermonuclear Reactions in the Laboratory 


Unlike the stars in whose core thermonuclear reactions are believed to occur, in the 
laboratory we can no longer depend on the forces of gravitation to hold the plasma 
together. We are faced with a very difficult problem of containment. The difficulty is 
to prevent the plasma from dispersing rapidly to the walls of the containing vessel. 
Time is therefore essence of success. The reaction which proceeds with greatest rate 
is likely to be most successful under the given conditions of temperature and pres- 
sure. The best candidate is the D-T reaction which at temperatures below 100 keV 
proceeds 100 times as fast as the D—D reaction. Tritium is not found in nature as it 
is radioactive (Tj /2 = 12.26 Y) except for small quantities produced by cosmic rays. 
In any case it is very expensive. The solution to this problem is to use the neutrons 
produced in the D-T reaction to get more tritons than are used up in the reaction, 
so that in principle we can get both energy and replacement of the expensive part of 
the fuel. 
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8.20.6 The D-T Reaction 


D +T > Het +n + 17.6 MeV 
The rate of reaction is 


Rpr =npnrov interactions m~? s7! 


From (8.231) total power released in D-T reaction is 


Power = 2.8 x 107 Pn pnrov Wm? 


Using the value of vpr = 1.1 x 10-72 from Table 8.6 we find 


power =3.1 x 10-“4npnz Wm? (8.231) 


Putting np = nr and anticipating the power = 108 W m~? as in the fission reactor, 
we find 


nr =np=5.7 x 1070 particles m~? 

Of the total energy released, 17.6 MeV per fusion, 14.1 MeV appears as kinetic 
energy of the neutron and 3.5 MeV as kinetic energy of the “He nucleus. The col- 
lision cross-section of neutrons with matter at this energy is small. As they escape 
they pose a serious health hazard. Hence the reactor must be surrounded by a thick 
‘biological shield’. Only the energy of helium nuclei remains within the plasma 
and is shared by collisions with all other charged particles present (He, D, T and 
electrons). 


8.20.7 Energy Losses 


At the high temperatures the electrons in the plasma moving close to the ions suffer 
Coulomb scattering and emit bremsstrahlung radiation due to acceleration. Taking 
into account the Maxwell’s distribution into account, the power per unit volume 
radiated in bremsstrahlung is calculated as 

Poy =0.5 x 107° Z2 e V kT Wim? (8.232) 


nne 


where Z is the ion charge, n the density of positive ions, ne the density of electrons 
and kT is in keV. 

Figure 8.39 shows the power density curves for D—D and D-T reactions. It is 
seen that fusion output exceeds bremsstrahlung for temperatures exceeding 4 keV 
for D-T reactions and 40 keV for D—D reactions. We conclude that the D-T re- 
actions are to be preferred to D—D reactions. Other radiation losses including syn- 
chrotron radiation (see [2], Chap. 2) from charged particles orbiting around mag- 
netic field lines, can also be neglected. 
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Fig. 8.39 Power density a 
curves for D—D and D-T 
reactions 
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8.20.8 Lawson Criterion 


Fusion reactor will have net energy gain if energy released in fusion reactions ex- 
ceeds the radiation losses and the original energy invested in heating the plasma to 
the operating temperature. Consider the D-T reactions. Energy released per unit 
volume from fusion reactions in the plasma is 


Ef =—novQt (8.233) 


where the densities of D and T are each equal to ån (so that total n = ne), Q = 
17.6 MeV is the energy released per reaction, t = length of time the plasma is 
confined during which reactions can occur. 

Thermal energy/unit volume required to raise the ions and electrons to tempera- 
ture T will be 


Em = 2X SakT = 3nkT 
where 
n(ions) = n(electrons) =n 
Condition for the reactor to operate is 
Ef > Eth or 


1 
qn Or > 3nkT 


that is 


12kT oe 
nt > —— (lawson criterion) (8.234) 
ovQ 


For D-T reactor, at T = 10 keV, gv ~ 107? m? s7! so that 


12 x 10 


> — ors nt + 7 x 10” 
10-22 x 17.3 


nT 
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Lawson criterion will be different for different operating temperature T. 
For D—D reaction, bremsstrahlung losses do not permit the reactor to work at 
10 keV (Fig. 8.36). For 


T = 100 keV, ov ~0.5 x 10°” 
12 x 100 


> or nt>6x 107 
0.5 x 10722 x 4 


nT 


We therefore, need 100 fold increase in density of ions or confinement times or a 
combinations of both to gain energy in D—D reactions. 


8.20.9 Ignition Temperature 


Observe that as the temperature rises from 2 to 8 keV, the power density in the D-T 
reactions increases by a factor of order 1000, Fig. 8.35. However bremsstrahlung 
which is proportional to the square root of temperature goes up by V4 or 2 over 
the same temperature range. Thus, for the temperatures up to 30 keV, the rate of 
energy generation in the D-T plasma is much more rapid than the loss due to 
bremsstrahlung. By the time the temperature has reached 4 keV the energy generated 
and retained in the plasma just balances the loss by bremsstrahlung . The temper- 
ature at which the energy gain balances the loss is called the ignition temperature. 
Below this temperature we cannot expect the fusion reactions to be self-sustained, 
as the net energy loss would rapidly cool off the plasma. Above the ignition tem- 
perature, self sustaining reactions are possible. Now, a temperature of 4 keV is the 
same as 46 million degrees kelvin which emphasises the difficulties in extracting 
energy from fusion reactions. 

Should the plasma be contaminated with high Z elements the energy losses are 
increased due to bremsstrahlung which is proportional to the square of nuclear 
charge. It is, therefore, imperative that the plasma is free from impurities of high 
Z materials. On the other hand, for the purpose of fusion reactions the presence of 
high Z material is useless. 


8.20.10 Controlled Fusion Reactions 


In order to obtain useful energy we must have controlled fusion reactions over rea- 
sonably long times. The requirements are: 


1. The thermonuclear fuel must be heated to temperatures of the order of 108 K 
corresponding to the mean kinetic energy of 10 keV. At such high temperatures 
the fuel would be in the form of plasma. (For hydrogen only 13.6 eV energy is 
needed for ionization.) 
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2. The density of particles must be high enough for a reasonably long time so that 
the reaction rate may be high enough, and must be low enough so that an explo- 
sive situation does not arise. 

3. The D-T reactions are decidedly favourable compared to the D—D reactions as 
not only are they faster (~100 times) at around 10 keV but also the energy gain 
is in excess of bremsstrahlung losses. 

4. Plasma must be confined and must be stable. 


8.20.11 Confinement 


The confinement of plasma is the major problem. Hot fuel would exchange energy 
with the wall of the container and melt it. Two types of confinement are used. 


1. Magnetic Confinement Here the plasma is contained by a carefully designed 
magnetic field. 

2. Inertial Confinement A solid pellet is suddenly heated and compressed by hitting 
it from a number of directions with intense beams of photons or particles. 


8.20.12 Containment of a Plasma 


A hot plasma is a gas which would expand and quickly fill up the container. The 
mean free path of the nuclei of the plasma is so large that the nuclei are capable 
of traversing thousands of kilometers. However before they do so, they would hit 
the wall of the container several times to give up practically all their energy to the 
molecules of the walls. It is therefore necessary to keep the plasma away from the 
walls of the container and maintain its temperature for a short time in which the 
nuclei undergo fusion reactions. In this connection, the product nt occurring in 
Lawson’s criterion is important (8.234). For densities which can be handled conve- 
niently (n ~ 1072 m~3) the containment time needed is of the order of 1 s. 

It can be shown that electric fields cannot be used to cage the plasma with any 
arrangement of electrically charged conductors whatever. The other option is to em- 
ploy strong magnetic field to contain the plasma. 


8.20.12.1 Magnetic Confinement 


Simplest magnetic confinement in two directions is provided by a uniform mag- 
netic field. Charged particles spiral about the field direction. The magnetic field is 
established by the large current carrying coils, Fig. 8.40. 

There will be loss of particles along the field direction in the simple method 
described above. There are two solutions to circumvent this difficulty. 
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Fig. 8.40 Magnetic 
confinement in two directions 
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Fig. 8.41 A magnetic field in 
a torus 


1. A magnetic field is provided in a torus in which particles spiral following the 
magnetic field lines. As the particles spiral there will be a gradual drift toward 
the outer wall (Fig. 8.41). 

2. Particles are confined in a magnetic mirror and follow magnetic lines. They are 
reflected from high field region into low field region (Fig. 8.42). 


The fusion plasma cannot be maintained at thermonuclear temperature if it is per- 
mitted to come in contact with the reactor wall as the material of the wall exposed 
to the plasma would cool it off. This difficulty is avoided by making the particles 
spiral around the magnetic lines of force and ‘bottled’ up. The principle of magnetic 
confinement is illustrated with reference to Fig. 8.42(a). The charged particles are 
trapped between magnetic ‘mirrors’. The plasma is constrained to be bunched in the 
space filled by the magnetic lines of force of an electromagnet. Consider the plasma 
injected in the central region of a hollow solenoid, (Fig. 8.42b). The holes shown by 
circles represent the windings. The field at the ends, P P’ and RR’ is much stronger 
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Fig. 8.42 (a) The principle of magnetic confinement. (b) Plasma injected in the central region of 
a hollow solenoid 
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Fig. 8.43 Tokamak, a device 
which works on the principle 
of toroidal field 


than in the central region QQ’. The plasma is therefore constrained to move inward 
towards the center. By varying the currents in the field coils P P’, QQ’ and RR’ the 
shape of the field can be modified and the plasma made to move sideways. By an 
overall increase in field, the plasma volume is compressed thereby producing higher 
ionic velocities and hence greater collision frequency leading to higher temperatures 
conducive for fusion. 


8.20.12.2 Tokamak 


Tokamak is a device which works on the principle of toroidal field, Fig. 8.43. How- 
ever the toroidal field is weaker at larger radii so that a particle spiraling drifts to 
region of lower field towards the wall. This effect is reduced by introducing a po- 
laroid field—a field which has a component along the surface to toroid. It is obtained 
by passing a current along the axis of toroid through the plasma itself. The current 
serves double purpose. 


1. Heating the plasma 
2. Confining the particles 


Tokamak is a good candidate for the success of a fusion reactor. It operates in pulsed 
mode. 

At present Tokamak is limited to 1 s duration. 

Additional heating is required to raise the plasma to temperatures of 10 to 
100 keV. Two methods have been proposed 


1. Radio frequency (rf) heating 
2. Neutral beam injection (NBI) 


In the radio frequency method rf waves are sent into the plasma and drive the 
electrons which in turn induce toroidal currents which heat the plasma. 

In NBI technique, a beam of hydrogen or deuterium ions are accelerated to 10 
to 100 keV and then neutralized by charge-exchange reactions on passing through a 
cell of neutral hydrogen or deuterium atoms. The neutral atoms can pass undeviated 
through magnetic fields of Todmak and into the plasma where they rapidly lose 
energy through Coulomb scattering from ions and electrons. 
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Auxiliary heating systems of tens of Mega Watts are required to achieve ignition 
of plasma, after which 3.5 MeVa’s from D-T fusion will provide necessary heat to 
sustain the reactions. The œ’s confined to plasma by magnetic field eventually lose 
energy to plasma through collisions. 

Magnetic confinement in three dimensions, the “magnetic well” the so-called 
minimum B configuration is also employed. 


8.20.12.3 Inertial Confinement 


In a different approach a tiny pellet containing deuterium and tritium is suddenly 
struck with an intense laser pulse. This heats the pellet and compresses it to high 
density. Fusion is expected to occur before the pellet expands and blow apart. Ten to 
hundred pellets per second are expected to be used. We can estimate the power pro- 
duced applying Lawson-s criterion for a D-T mixture for confinement times 107? 
to 10710 s. The particle density works out as atleast 10°? to 10°°/m? which is two 
order of magnitude greater than ordinary liquid or of solid densities for hydrogen. 
Energies of 10 keV/particle to be supplied to a spherical pellet of 0.4 mm radius will 
yield energy 


A 
p= z7 (0.4 x 1078)? x 10? x 104 x 1.6 x 10719 =4.3 x 104 J 


and the power will be 


43 x 104 


=4.3 x 10° W 
10-9 


which is too terrific to be of any practical use. 


8.20.13 Plasma Diagnostics 


8.20.13.1 Spectroscopic Measurements 


Temperature measurement of hot plasma is not possible by conventional methods. 
Furthermore, at such temperatures at which thermonuclear reactions are expected 
to proceed the deuterium and tritium gas will be fully ionized and therefore the 
characteristic line spectra of atoms will not be emitted. To make matters worse, 
measurements must be taken in a small fraction of a second. However, the impurities 
of high Z elements which might be present in the plasma will not be fully ionized 
and will emit their own characteristic spectrum and its intensity will be a measure 
of the amount present. The half width at half maxima is taken as a measure of 
broadening. One reason for broadening is Stark effect since the atoms are placed in 
electric field. In a plasma the electrons and ions produce strong and varying electric 
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fields in the neighborhood of neutral atoms and the energy of the line emitted is 
changed. As the field varies from atom to atom, depending on the configuration 
of the ions and electrons in the neighborhood, a mixture of wavelength is emitted 
leading to the broadening of the line. Atomic theory can be applied to the measured 
broadening of the spectral line from which the distribution of E can be ascertained. 
It is then possible to calculate the density of ions in the plasma. 

Another cause of broadening of spectral lines is the optical Doppler effect. This 
type of broadening is quite different in shape and can be easily separated from that 
due to stark effect. As it depends on the velocities of atoms, its measurement es- 
tablishes the speed distribution of atoms. If the plasma is in a steady state then the 
observed distribution of all the particles can be fitted with a Maxwellian distribution 
characterized by a unique temperature for the plasma. Doppler broadening applies 
to both atoms and ions but not necessarily to electrons. 


8.20.13.2 Bremsstrahlung 


Usually there is no time for both ions and electrons to reach a common tempera- 
ture. It is therefore, necessary to measure the temperature of the two constituents 
separately. Doppler effect fixes the temperature of atoms and ions and measurement 
of bremsstrahlung spectrum establishes the temperature of electrons. Since this ra- 
diation is caused by changes in the energy of fast moving electrons in the field 
of relatively stationary heavy nuclei and so it depends on the electron temperature 
rather than that of nuclei. As the temperature of electrons rises, the bremsstrahlung 
spectrum moves toward shorter wavelength. Assuming a Maxwellion distribution 
for electrons in the plasma the expected bremsstrahlung spectrum can be worked 
out at the given electron temperature. The electron temperature can be found out by 
making the best fit with the measured spectrum. 

The total intensity of bremsstrahlung per unit volume of the plasma depends on 
both its temperatures and density. Measurement of total intensity of light emitted 
together the knowledge of temperature yields the density of the plasma. 


8.20.13.3 Detection of Neutrons Emitted by a Plasma 


It is important to establish that the neutrons that are observed from a fusion reactor 
are indeed of thermonuclear origin. For there may be neutrons which are produced 
from spurious sources for example deuterons and tritons which get accelerated by 
the electric fields and collide with other nuclei to produce neutrons. We can, how- 
ever, distinguish between the genuine and spurious sources since in the former the 
neutrons are expected to be emitted isotropically with the same energy distribution 
while in the latter the neutrons emitted in the direction of field would be more en- 
ergetic than in the opposite direction. Neutrons may be detected by employing B F3 
counters and their energy distribution can be infered from the energy distribution of 
recoil protons on their collisions with hydrogen nuclei. 
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In conclusion we may state that the power from fusion reactors is still on exper- 
imental stage. In the current experiment “Jet” the output is slightly less than input 


and lasts for a few seconds. In June 2005, “Inter” Reactor was designed to produce 
more power than input for plasma, lasting for a few minutes. 


8.21 Questions 


8.1 Describe the basic design of a power generating thermal nuclear reactor, giving 
an outline of its principal components. 


8.2 Obtain the formula for the average log energy decrement. 
8.3 Obtain the Fermi-age equation. 


8.4 Set up the diffusion equation which governs the distribution of neutrons 
throughout the reactor. 


8.5 Mention the advantages and disadvantages of homogeneous and heterogeneous 
reactors. 


8.6 Write an essay on the classification of reactors. 


8.7 Indicate the use of the following material in nuclear reactors: 


(i) Graphite (ii) Beryllium (iii) Cadmium 
(iv) Stainless steel (v) Liquid sodium/Potassium (vi) Lead 

(vii) Concrete (viii) 5U (ix) SU 

(x) Th (xi) Zirconium (xii) Aluminum 
as 

(a) fuel in thermal reactor (b) fuel in the fast reactor 

(c) fertile material in breeder reactor (d) control rods 

(e) coolant (f) reflector 

(g) shield against neutrons (h) shield against gamma rays 
(i) cladding material for uranium rods (j) moderator 


8.8 Define thermal diffusion time and generation time. Obtain an expression for 
the thermal lifetime in the presence of thermal neutron leakage. 


8.9 Distinguish between prompt neutrons and delayed neutrons. What is the effect 
of delayed neutrons on the working of a reactor? 


8.10 Describe the working of a breeder reactor. Define the doubling time in con- 
nection with breeders. 
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8.11 Obtain the four-factor formula in the design of a nuclear reactor. 


8.12 Which of the nuclei are fissionable with thermal neutrons: 22’Th, 7°3U, 73>U, 
2381 239py 242py? 


8.13 Explain why a self-sustaining chain reaction cannot be obtained with natural 
uranium as fuel (except with heavy water as moderator) in a homogeneous assembly. 


8.14 Explain in detail the effect of heterogeneous arrangement on p, f and e. 


8.15 Outline the considerations which lead to the Lawson criterion for the min- 
imum value of the product of ion density and confinement time required for net 
power generation by a fusion reactor. 


8.16 Give a brief description of the main components of an inertial confinement 
fusion reactor. 


8.17 The temperature at which deuterons would overcome electrostatic repulsion 
can be calculated. Due to some physical considerations, the temperature can be low- 
ered for the fusion to occur. What are these considerations? 


8.22 Problems 


8.1 Calculate kœ for a homogeneous natural uranium heavy water-moderated re- 
actor, with Nm / No = 45. Use the constants: 


For D20; og = 0.00092 b, os = 10.6 b, £ = 0.57 
For natural uranium, og = 7.68 b, os = 8.3 b, n = 1.34, e = 1 


[Ans. kæ = 1.11] 


8.2 Calculate the thermal utilization factor for a heterogeneous lattice made up of 
cylindrical uranium rods of diameter 3 cm and pitch 18 cm in graphite. 
Take the flux ratio om /Qu as 1.6 


Densities: Uranium = 18.7 x 10° kg m~? 
Graphite = 1.62 x 10° kgm? 
Absorption cross-sections Oqu = 7.68 b 
Gam = 4.5 x 107°? b 


[Ans. 0.933] 


8.3 Explain what is meant by the four factor formula. Discuss how the factors vary 
with fuel rod diameter and lattice pitch in a natural uranium-graphite reactor and 
how the optimum pitch is obtained. Given o p25 = 580 b, 09235 = 680 b, 04233 = 
2.8 b and v = 2.5. Calculate ņ at 0.71 and 2 % enrichment. 

[Ans. 1.35; 1.77] 
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8.4 Using one group theory, calculate the critical radius of a bare spherical reactor. 


Diffusion length = 23.6 cm 
Slowing down length = 9.9 cm 
Kœ = 1.54 


[Ans. 101.3 cm] 


8.5 Compare the moderating ratios for light and heavy water for 2 MeV neutrons. 
Use the following cross-sections. 


Medium Oa Os 
H20 0.66 b 44 b 
D20 0.46 mb 11b 


8.6 Assuming the energy released per fission of 5U is 200 MeV, calculate the 
amount of **°U consumed per day in the Canada India reactor ‘CIRUS’ operating 
at 40 megawatts of power. 

[Ans. 4.23 g] 


8.7 Assuming that the energy released per fission of aU is 200 MeV, calculate 
the number of fission processes that should occur per second in a nuclear reactor to 
operate at a power level of 40 MW. What is the corresponding rate of consumption 
of 33°U? 

[Ans. 12.5 x 10!"/s; 4.88 x 1074 g] 


8.8 Assume that in each fission of 7°°U, 200 MeV is released. Assuming that 5 % 
of the energy is wasted in neutrinos, calculate the amount 7°U burned which would 
be necessary to supply at 30 % efficiency, the whole annual electricity consumption 
in Britain 50 x 10? kWh. 

[Ans. 1.92 x 104 tons] 


8.9 Assuming that the fission process releases on the average 200 MeV and 2.5 neu- 
trons, what mass of plutonium-239 is produced annually in a 200 MW reactor if no 
neutrons are lost? 

[Ans. 39 kg] 


8.10 Assuming that the n—p scattering is isotropic in the CM-system and that 
FE, and E> are the neutron energies before and after the collision, show that 
In(E,/E2)=1. 


8.11 Calculate the number of collisions required to reduce fast fission neutrons 
with an average initial energy of 2 MeV to the thermal energy (0.025 eV) in a 
graphite moderated assembly. 

[Ans. 115] 
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8.12 Calculate the number of collisions required for neutrons of 2 MeV to lose 
99 % of initial energy in graphite. 
[Ans. 29] 


8.13 What would be the energy of 2 MeV neutrons that have made 50 collision 
with carbon nuclei? 
[Ans. 742 eV] 


8.14 Calculate the moderating ratio for heavy water. Given the epithermal cross- 
sections 


(o5)p = 6.0 b, (05)o =42b 
(dq) p = 0.00046 b, (dq)o = 0.0002 b 


[Ans. 7932] 


8.15 Calculate the slowing-down time in beryllium for neutrons starting with an 
initial energy of 2 MeV and terminating at thermal energies (0.025 eV). X, = 
0.57 cm7!. 

[Ans. 3.7 x 1075 s] 


8.16 Calculate p for a lattice consisting of natural uranium fuel rods of circular 
cross-section, diameter 2.4 cm, and spaced 24 cm apart in a graphite moderator. You 
may assume Su =T Om = 1.62 gcem7°, Pu = 18.7 gem7?, O; = 4.8 b, E€ = 0.158. 
[Ans. 0.933] 


8.17 Calculate the slowing-down length for fission neutrons of 2 MeV average 
energy to thermal energy 0.025 eV in graphite. Assume X; = 0.335 cm™!. 
[Ans. 19.2 cm] 


8.18 Calculate Koo for a homogeneous, natural uranium-graphite moderated as- 
sembly which contains 400 moles of graphite per mole of uranium. Assume natural 
uranium to contain one part of 7*°U to 139 parts of SU, and use the following 
constants: 


Natural uranium Graphite 

oqg(U) =7.68 b 0a(M) = 0.0032 b 
o5(U) =8.3b 05(M) = 4.8 b 

e = 1.0; n = 1.34 é =0.158 


[Ans. 0.859] 
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8.19 Calculate kə for an enriched uranium-graphite-moderated reactor, using 300 
moles of graphite to 1 mole of uranium and a 778U/?*°U ratio of 60. Use the con- 
stants: 


04(235) = 698 b, 04(238) = 2.75 b 
Of (235) = 590 b, v= 2.46; e=1 
dq(M) = 0.0032 b, o;(M) =4.8b 


[Ans. 1.1] 


8.20 Calculate L for thermal neutrons in graphite using the constants: og = 3.2 mb; 
os = 4.8 b; p = 1.62 g/cm’. 
[Ans. 59.2 cm] 


8.21 Calculate the diffusion length for a homogeneous mixture of 1 atom of 5U 
per 5000 atoms of !?C. Lm = 52 cm; oa (m) = 0.0032 b; o4(235) = 698 b. 
[Ans. 7.89 cm] 


8.22 Calculate the neutron age and L p for fission neutrons of 2 MeV average en- 
ergy to thermal energy 0.025 eV in beryllium. For Be, A = 9 and X, = 0.57 cm™!. 
[Ans. t =97 cm?, L f = 9.8 cm] 


8.23 10000 fission neutrons in a critical thermal reactor employ ?35U and graphite 
in an atom ratio of 1 : 10°. Use the constants: o,(c) = 0.003 b; Oa(235) = 698 b; 
Lin = 54 cm; To = 364 cm?; For uranium, n = 2.08. Assume = 1, ¢ = 1. Find the 
number of neutrons lost by fast diffusion and that by thermal diffusion. 

[Ans. 1120 fast and 1970 thermal diffusion] 


8.24 Calculate the material buckling of a large critical homogeneous reactor em- 
ploying ?U and Be in an atomic ratio of 1 : 20000. For Be, Lm = 21 cm, 
To = 98 cm?; o, = 0.01 b. For uranium o4 (U) = 698 b, p=1,€=1,n=2.08. 
[Ans. 0.00315 cm?] 


8.25 Calculate the critical radius for a spherical reactor using the value B? = 
0.002 cm~?. 
[Ans. 70.25 cm] 


8.26 Calculate the thermal diffusion time for graphite. Use the constants: oa (C) = 
0.003 b; pc = 1.62 gcm7*; Average thermal neutron speed = 2200 ms~!. 
[Ans. 1.87 x 107? s] 


8.27 Calculate the generation time for neutrons in a critical reactor employing 
235U and graphite. Use the following data: ©, = 0.0008 cm~!; B? = 0.000325; 
L? = 878 cm’; (v) = 2200 ms7!. 

[Ans. 0.442 s] 
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8.28 Calculate the increase in neutron flux in 1 s in a critical reactor which employs 
235 fuel with graphite as moderator, the generation time for neutrons being 4.4 x 
107° s. The multiplication factor is suddenly increased by 0.5 %. 

[Ans. 3.11] 


8.29 Show that f(nat)N(nat) = £(235)N(235)- 


8.30 Deutrons almost at rest undergo fusion reaction D+ D > 3He +n+3.2 MeV. 
Find the kinetic energy of neutron. 
[Ans. 2.4 MeV] 


8.31 It is estimated that fusion reactions would ensue if deutrons come within a 
distance of separation of 100 fm. Find the energy to overcome electrostatic repul- 
sion. 

[Ans. 14.4 keV] 


8.32 Calculate the *He energy in the reaction D + P > *He + y + 5.5 MeV when 
initially deuterons are at rest. 
[Ans. 5.4 keV] 


8.33 In the reaction given in Problem 8.32 the deutron and proton need to approach 
each other at a distance of 650 fm. Calculate the temperature at which the fusion 
reaction can proceed. 

[Ans. 1.7 x 107 K] 


8.34 It is believed that the fusion reaction D + P > *He + y + 5.5 MeV, occurs 
in the interior of the sun where the temperature is approximately 1.7 x 10’ K. As- 
suming that the deuteron and the proton are at rest, how close they must approach 
for the reaction to occur? 

[Ans. 650 fm] 
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